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PREFACE TO THE SECOND EDITION 

A LTHOUGH it is with a good conscience that I allow the bulk of 
Jr\. the book to be reprinted in practically the old form I would have 
wished to amplify it considerably and to rewrite a few sections. War 
conditions have made this impossible. New matter could only be 
added at the end of the book and to a limited extent. The reader will 
find new sections on the cascade theory of showers and on the general 
theory of damping. By enlarging the appendix I have tried to include 
a few of the more important topics which otherwise would have been 
treated in the text. 

DUBLIN, W. H. 

March, 1944 

FROM THE PREFACE TO THE FIRST EDITION 

The idea of writing this book occurred to me while giving a course 
of lectures on radiation theory in Gottingen in 1932-3. In the absence 
of any comprehensive treatise on the subject, it seemed to me desirable 
to present the theory as far as possible from a uniform point of view. 
This is here attempted. 

It has not, of course, been possible in a volume of this size to deal 
exhaustively with all applications, but I have endeavoured to treat 
all those of major importance. 

The references make no claim to completeness. This applies par- 
ticularly to the experimental papers, which were selected more or 
less arbitrarily with the view to checking at each stage the results 
of the theory. 

I am greatly indebted to Professor N. F. Mott who has read the 
whole work in manuscript and to Mr. K. Fuchs who carried out many 
of the numerical calculations and helped me in reading the proofs. 
For this I wish to express to them my deepest thanks. My thanks 
are also due to Dr. H. R. Hulme for useful criticism. 


BRISTOL, 

November, 1935 


W.H. 
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INTRODUCTION 

In the historical development of theoretical physios the theory of 
radiation plays a particular role. It was actually in the theory of 
radiation that the break-down of classical concepts first became evi- 
dent, and it was the problem of the thermal radiation of a black body 
that led Planck in 1900 to introduce the quantum of action h. This 
concept gave the impetus to a rather rapid development, in which 
the landmarks are Einstein’s hypothesis of light quanta (1905), Bohr’s 
first application of the quantum theory to atomic physics (1913), and 
finally the foundation of quantum mechanics (1926-6). 

Through the development of quantum mechanics, the whole field 
of atomic and molecular physics has become susceptible to quantita- 
tive theoretical discussion. The progress, however, has been more 
striking in atomic mechanics than in the theory of radiation itself; 
for when the principles which had been applied successfully in quan- 
tizing the motion of an electron were transferred to the problem 
of the electromagnetic field, difi&culties soon became apparent which 
could not be overcome within the framework of these principles 
themselves owing to divergences of the integrals expressing the 
interaction of light with an electron in the second approximation, 
radiative transitions to negative energy states, etc. 

At first it seemed that, in view of these difficulties, a consistent 
quantum theory of the electromagnetic field could not be found. The 
later developments of the theory, however, have shown that, with 
certain limitations, this is not the case. Firstly, one of these diffi- 
culties, that of the negative energy levels, has to some extent been 
removed by the discovery of positive electrons. Although in the 
theory of positive electrons new difficulties occur, and although the 
other difficulties are not yet fully understood (we shall discuss them 
in § 26), it seems now that there is a certain limited field within which 
the present quantum electrodynamics is correct. 

A great advance in the critical understanding of the situation is 
due to an investigation by Bohr and Rosenfeld, which has made it 
clear that the present quantum theory of the electromagnetic field — 
at least in vacuo — ^forms, together with particle mechanics, a con- 
sistent scheme from which neither of the two parts can be omitted. 
Thus, in a sense, we may say that the quantum theory of the 
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field lias equal riglits with. qiiantu.m mechanics to rank as a valid 
theory. 

The present theory can he correctly applied to the interaction of 
light with elementary particles to the first approximation. The 
difiiculties which occur, especially in the higher approximations to 
f.hi« interaction, seem to be rather like the ‘ultra-violet catastrophe’ 
(divergence of the radiation formula for high frequencies) in the 
classical theory: they show the limits within which the theory is 
valid. It may be hoped that the examination of these difficulties 
will lead in the future to a further development of the theory to a 
stage when it will probably comprise nuclear physics and give some 
information about the nature of the elementary particles. 

If the application of the theory is confined within these limits, it 
will be seen in this book that the theory gives — qualitatively and 
quantitatively — a full account of the experimental facts within a 
large field, including even phenomena connected with the creation 
and annihilation of positive electrons. In applying the theory to such 
processes, however, it is even more necessary to consider carefully the 
limits of the theory. 

Thus it seems that the theory is well enough developed, and its 
limits of application well enough marked, for a summary to be given. 

In this book, after an introductory chapter on the classical theory, 
we shall develop the formalism of the quantum theory of radiation 
in the simplest form of general validity, which is certainly that given 
by Dirac and Feimi (expansion of the total field in plane waves). It 
is equivalent to the general theory of Heisenberg and Pauli. 

The theory is based entirely on the correspondence principle. This 
has been shown, for instance, in a paper by Heisenberg in which he 
puts the theory in such a form that the development is exactly 
analogous to the classical method of treatment (Hertzian vector, etc.). 
This correspondence may be shown equally by writing the classical 
theory in such a form that it corresponds to the quantum-mechanical 
way of treatment (§ 6). We prefer this representation, because, for 
applications to atomic physics, Dirac’s is certainly more convenient 
than the classical formalism. It will also be seen that, even for 
classical problems, this form of the theory is not more complicated 
than the usual one. 

The applications to atomic physios discussed here are limited to 
those of fundamental interest (emission, absorption, dispersion, line 
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breadth, etc.). We shall not consider in detail questions relevant to 
atomic physics rather than to the theory of radiation, such as selec- 
tion rules and the atomic scattering factor for X-rays, etc. Nor shall 
we treat in great detail the older parts of the subject (Planck’s law) 
which are adequately discussed in many text-books. 

We shall, however, pay special attention to processes which occtir 
at high energies (Compton scattering, positive electron formation, 
etc.) as it seems that this field is the most important for develop- 
ment in the near future. Also the problem of the reaction of the field 
on the electron will be considered in detail in both the classical and 
the quantum theory. 

The experiments quoted are those which are capable of testing 
definite points of the theory, even if their accuracy is not very high. 
Naturally only some of the important experiments dealing with our 
subject can be considered. 

The results of the theory are evaluated numerically, as far as is 
possible in a volume of limited size. In this respect, also, the region 
of high energies has been considered in greater detail than the optical 
region. We hope that the tables and graphs in which these results are 
presented may also be useful to experimental physicists working in 
this field. 

In the years since this book was written the general view taken, 
namely that quantum electrodynamics is, within certain limits, a 
correct theory, has been enhanced in several ways. The discovery 
of cascade showers has shown that the theory remains valid up to 
the highest energies known, contrary to what was formerly believed. 
Furthermore, it has been possible to comprise the useful parts of the 
theory into a general and simple mathematical scheme which is free 
of divergencies and which actually goes somewhat beyond the use 
of the first approximation in the interaction between the field and 
the particles. It also includes a general account of the reaction of the 
field on the elementary particles to the extent in which the latter 
has classically an unambiguous meaning for point charges. Thus the 
limits of the theory are clearly drawn, but the difficulties have only 
been removed from its surface, not from its foundations. New 
attempts have been made on several lines (Born-Infeld, Dirac, Born- 
Peng) but none of them is as yet developed far enough for a final 
judgement to be passed. They are not described in detail in this book. 
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CLASSICAL THEORY OF RADIATION 


1. The general Maxwell -Lorentz theory 

1. Field equations. The classical theory of radiation is based on 
Maxwell’s theory of the electromagnetic field. The two fundamental 
quantities describing the electromagnetic field are the electrical and 
magnetic field strengths E and H, which are both functions of space 
and time. To describe the electric state of matter one needs, besides 
the field, the charge density p and current density i which are also 
functions of space and time. If the velocity of the charge at a given 
point and a given time is v, the current density is 

i = pv. (1) 

For a given distribution of charge and current the field is deter- 
mined by the Maccwell-Lorentz equations 

curlE+iH = 0 {2a) 

c 

divH = 0 (2b) 

curlH — == (2 c) 

c c 

divE = 47rp. (2d) 

(The point denotes differentiation with respect to the time t.) 

From these equations it can easily be deduced that charge and 
current satisfy the equation of continuity (conservation of charge) 

div(pv)-l-p = 0. ’ (3) 

On the other hand, the motion of the charges in a given field is 
determined by the Lorentz equation 

k = p/E4-i[vH]j, (4) 

where k represents the density of force acting on the charge density 
p. This electromagnetic force is in equilibrium with the force of 
inertia, which is given by the mass distribution of the charges. 

For a point charge e (elementary particle) we have to carry out 
in the equations (2) and (4) the transition to the case where p is 
concentrated in an infinitely small volume. The Lorentz equation (4) 

3595.12 -n 
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can then be integrated over this volume, giving the whole force acting 
on the particle 

K= e 

K has to be equated to the force of inertia 

K = |(mv), (6) 

m being the inert mass of the particle. 

The field which has to be inserted in the Lorentz equation (4) 
or (5) is the external field produced by other charges (condensers, 
magnets, etc.) as well as the field produced by the point-charge itself. 
This self-produced field will also react on the motion of the particle. 
But fortunately, this reaction of the field is in general very small, 
so that we may insert in the equation of motion the external field 
only. The theory of the reaction of the field on the point-charge, 
which is connected with the problem of the inertial mass of the 
particle, is faced with great difiiculties and at present has been 
developed only in an approximate way. We shall discuss it later 
in§ 4. 

2. Patentkds. The field equations (2) can be reduced to simpler 
equations between a vector and a scalar function only instead of two 
vectors. Prom equation (2 b) it follows that H can always be repre- 
sented as a rotation of another vector A, which we call the vector 

jj _ 

Then (2 a) becomes 

curl 

or E-j-iA = — grad^, (7b) 

c 

where <j> represents a scalar function which we call the scchlar potential. 
The other two equations (2 c, d) result in two differential equa- 
tions for these potentials. Making use of the general vector relation 
curlourl == graddiv — they can be written in the form: 

= _/,v (8a) 

— — idivA = ifrrp. (8 b) 

c 


i X — V^A+grad^div A -f- 
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The vector A is not determined completely by the magnetic field 
H. Since, for any scalar fimction curlgrad x~ we can add to 
A the gradient of an arbitrary function x* According to (7 b), how- 
ever, we have to replace ^ by ^ -|-i X if we replace A by A — grad x» hi 

c 

order that E should not be changed. This freedom in the choice of 
the potentials can be used to simplify the field equations (8). If 
Aq and <j>Q represent certain possible values of A and we determine 
X from the equation 

= (9) 

C C/ 

If we now put ^ _ Ao^grad x, 

<f> — ^o+~X> 

C/ 


we obtain 


divA-j--^ = 0. 
c 


( 10 ) 


(10) represents a relation between the potentials and is called the 
Lorentz relation. The field equations (8) then become simply 

iA— V^A = —py, (lla) 

c 

= 4:7Tp. (11b) 

A and <f> satisfy therefore the inhomogeneous wave equation. They are 
coupled by the Lorentz condition (10) only. 

Still A and ^ are not yet determined completely by the field 
strengths E and H. x is limited in so far as equation (9) has to be 
satisfied. We are still free to choose an arbitrary x which satisfies the 
homogeneous wave equation 

'^X-4x=0- (12) 

G 

Eeplacing A by A — grad x a-nd ^ by x/® ^he field strengths and the 
Lorentz condition (10) remain unchanged. The invariance under this 
transformation is called ‘gauge invariance*. 

3. Retarded Potentials . The general solutions of the wave equations 

(11) can easily be written down. As is well known, a special solution 
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of the Poisson equation = 4^p' is represented by the Newtonian 

^p,_ runtr: 


I 




where the integration has to be carried out all over the space, rpp. is 
the distance between a point P' of the charge distribution and the 
point P at which we are evaluating the potential <l>. From this solution 
one can easily find also a special solution of the time dependent 
Poisson equation (11b): 


^(P,t) = f (13a) 

J Tjpp, 

This expression has the following meaning: If we wish to know the 
potential at a point P at a time t, we have to take for each point P' 
of the space, the charge density which was present there at the 
previous time t — rjpp^jc. Therefore for each point of the integration 
space we have to take the density at another time, t — rpp^jc repre- 
sents the time which the light needs to come from P' to the point P 
at which the potential is considered. Therefore (13 a) takes account of 
the finite velocity c of propagation of an electromagnetic field. 
(13 a) can also be interpreted in the following way: We consider a 
spherical light wave which is contracting with the velocity c, so that 
it arrives at the origin P at the time t. During its path this light wave 
meets at each point P' of space a certain charge density p{P' , t — rpp^jc). 
It then collects all the contributions from all points of space and 
delivers them at P (after division by rppr) giving the potential 
^(P, t). 

In the same way we obtain a special solution of (11a) 


A(P,t) = 1 f ’•pp'/c) (131,) 

^ J ^PP' 

The potentials (13) are called the retarded potentials. The Xtorentz 
condition (10) is obviously satisfied by the solution (13) because of the 
conservation of charge (3). 

(13) represents a special solution of the field equations, namely the 
field which arises jfiom the considered charges only. To obtain the 
general solution we have to add the general solution of the homo- 
geneous wave equations 
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RETARDED POTENTIALS 


5 


V^A— iA==0 ^ 

= 0 

divA-|-i^ = 0, j 

c 


(14) 


representing the field in the free space. 

For this part of the field, which satisfies the homogeneous wave 
equations (14) one can, according to (12), chose x that the scalar 
potential <l> vanishes. The field which is independent of the charges 
is therefore simply given by 


V*A — lx = 0, divA = 0 

E = — iA, H = curl A. 

c 


(14') 


The general solution of (14') is formed by superposing transverse 
waves (see § 6). 

The retarded potentials (13) will be evaluated in § 3 for the case 
of an arbitrary motion of a point charge and then be applied to 
problems of the emission of light, etc. 


4. Energy and momentum balance. It is assumed in Maxwell’s 
theory that a volume in which the field is different from zero contains 
a certain amount of energy and momentum. The energy in a given 
volume is given by: 


?7 = i J dT= j udr. 


(16) 


The density of momentum is assumed to be 1/c^ times the energy 
passing through unit area per unit time. The latter is given by the 
Poynting vector S. 

It is convenient, in all discussions of high energy radiation, to 
introduce the, quantity c x momentum, having the dimensions of 
energy. Therefore, throughout this book, we shall refer to the latter 
quantity simply as ^momentum\ for particles and for radiation. 

According to this definition the momentum of the field contained 
in a certain volume is given by: 
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Tile assumptions (16) and (16) are suggested by considerations of 
the energy and momentum balance of a charge distribution in the 
field. The identity of momentum and energy flow assumed here 
follows irom these considerations. In fact, one can easily prove that 
the Maxwell-Lorentz equations guarantee — ^with the assumptions 
(15) and (16) — ^the conservation of energy and momentum. 

The whole force acting on the charges contained in a certain volume 
is given by (4) and (6) 


K = J k (Jr = J p^E+i[vH]j dr. 


Since K. is identical with, the force of inertia, it also represents the 
change of the mechanical momentum u — mvc of the charges per 
unit time ,, 

K — ^ n7\ 

dt ~c dt' ^ ^ 


Furthermore, 
given by 


bxie cnange 




(18 


where k represents the density of force (4). Inserting p and pv from 
the Maxwell equations (2 c, d) we obtain 


J (E<Ji’^E-[HoiirlH]-i[EH]j dr (19a) 

Making use of (2a) the last terms of (19a, b) can also be written 
-1[EH] = -[EourlE]-i|[EH] 

— (EE) = _|^(i;2+£r“)-c(HoiirlE). 


According to the defimtions (15), (16) the equations (19) become 
dVk £?Gr c C 

J [EcurlE])dT (20a) 

dT dU c r ^ 

^ J (EcurlH-HcurlE) &r. (20b) 

The integrals on the right-hand side can be transformed into surface 



7 


Chap. I, § 1 ENERGY AND MOMENTUM BALANCE 
integrals. In (20 b) we simply have according to Gauss’s formula 

J* (EcurlH — HcurlE) c?T = — J* div S dr ~ — ^ S^dcr, 

where v denotes the component normal to the surface of the volume 
considered. For equation (20a) we define a certain tensor which is 
composed of quadratic terms in the field strengths, the so-called 
Maxwell tension tensor i 


4rrT^ = 

4 ^^ = ( 21 ) 


The a;-component of the vector-divergence of this tensor is just (as 
one can easily see directly) 


Div^ T = 


I xy I xz 

dx by dz 

i (E, divE+ dir H-[H curl H]„-[E ourlE]^) , 


where the second term vanishes, by equation (2b). 

The integral on the right-hand side in (20 a) can be written for the 
a;-component (Gauss’s formula also holds for a tensor divergence) 

J DiVa, Tdr = j>Tg^d<T, 

where the first index of represents the component in the a;-direo- 
tion and the second the component normal to the surface considered. 
Thus the equations (20) become 

= c j, da (22a) 


d(T+U) 

dt 



(22b) 


In (22) the left-hand side represents the change of energy and 
momentum of the charged matter and of the field enclosed in a 
certain volume. On the right-hand side we have an integral of a 
normal component over the surface of the volume considered. 
Sy and — have therefore to be interpreted in the following way: 
Sy represents the energy of the field passing (in the outward direction) 
through the surface per unit area and unit time. — represents 
the aj-component of the momentum of the field passing through the 
surface per unit area and per unit time. The equations (22) give 
therefore a complete account of the conservation of energy and 
momentum in the field. The identity of G (momentum) and S/c 
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(energy flow) follows necessarily from this energy and momentum 
balance. 


2. Lorentz invariance, momentum, and energy of the field 

1 . Loreniz transformations. The equations of classical electro- 
dynamics are invariant with respect to Lorentz transformations. 
This fact is, as is well known, the starting-point of the theory of 
relativity. In this book we shall not discuss the theory of relativity; 
but since we need some of the transformation relations, we shall 
summarize them shortly: 

A Lorentz transformation is an orthogonal transformation between 
the 4 space and time coordinates 




^ 2 > ^ 3 > ^4 — 

A = or (1) 

The form an orthogonal 4-dimensional matrix with the deter- 
minant i i •. /^x 

(1) therefore represents in general a rotation in space and a uniform 
translation. A special transformation between x-j^ and only which 
signifies a translation along the a;-axis with the velocity v = ^c, is 
given by 


x^-j-ipx^^ Xj — vf , . , Xa — iBx-, i cH — vx^ 

( 3 ) 

For V we obtain the Galileo transformation x^ — x^ — vt and 
t' = t. 

A 4-vector is a set of 4 quantities (i = 1 ,..., 4) which are trans- 
formed in the same way as the x^i 

~ 2 (“I) ‘ 

k 

Similarly, a tensor is defined by the transformation 

•^ik 2 ^il^km-^lm' (®) 

From (4) and from the orthogonality of the it follows that the 
scalar product of two vectors is invariant, the scalar product of a 
vector and a tensor represents a vector, and so on. Thus 

2 -Bj = inv., 2 ^ik -Bfc = Cf 

Jr 


( 6 ) 
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Therefore, the length of a vector also is invariant: 

2 = inr. (6') 

i 

If <j> is an invariant function of x^, we see jfrom (1) that if 

^ = then = (7) 


Thus represents a 4--vector. The derivatives of a 4- vector form a 

dA. 


tensor 


dx 


= 5 ,. 


k 


ik 


( 8 ) 


therefore, the symbol djdx^ can be considered as the ^-component of 
a 4-vector. The symbol 

1 i^2 ^ P2 

( 9 ) 


% ^ 


is invariant. From (6) it follows that if we put = djdx^^ then the 
4-dimensional divergence of a vector is an invariant: 


% * 

The 4-dimensional volume element 


mv. 


( 10 ) 


dx^dx^dx^dx^ = inv. (11) 

is, according to (2), also invariant, whereas with the 3-dimensional 
volume element this is not the case. 

According to (6'), the length of the infinitesimal vector dxi which 
may represent the displacement of a particle is an invariant 

y dx\ = -&r^. 

i 

If we divide this equation by dt^ we obtain 


(SF= -2(§)v=<=^-«^=c«(i-^). 

Therefore we can define an invariant time element dr 


dr — cdt^{l—^), (12) 

which we call the ‘proper time’. The derivative of a vector with 
respect to r is again a vector, etc. 


2. Invariance of the Maxwell equations. The Maxwell-Lorentz 
equations are shown to be invariant with respect to Lorentz trans- 
formations if we succeed in writing them as relations between 
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4- vectors and t6nsoTS. A clue for the 4-dimensional interpretation 
of these equations can he obtained from the following consideration: 

IVom experience it follows that the dectric charge is an invariant 
quantity. A charge element enclosed in a given volume dx^dx^dx^ is 
given by __ ixrr, ( 13 ) 

Since the 4-dimensional volume element ( 11 ) is an invariant, the 
charge density p in (13) must have the transformation properties of 
the fourth component of a 4-vector. We put, therefore, 

%Cp ^4* 

^Furthermore, the aj-component of the current density is given by 

dx^ . dx-i 
- p-^ - 

Since i^ is transformed in the same way as dx^^ i^ is transformed as 
dxi and represents, therefore, the first component of a 4-vector. 
Therefore charge and current density form together a 4- vector: 

pVg. = ^ 1 , icp — ^ 4 . (14) 

We consider now the equations § 1 ( 11 ) for the potentials. Both 


1 aa 


which 


equations have on the left-hand side the operator — ^ 

according to (9) is invariant. The right-hand sides of the two 
equations ( 11 ) represent just the first three and the fourth com- 
ponents respectively of the charge-current vector (14). Therefore, 
the scalar and vector potential together must also represent a 4 - vector 

= A^) A 4 = i<f}. ( 1 ^) 

The condition divA~{-^/c = 0 , which we have imposed on the 
potentials is also Lorentz invariant. It can be written as a 4-dimen- 

i ^ 

The field strengths are obtained from the potentials by differentia- 
tion. If we use the 4-dimensional notation (15) we have from § 1 eq. 
(7 a) and (7 b) 


dA 


4 


•■a; 


fig = curla-A = 


dx 

dA. 


dx 


4 
8A 


dxt 


( 17 ) 


2 


Accordinsr to fSl. dAx-fdXz. = represents a tensor. 
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As one c&.n see imnaediately from the transformation formulae the 
difrerenoe 


dA^ dA 

dXjm dXli 


k 


Sm — fik — Ski — fik 


has also the character of a tensor. It is antisymmetrical. Thus the 
field strengths E and H together form an antisymmetrical 4-tensor 


— /as* — /si* — /l 2 » — /n*’** • (1®) 

The general transformation formulae (3) give us immediately the 
rules according to which the field strengths have to be transformed 
in a moving system of coordinates. Considering the case of a unif orm 
translation along the a;-axis, we obtain, according to (3), (6), and 


= (Ey-pH^)y B'y = 

E‘, = {E,-^^Jl^)y H', = (£r.-j8JS„)y 

y = l/V(l-/3"). 


In the formula (19) it has to be understood that E, H are functions of 
the 4 coordinates whereas E', H' are considered as functions of the 
transformed coordinates x^. The values of x'^ which have to be inserted 
as arguments on the left-hand side of (19) are those which are 
obtained from x^ on the right-hand side by the transformation (3). 

We can now easily write down the Maxwell-Lorentz equations in 
vector and tensor form. We consider first the two inhomogeneous 
equations § 1 (2c) and (2d): 

divE = 47Tp, curlH — -E — ^^pv. 

c c 


Using the 4-dimensional notation (14) and (18) these two equations 
may be written in the unified form 





(fc== 1, 



(20a) 


The right-hand side represents the 4-vector of the charge and current 
density. The left-hand side is the 4-dimensional divergence of a 
tensor and is therefore also a 4- vector. Equation (20 a) is thus a 
relation between two vectors. 

The second homogeneous pair of MaxwelTs equations § 1 (2 a, b) is 


divH = 0 curlE-j-iH = 0. 

c 



12 CLASSICAL THEORY OF RADIATION Chap* I, §2 

In the 4-diinensional notation (18) they become respectively 

dCCj^ 3^2 ^^3 

I ^24 I ^/32 _ 0 

3X2 ^3 ^^4 

— hid forms a tensor of the third rank. Applying the trans- 
formation formulae ( 1 ) one can easily see that the same is also true 
for the sum Therefore, both equations ( 21 ) can be 

written as a single tensor equation 

hjd’^l^jdir^hih = hu — . (20b) 

{%f1CyX = 1,..., 4). 

Thus we have proved the Lorentz invariance of the Maxwell-Lorentz 
field equations. 

3. The Lorentz force. Momentum and energy of a particle. To show 
the invariance of the whole system of equations of classical electro- 
dynamics, we have finally to write the formula for the Lorentz force 
in 4-dimensional notation. The formula in question is (§ 1 ( 4 )) 

ck = cpE-f-p[vH], (22) 

where k is the force density. The right-hand side is simply the 
scalar product of a vector and a tensor, namely 2 fik^k (^ == 1 , 2 , 3 ). 

k 

Therefore, the force density must represent the spatial part of a 
4-vector, and we can write ( 22 ) : 

~ ~ "^fik^k' (23) 

h 

Only the first 3 components of (23) are identical with ( 22 ). The 
fourth component simply defines ^ 4 *. we obtain 



^4 = ^/4*»* = 3 P(Ev). (24) 

^4 therefore represents the work which the field performs on tiie 
charge per xmit volume and per unit time. 

If we insert for the charge-current vector the value (20 a) taken 
from the Maxwell equation, the equation (23) becomes: 



( 25 ) 
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Th.e right-hand side can be written also as the 4-dimensional diver- 
geiice of a tensor. For this purpose we define the symmetrical tensor: 


where 


_ m (i ^ 
\l (i = 


(26) 


^ik 


(i ^ h) 

k). 

represents a tensor because of the orthogonality of the Lorentz 
transformation.) The right-hand side of (26) becomes then simply 
(according to (20 b)): 

= 2 <27) 


k 


k 


The physical significance of this tensor becomes clear if we write it in 
the 3-dimensional notation. Substituting the/^jj. from (18) we obtain 
the following scheme : 


^ik — 


T 

■^xx 

T 

•^xy 

T 

•*-xz 

-ilcS, 

T 

■^yx 

T 

■^vv 

T 

■*-yz 




T 

•*-ZZ 

-ilcS, 

-ijoS, 

-iteS^ 

—ilcS^ 



(28) 


/ 


The space-time part of this tensor represents the energy flow S, the 
pure time part the energy density u. The pure space part is identical 
with the Maxwell tension tensor, introduced in § 1 (21) in the equation 
for the momentum balance of the field, and represents the flow of 
momentum. All these quantities together form, therefore, a 4-dimen- 
sional tensor, which we may call the generalized tension tensor. 

Equation (27) is identical with the equations § 1 (22) which express 
the energy and momentum balance. To show this, we have only to 
widte down the space and time derivatives separately, for instance 


h 1 

"T 


. ST. 


xz 


f 


%c 


dx ' dy ' 8z 
Integrating over all space we obtain 


ST 


1 ^9x 
c dt 


/ 


Kdr 


1 50. 


c dt 


j> T^.da = 


K 


X> 


(29a) 


which is identical with § 1 (22 a). In the same way the fourth com- 
ponent k^ of (27) gives, according to (24), 

^ j Jc^dr = j p{By)dT== - ^ 


dt 


(29b) 


which is identical with equation § 1 (22 b) for the energy balance. 
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If we integrate (27) over a ^-dimensional volume — ^which. is an 
invariant — ^we obtain another very important 4- vector, namely the 
vector of the mcymAntum and energy of the total charge u^. If the 
charge is concentrated in a small volume and if the space integration 
is extended over the whole of this volume, we may think of the 
integrated charge as a ‘particle’ and shall simply speak of the energy 
and momentum of the particle. The left-hand side of (27) becomes 


J Tc^ drdt — c (* Kg. dt — Ug. — Wi 
J Jc^ drdt — i 


J p(Ev) drdt = iT, 




j 


(30) 


i.e. the momentum u and kinetic energy T (times i) of the particle. 
They form therefore together a 4-veotor. The formulae (3) and (30) 
give us then the transformation formulae for the kinetic energy and 
momentum of a particle, which may be written as follows: 


= (^a;— i8T)y, Uy = Uy 

T' = {T-pUg,)y, Y =- 


The length of the vector % is invariant: 


-2^1== T^-{u%+ul-{-ul) = (32) 

i 


This invariant p. has a simple significance; it represents obviously 
the energy of the particle at rest. {Ug. = Uy — u^ — 0.) 

From (32) we can therefore obtain the momentum and energy as 
functions of the velocity, if we assume the particle is at rest in one 
(the dashed) system of coordinates, so that u^ = 0. Then we obtain 
according to (31) and (32) 






T = 




j8 = vjc. 


(33) 


These are the famous Einstein formulae for the energy and momentum 
of a moving particle. Since for v<^c the momentum Ug, must be 
identical with the classical value mVg. c, the rest energy /x takes the form 

jx = mc^. (34) 


For a slow particle (j8 1) the kinetic energy becomes 


T = = mc^+imv^, (33') 

i.e. we obtain, besides the rest energy fi, the ordinary kinetic energy 

mv^l2. 

Finally we consider the relativistic equation of motion of a cha/rged 
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pa/rticle in a given external field. The total force acting on the particle 
was given by 

K=: e 

In the non-relativistic theory K has to be equated, to the time 
derivative of the momentum. As we shall see immediately, one has 
in relativistic dynamics to insert for K the time derivative of our 
4-vector so that the equation of motion becomes 


(e+1[vH]). 



1 d mVg. 

c ~dt dt V(l— j82) 




(35) 


111 fact (35) can be written as a 4-dimensional vector equation. 
Dividing by the right-hand side becomes according to (18) 


and (33) 





The left-hand side represents the derivative with respect to the proper 
time T (12) which is invariant. Thus (35) can be written as 


du^ 

dr 



(36) 


(36) represents the relativistic equation of motion of a particle in an 
external field. 

The fourth component of the 4-vector % represents the Tcinelie 
energy T. For a particle moving in an external field one can also 
consider the total energy E, i.e. kinetic energy -{-potential energy. 
The potential energy is simply equal to the scalar potential ^ multi- 
plied by e. 

Since <!> is the fourth component of a 4-vector the total energy of 
the particle can also be related to a 4- vector 


Pi = Ui+eAi, 

Pi = u.j^-\-eA^y ..., p^ = iE == i{^T~\-€^). 


(37) 


Thus, in an external field with a vector potential A, the space 
components of our 4-vector do not represent the total momentum 
of the particle but a quantity which we may call the Icinetic momen- 
tum. This quantity bears the same relation to the ordinary momen- 
tum as the ‘kinetic energy’ does to the total energy. In the literature 
Ug. ~ p^ — eA^ (divided by me) is usually esAied. four-velocity . 

The space components of p^ representing the total momentum 
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differ from the ‘kinetic momentum’ by the vector potential, 
which is, however, in most cases very small. If A is zero, the kinetic 
momentum u is identical with the total momentum p. 

According to (32) the momentum energy vector (37) satisfies 
the important equation 

X _^2. (38) 


4. Nan,-€^ctr(ym<ignetic nature of the inertial mass. The right-hand 
side of equation (27) integrated over a 4-dimensional volume repre- 
sents also a 4-vector, viz. 


r ^ dx-x... dx^. 


(39) 


At first sight one would perhaps be inclined to call this 4- vector the 
energy-momentum vector of the field. But to do so would in general 
have no significance. The expression (39) consists of two parts. 
Separating the time and space derivatives we obtain from (28) for 
the X- and ^-components the time integrals of (29) 


J 2 dx-idx^dx^dt = — j ^ ^xv (40a) 


J ^ 

ic f 2 ^ dx^dx^dx^dt = +U+ j dt j, S^da. (40b) 

In § 1 we have assumed that the first terms, U and G, represent 
energy and momentum of the field, whereas the second terms 
represent the time integrals of the flow of energy and momentum 
through the surface. The latter integrals depend, for a given instant 
of time tf not only upon the field at this time, but also upon the field 
at all previous times (they are time integrals). But a quantity which 
depends upon the past history of the . system cannot of course be 
called the energy or momentum of the field. On the other hand, the 
quantities U and <7^^, which for good reasons we have interpreted as 
energy and momentum of the field, do not form a 4-veotor. (Accord- 
ing to (28) they are parts of a 4-tensor.) They behave quite differ- 
ently from the corresponding quantities for a particle. Thus, in 
general the field has not the 'properties of a particle with regard to the 
Lorentz invariance of energy and momentum. 

This is the reason for the lack of success of some older theories 
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which tried tci explain the inertial mass of an electron by its pore 
electromagnetic properties. The idea of these theories, which are 
chiefly due to Abraham, was this if the electron is assumed to have 
no mechanical inertial mass at all. But it produces a field which has 
a certain amount of energy and momentum, and therefore also a 
certain inertia (since the field is changed if the velocity of the electron 
is changed, see § 4). The inertia, which we observe as mass if we 
accelerate an electron in an external field, should be entirely due to 
this inertia of its field. One has then to copsider the external field 
and the field produced by the electron separately. In the equations 
§ 1 (22) for the energy and momentum balance, for instance, it is 
only necessary for G and U to insert the external field, whereas 
u and T represent the energy and momentum of the self-produced' 
field of the electron. From the relativistic point of view it becomes 
clear that this idea cannot be correct. It has been shown by many 
experiments that u and T for an electron actually behave like a 
4-vector (velocity dependence of the inertial mass of the electron). 
But the self-produced field of an electron has — as we have seen — quite 
a different transformation character and depends upon the velocity 
in a different way. Therefore, we must attribute to the electron 
a special inertial mass of non-electromagnetic nature, and we must 
insert for G and XJ the whole field, including the field produced by the 
electron. This, however, gives rise to some other very grave difficulties 
with regard to the reaction of the field on the electron. We shall 
return to these questions in § 4 from another point of view. (Compare 
also §25.) 

6. ‘Particle Properties^ of light waves. There are, however, oases 
where the total energy and momentum of a field themselves form 
a 4-vector. This is true, for instance, for a light wave of any shape 
and finite extension. We shall prove in general: If the fidd differs 
from zero only within a certain given volume 7, and if no charges are 
present inside this volume, then the total energy and meymentum of the 
fidd form a i-vector.X Since the density of force then also vanishes, 
we have according to (27) 

V = 0, = 0 on the boundary. (41) 

f M. Abraham, Theorie der EUctrizit&t, II, 6th edition, Leipzig 1923, and 6th 
edition by R. Becker, Leipzig 1933. % Cf. for instance, Abraham-Becker, p. 308. 

8596.12 


C 



18 CLASSICAL THEOKY OP RADIATIOlSr Chap. I, §2 

To prove the above statement we shall first consider an arbitrary 
vector Ai which also satisfies these conditions (41), namely 


dx, 


= 0 


i 


and .4^ = 0 on the boundary. Tb:oin Gauss’s formula applied to the 
4-dimensional divergence of a 4-veotor, it follows that the surface 
integral of the normal component of over the surface of a 4-dimen- 

sional volume vanishes. For this 4-climensional volume we chose a 
cylinder which is parallel to the a: 4 -axis. The base is the 3-dimen- 
sional volume considered. The cylinder is 
bounded by a section = const, and by 
another section x'^ = const., where x'^ denotes 
the time referred to a moving system of co- 
ordinates. (See Fig. 1 , the and x^ coordinates 
are omitted.) 

The normal components of A^^ are — A^ and 



-►X, 


Pia. 1. A 4*dimensio2xal 
integration. 


-\-A^ respectively on these two sections and 
zero on the walls of the cylinder. Thus Gauss’s 
formula gives 

— j Atdr+ j A'^dr' = 0. (42) 

Alternatively, the integral of AI 4 over the volume V is, subject to the 
suppositions made above, according to (42) an invariant. Putting 

where bj^ is an arbitrary constant vector, we obtain jfrom the invari- 
ance of ^ A^ch- 

J dr — A;-oomponent of 4-vector. (43) 

The conditions (41) for which (43) holds are satisfied for any light 
wave with a finite extension which may have been emitted from a 
light source some time ago. In this case the momentum G and energy 
U of the field form a 4~vector which behaves as regards its trans- 
formation properties exactly like the energy and momentum of a 
particle. In particular, the transformation formulae for a moving 
system of coordinates are 

= {0^-pU)y, Gi = U' = {U-pG^)y 

1/y = V(l-^ 2 ), p _ 


(44) 


In the case of a plane wave, Ey = asmv(a;/c — t) = the length of 





I: 
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the vector is zero. Since the momentum and energy contained 
in a volume V are given by 


V 

Gc = 

orr 




we have 2 ~ ^x~ ~ 



This can also be expressed as follows: the rest energy of a plane wave 
is zero. A plane wave cannot be transformed to rest. 

Equation (46) does not, however, hold in the general case. A 
spherical light wave emitted from a point source (the source may be 
removed after the emission) has a momentum zero, but a finite 
energy. 

We shall see later in § 6 that every field can be composed of two 
parts: one part which is given by superposing light waves and for 
which therefore energy and momentum form a 4- vector, and another 
part containing the static field for which this is not the case. In the 
quantum theory only the first part is subjected to a quantization, 
giving rise to the existence of light quanta which behave also in 
some other ways like particles; the second, static part of the field 
remains, on the other hand, unquantized. 


3. Field of a point charge and emission of light 

The general Maxwell-Lorentz theory of § 1 gives immediately the 
field which is produced by any given charge distribution. Since we 
shall see that in some cases the field at a large distance firom the 
charges consists of waves changing periodically with the time, this 
theory includes also a theory of the emission of light. For the applica- 
tions to atomic physics the most important case is where the charge 
producing the field is a point-charge. We shall therefore first work 
out the field produced by a point-charge moving in an arbitrary way 
(we need this for several purposes). We shall then apply the formulae 
to a simple model of a light source. 


1. The Wiechert potentials. The field of a charge distribution p is in 
general given by the equations § 1 (13) for the retarded potentials: 


^(P)= f e(? L ’£} At' 

J Tjpp, 

A(P) = i f 

c J rpp. 




(t' — t — Tppfjc), 


(la) 

(lb) 
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where t' represents the retarded time of the point P'. If the charges 
are in motion, we must be careful in canying out the transition to a 
point-charge. We may not, for instance, write simply 


t—rle 

for the integral (la). Since we have to insert in (1) for each point P' 
another retarded time, the integral J p(P', t') dr* would not represent 
the total charge. Before carrying out the transition to a point-charge 
we must transform the integrals (1) into integrals over the charge 
elements de. This can be done in the following way: we assume that 
at a given time f all charge elements have the same velocity v(({'). 
We then consider a spherical shell of thickness dr at a distance r from 
P. A volume element of this shell will be dcrdr = dr. The contribu- 
tion to the integral (1 a) will be the density p (divided by r) which a 
light wave meets when it is contracting with the velocity c and 
passing the outer surface of this shell at a time f. During the time 
d,t = drjc which this light wave would take to pass the shell dr, a 
certain amoimt of charge will stream through the inner surface of the 
shell. This amount of charge (per unit area) is given by 

r r c 

if the direction of r is chosen to be that of the line PP'. The charge 
element de collected by the light wave during the time dt is therefore 

(vr)l 


de 




The integrand of (1) becomes then 

pdr = 


de 


l-j-(vr)/rc‘ 

Inserting this expression in the integrals (1) we can now carry out 
the transition to a point-charge and obtain 


= 


rH-(vr)/c 


/— r/c 


A(P,t) = i 


ev 


t-rlo 


(3 a) 


(3 b) 


c r-l-(vr)/c| 

All quantities in (3) have to be taken at the retarded time t — rjc. 
Also r is of course the distance at this-retarded time t' . The potentials 
(3), therefore, contain the time # implicitly in a rather complicated 
way. 
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The expressions (3) were first obtained by Lienard and Wieohert. 
They in general represent the potentials of a particle. 

2. Field strengths of an arbitrarily moving point-cha/rge. The field 
strengths E, H can be deduced from (3) by differentiation 

E = — grad^ — iA 

c 

H = curlA. 


The derivatives have to be taken vdth respect to the time t and 
coordinates at P. But since the motion of the particle at the time 
t' is given by r(<') and v(^') = dTjdt' the quantities r, v occurring in 
(3) are given as functions of the retarded time f. We must, therefore, 
first express the derivatives with respect to t in terms of the deriva- 
tives with respect to t' . The retarded time t' is defined by the distance 

r(f') = (4) 

Thus, differentiating with respect to t. 


at ~ at' at ~ 

or — = 1 ^ r 

dt l-f-(vr)/rc s^ 

where we have used the abbreviation 


( 5 ) 


. (vr) 

s = r -^~ — ^ 
c 


( 6 ) 


Also because of equation (4) t' is a function of the coordinates of P. 
Therefore we have (r having the direction from P to P') : 

gradi' = -lgradr(r) = -i^gradi'-^) 
or, according to (6), 

grad^' 


r 

cs 


For the derivates of s we obtain according to (5), (7) 


at 


_ 

~~ at' at ~~ s\ 


(rv) 


+1 + 


grada= + + 

r c cs\ r c c J 


( 7 ) 


( 8 ) 
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In these formulae v denotes the derivative of v with respect to 
Also V depends only upon Thus 

^ = V-, ourlv = — r^grad^'l = fcyJ. (9) 

dt S ^ C8 


For the field strengths we have, according to (3), 


£ 

e 


,1 10V 1 j 10V,V05 


5 = 1 ourl — = -l-onrlv+ •l^fvcrads] 
e c 8 sc cs^*- 


Inserting our formulae (8), (9) and (6), we obtain finally 


l—jS^ 

e ^ 5® 




H [Er] 

e r ’ 



(10 a) 
(10b) 


The magnetic field strength is always perpendicular to E and to r, 
whereas the electric field strength has, besides a component which is 
perpendicular to r, a component also in the direction of r. 

In these expressions (10), all quantities are of course understood to 
refer to the retarded time t' — t — r/c, where r itself is the distance at 
the retarded time. 

The formulae (10) are general, in as much as they are valid for any 
given motion of the particle even when the velocity is comparable 
with the velocity of light. But they hold only as long as the particle 
can be considered as a point-charge. They do not hold at distances 
which are comparable with the electronic radius (see § 4). 

The field (10 a) is composed of two parts which behave quite 
differently. The first part depends only upon the velocity and de- 
creases with r-2 for long distances firom the particle. It represents 
the static (Coulomb) part of the field and reduces simply to — r/r® 
for V = 0. For v 0 this part Can readily be deduced from the 
Coulomb field by means of a Lorentz transformation (§ 2 eq. (19)). 
The second part is proportional to the acceleration v, and decreases 
only as r-^ for long distances from the particle. This part of the field 
is transverse, the field strengths being perpendicular to the radius 
vector r. We shall see that it gives rise to emission of light. We call 
the region where the second part preponderates the ‘wave zone ^ . The 
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distinction between these two parts of the field has, however, only 
a meaning if the region which the electron passes during the 
time rjc is small compared with r itself (qnasi-periodic motion, or if 
vjc 1). 


3. The, Hertzian vector of a system of charges. Dipole and Quadripole, 
rnxmieritu'm. As a first application of our general theory, we shall con- 
sider the emission of light by a system of point-charges. We assume 
that a certain number of particles with charges ej^ are all situated in. 
the neighbourhood of a centre Q. The distance of Q from the poinh 
P at which we consider the field may be denoted by R (direction 
P Q) and the distance P by Each charge can then be 

described by a vector representing the displacement of ej^. from the 

« X, = r^-R. (11) 


We assume that aU displacements are small compared with M, and 
furthermore that the velocities of all particles are small compared 
with the velocity of light. 


( 12 ) 

The field is of course the result of the superposition of the fields 
arising from all single charges . 

In the expressions (10) one has, however, to insert for each particle 
another retarded time = t — But since all displacements are 
small, it will be convenient to introduce a new time P, the retarded 
time of the centre Q, viz. n 

(13) 

c 


and to express the field strengths as functions of this time T. 

In the first approximation we may replace in (10) all derivates 
with respect to by the derivative with respect to P, which is the 
same for all particles. Thus 




X" =: 

* gp2 ’ 


where we have denoted the derivative with respect to P by a dash.. 
Furthermore we may replace by JR and neglect all terms containing 
vjc. Then s also becomes equal to M. 

Introducing the sum of all displacements 


( 14 =) 
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we olDtain for this part of tlie field which is proportional to the 
acceleration, and which decreases as (wave zone) 


H(*) = 


(16) 


(15) has to be taken at the retarded time t — Bjc — T of the centre. 

Before we discuss these simple formulae we shah consider the next 
approximation. In (15) we have equated the retarded times for all 
particles to the retarded time of their centre. We shall now take into 
account, as the next approximation, the fact that these times are not 
identical, but that a certain time is necessary for the light to pass 
from one particle to another. This effect of the retardation, as we shall 
see, will give the quadripole radiation. Bor this purpose we have to 
evaluate the field strengths up to terms of the first power of v/c and 
to express them as functions of the common time T. The displacements 
Xjg, however, will be put equal to zero in the final expressions for the 
field strengths (i.e. we calculate the field in the wave zone only). 

Developing the electric field strength (10 a) to the first power of 
vjc we obtain, according to (6), 

k 

Here we have replaced r;;. by R, neglecting terms containing the dis- 
placements. They would not give any contribution to the field in 
the wave zone. In (16) V;;. and V;^. stiU have to be understood as 
derivatives with respect to the time tjf. To express them as derivatives 
with respect to T we write (for each k) 

_ dx(t') __ dK(f) dT _ ,dT 
et' ~ 8T dt' at' 

. ^ av ar ^ mar 

ar at' \st') [aTat'jat' 

In these formulae x' denotes the derivative of x (which is still 
given as a function of f) with respect to T. This of ooui:se only makes 
sense if we later express x as a function of T. dT/df can be taken 
from the definition of T, viz. 

c{t'—T) = 

6T _ (vR) _ (x-R) 

dt' Rc jBc ’ 



so that 


(18) 
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where we have again replaced r by R and v by its first approximation 
x', since it occurs in (18) only in the second-order term. Inserting 
(18) in (17) we find for v: 


. „ . ^^(x'R) , ,(x"R) 

V = X +2x ' 


(19) 


Rc Be 

In (16) we can in the second and third term of q also replace v and if 
by their first approximations, then becomes according to (16) and 

(19) just qj = xjj. 

Introducing again the vector giving the sum of all displacements 
(fferfeiare vector) ^(r) = 2 (20) 

1c 

we obtain for the field strengths in the wave zone, omitting the static 
part, _ I 




(21) 


H 


R^c^ 


[RZI- 


B/c- 


Formally, (21) is identical with (15) giving the field strengths in 
the first approximation. The difference lies in the definition of Z. 
According to (20), Z is considered as a function of the common time 
T but equated to the sum of the exact displacements, still expressed 
in terms of tjg. 

We have now to express Xjt(^ft) as a function of T. Since and T 
differ only slightly, we can develop 


Z = Zi-f Zg 

* ft 

The first term Zj is identical with (14). It represents the dipole 
moment of the charge system. The second term is due to the effect 
of retardation, since (x^.R)/jRc represents just the difference of the 
retarded times for the jfcth particle and for the centre. It is usually 
called the quadripole moment of the charge system. "f" It plays, in 
general, an important role only if the arrangement of the charges is 
so symmetrical that the dipole moment vanishes. 


•f This is not quite correct since the term considered contains also a part which 
gives rise to a magnetic dipolo-radiation, which is, however, also of the second order. 
(See Brinkmann, Zur Qvxmtenmechanik der Midtipohtrahlung, Proefschrift, Utrecht, 
1932.) 
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4. Emission of light. Tlie field given by the equation (21) decreases 
with the first power of jB. Any quadratic expression in the field 
strengths, for instance, the Poynting vector of the energy-flow, will 
decrease as and the integral over a spherical surface will therefore 
be finite and independent of R. Thus the field given by equation (21) 
gives rise to a finite energy fiow through any distant sphere, i.e. to an 
emission of radiation. The radiation is transverse, both field strengths 
being perpendicular to R and to each other. The energy fiow per 
unit time through the area R^ dO, becomes 

^ 5^ W (23) 


where 6 represents the angle between the direction of the Hertzian 
vector Z" and the direction of observation. The energy fiow (23) is 
normal to a spherical surface and proportional to the square of the 
second time derivative of the Hertzian vector. It has a maximum at 
right angles to Z" and vanishes in the direction of Z". The direction 
of polarization of this radiation (direction of E) is the projection of Z" 
on the plane perpendicular to R. 

The total energy radiated per unit time S is given by integrating 
(23) over all angles « 

S = i^. (24) 


The simplest model of a light source is a harmonic oscillator, i.e. a 
single charge bound elastically to a centre of force and moving with 
simple harmonic motion of frequency v along the ar-axis. In this case 
we can put 

Z = ex = exocosvi, X" = — ev^x. 


The radiation emitted from this oscillator is then monochromatic 
with the same frequency v. The time average value of (24) becomes 


2 c2 

3 c3 


8 = 


If! 

3c3 


v^xi 


(26) 


The energy emitted per unit time is therefore proportional to v^. 


4. Reaction of the field, line breadth 

In § 3 we have seen that a moving point-charge in general emits 
radiation. The energy radiated per unit time for a slowly moving 
particle is given by § 3 eq. (24). According to the equations for the 
energy balance of the field ((22) § 1), this energy has to be contributed 
by the forces keeping the charge in motion. As a consequence of the 
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energy loss due to the radiation, therefore, the kinetic energy of the 
particle must decrease with the time. In § 3 we have calculated the 
radiation for the case when the motion of the particle is given. It 
would not, therefore, he correct to determine the particle's motion 
only from the external forces acting on it (e.g. the quasi-elastic forces 
of an oscillator), since the motion is also influenced hy the radiation 
emitted. In order to give a correct account of the conservation of 
energy we have to consider the reaction of the field produced by the 
charge on its own motion. 

We shall find, however, that in general the reaction force of the 
radiation is small compared with other forces. This makes it possible 
to consider the reaction effect as a small correction, so that in a first 
approximation we may assume the motion of the particle to be 
determined by the external forces only. 

We shall calculate this reaction in two different ways. The first 
way is purely phenomenological: we assume that in the first approxi- 
mation the motion of the particle is not altered by the radiation 
emitted and that the latter is given by § 3 eq. (24). We then add as 
a second approximation in the equation of motion another small term 
(damping-force) which is determined so that it just preserves the 
energy balance. 

The second- method is more profound and, from the point of view 
of the general theory, more consistent. We shall calculate directly 
the force which the field produced by the charge exerts on the charge 
itself. The expression for the reaction force obtained in this way is 
the same as that obtained from the energy balance. However, this 
method leads to further results which are principally important in 
the discussion of the whole radiation theory. 

1. First way: the energy balance. According to § 3 (24) and (20) the 
energy radiated per unit time by an accelerated particle moving with 
small velocity is given by 

8 = §e2vVc3. (1) 

In the first approximation the equation of motion of the particle is 

K = mv, (2) 

where K represents the external force (m = mass of the electron). To 
this equation (2) we add another term Kg (‘self-force') which is to 
take account of the energy loss (1) : 

K-|-Kg = rriw. 


(3) 


28 
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In order to simplify the energy balance § 1 eq. (22) we shall assume 
that for two certain times the state of motion of the particle is 
the same at as at Then also the energy of the field U is the same 
at ig AS at The work performed hy the force JLg during this time 
interval must then be equal to the total energy radiated 

it 

J (K,y)dt (4) 

tx ti 

This equation for can be solved in general. 

Integrating (4) by parts we obtain 

it 

j (KgV) dt — — J* (vV) df. (5) 

tx ti 

(5) is satisfied if we put for each instant of time: 



( 6 ) 


(6) gives the desired reaction force. It is proportional to the time 
derivative of the acceleration. For a particle moving with simple 
harmonic motion one can of course replace V by — v^v. 

It can readily be proved that the force (6) also gives a correct 
account of the conservation of momentum and angular momentum. 

This deduction is only correct so long as the reaction force (6) is 
small compared with the other forces. For a harmonic oscillator this 
is always the case as long as the frequency is not too high. Putting 
X = XqCOSVq^ tliA quasi-elastic force is wx and our condition gives: 



or introducing the wave-length A 


A = 



e^ 

mc^ 


m 


7*0 represents, as we shall see in subsection 3, the classical electronic 
radius and is of the order of 10“^® cm. Thus (7) holds for all wave- 
lengths large compared with Tq. In the next subsection we shall dis- 
cuss this condition from a more general point of view. 

(7) is satisfied for all kinds of radiation known at present (including 
y-rays) except for the high-energy cosmic radiation. (See Chapter V.) 
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2. Second way: The self-force.-f We shall now find directly the force 
which the field produced by the charge exerts on the charge itself. If the 
density of the charge is given by a function p and the field produced 
by this charge is given by E^, the self-force is given by § 1 eq. (4) 

K* = J/.<iT(E,+^[vHA (8) 

(We write the index s on the top because (8) will not be quite identical 
with (6).) For the field we may not of course insert the field of a point- 
charge since it is the field inside the particle with which we are dealing. 
We must first assume a certain charge distribution; in the final result 
the transition to a point-charge can be made. 

(8) can be evaluated in the following way. WTe consider two charge 
elements de and de' at a distance r and determine the force which the 
field produced by de exerts on the element de\ For this field we may 
take the field of a point-charge de' as calculated in § 3. The total self- 
force is then obtained by integrating over all charge elements dede' 
(and multiplying by ^ since each pair occurs twice). The magnetic 
field will not give any contribution to the self-force, and we shall omit 
it in the following considerations. 

For the calculation we make the following simplifying assumptions : 

(1) The charge distribution is rigid (for small velocities; for hig h 
velocities we have to assume a Lorentz contraction). For a given 
instant of time all charge elements will then have the same velocity 
and acceleration. 

(2) The charge distribution is to be spherical, with a finite exten- 
sion of the order of magnitude of the characteristic radius Vq (elec- 
tronic radius). We shall discuss in subsection 3 in which sense Vq can 
afterwards be put equal to zero. 

Care must be taken in applying the formulae § 3 (10) for the field 
produced by de. These formulae give the field of a point-charge at 
a fixed point P which is held at rest. But in our case, the charge 
element de\ the field within which is under consideration, is rigidly 
connected with the charge element de which produces the field, both 
having the same velocity at any instant. The formulae § 3 (10) can, 
therefore, only be applied to our problem if we put the velocity v of 
the charge equal to zero at the time t at which the self-force is to be 
calculated, i.e. for a particle at rest: thus, 

v(«) = 0. 

t Cf. H. A. Lorentz, Theory oj the Electron^ Leipzig, 1916. 


( 9 ) 
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This does not, however, mean that the velocity vanishes at the re- 
tarded time t' = t — rjc. (9) does not represent any real restriction 
of onr results, since the self-force of a moving particle can always be 
obtained by a liorentz transformation. 

The electric field produced by de at the position of de' at the time 
t is given by § 3 eq. (10 a) 





nt(o]]-(l 

v(0 = 0, 



Here the vector r is constant, v can therefore also be considered as 
the derivative with respect to t instead of t — rJc. The expression (10) 
has to be integrated over the charge distribution. In this integral 
one has again to insert a different retarded time t — rjc for each de\ 
In general the self-force would depend essentially upon the motion 
at all previous times. We obtain a reasonable result only if we make 
a further assumption about the nwtion of the particle which is very 
fundamental for the whole radiation theory: 

(3) The motion of the particle varies slowly, so that the change of 
its acceleration 'within the time which light needs to pass the charge 
distribution is smaller than the acceleration itself. 

This interval of time being ^o/c, om assumption becomes 


c 


( 11 ) 


(11) represents not only a condition wnich the external forces must 
satisfy, but also a restriction on the self-force itself. If the self-force 
were so strong that (11) did not hold our theory would break down 
entirely. 

Assuming the condition (11), the effect of retardation in equation 
(10) becomes a small correction. We can then develop (making use 
of (9)) 


v(<') 


( 12 ) 


where in both equations the second term is small compared with the 
first one. 
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(12) has to be inserted in (10). Neglecting all terms containing 
(rjcY and higher powers, we can neglect in the first term of (10) 
vr/c and replace s by r. In the second term v^jc^ can be neglected, and 
for 1/5® we may write 


5® r® ^ c® 2 c®/ 

Inserting (12) and (13) in (10) we obtain 


(13) 

(14) 


Since we have to integrate (14) over a spherical charge distribution, 
we may at once take the average over all directions of r. The third 
term then vanishes, representing simply the electrostatic force which 
gives of course no contribution to the self-force. In the other terms 
only the components of r in the directions of ^ or V respectively give 
a contribution. The average becomes 


Integrating over aU charge elements dc, de' we obtain the self-force 


K« = Ko+K, 


(16 a) 

^ 2 V 1 p dede' 

2 ^ 

(16 b) 

® 3 c® 2 J r 

30*'^ 

K, = (dede' = 

* 3 c® 2 J 

2e^.. 

(160) 


We discuss first the second term K„. This is independent of the cha/rge 
distribution and identical with the self-force deduced in subsection 1 
eq. (6) from the energy-balance. Thus, the damping force (6) which 
simply takes account of the energy balance, represents the second 
approximation — due to the retardation inside the particle — ^to the 
self-force. 

Comparing (16 c) with the condition (11), which had to be imposed 
on the motion of the particle, this condition becomes: 


= (17) 

6r^c^ 6 Tq 

We shall later put fo equal to zero. The conditions (11), (17) are 
then satisfied automatically. The condition (7) used in the derivation 
of the previous subsection is then only required if the reaction force 
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is to be considered as a small effect (which is the case in all applica- 
tions) but not as a matter of principle. 

If we take the expansion (12) to the next power of r/c, we obtain 
further terms of the next one being of the order 

K' ^ ^ r r dede' ~ (18) 

J c 

This term depends upon the structure of the electron (the same 
is true for all higher terms). It is, however, proportional to and 
vanishes for a point electron. For a harmonic oscillator the ratio of 
the two subsequent terms KJK' is of the order rJX. (12) or (16) can 
therefore be considered as an expansion in powers of the ratio rj\. 
Only for rJX 1 (equation (7')) is such an expansion possible. 

Thus, the condition that the self-force is small is a very funda- 
mental one for the radiation theory. Without this condition the 
self-force (with the higher approximations in the development (16)) 
would depend essentially upon the structure of the particle; we 
should not expect such a dependence to have any physical 
meaning. For f = 0 the self-force will always be small. 

3. Self-energyt. The first term of the self-force (16 b) is proportional 
to the acceleration. It therefore takes the same form as the inertia 
force mv. The factor J J ded^' Jr = /xq represents the electrostatic 
self-energy or the energy contained in the static field of the particle. 
The latter depends upon the structure of the particle, and would 
become infinite for a point-charge. For a charge with the extension 
Po it is of the order of magnitude 



This term cannot by any method be distinguished from the inertia 
term. Since we know nothing about the nature of the inertial mass 
m, we could Just as well take the two terms together and assume that 
the self-force is contained in the definition of the mass m. In 
Abraham’s theory it was even assumed that no ‘non -electromagnetic’ 
mass exists (see §2. 4). This procedure is, however, faced by a great 
difficulty. For a moving particle we have as well as a self-energy a 
self-momentum also, and we should assume that this self-momentum 
is also contained in the definition of the momentum of the particle. 
But this is hardly possible since we have seen in § 2 that the energy 
and momentum of the field of the particle have not the same trans- 
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formation character as the energy and momentum of th^ particle 
itself. They do not form a 4- vector. One could overcome these 
difficulties only if one were to introduce other forces of a non-electro- 
magnetic character in the dynamics of a particle which could com- 
pensate in some way the wrong transformation properties of the 
field. 

The necessity for the introduction of special non-electromagnetio 
forces in the theory of an electron is also evident from the fact that b 
charge distribution can never be stable under pure electromagnetic 
forces, since the different parts of the charge repel each other. 

If K(, (16 a) is to be finite, the particle must have a finite extension. 
If, for instance, is put equal to the observed inertia would 

be of the order of r^: 


^0 ^0 = 


me 


. 2 » 


IX ^ mc^. ( 20 ) 

For an electron r 0 becomes (from the observed mass and charge) 

ro = 2-80X 10-1® cm. (21) 

However, in the Maxwell-Loreptz theory it has not been possible, 
for the reasons mentioned above, to introduce a finite size of the 
elementary particles. The quantum theory also makes essentially 
use of the idea of the point-charge. To overcome, then, the difficulty 
of the infinite self -energy two views are possible: (i) one might try 
to modify the Maxwell equations at distances of the order Tq from 
the point-charge so that Kq becomes finite. An attempt in this 
direction is the non-linear field theory of Born and Infeld.-t (ii) An 
alternative way is to omit the self-energy entirely, but, of course, 
assume the observed inertia mv. can then be put equal to zero 
throughout and the only non-vanishing part of the self-force is the 
term (16 c) proportional to V, which is independent of If this 
term of the self-force is taken into account, no further restriction of 
the validity of the theory such as ( 11 ) exists. We shall adopt this 
procedure throughout and treat the electron as a point-charge. In 
§ 25 it will be shown that the omission of the self-energy can be 
carried out in a Lorentz-invariant way. 

A more deeply founded theory on these lines is due to Dirac, f but 
in this book we confine ourpelves to the simple omission method. 

t References on p. 263 
D 


369S.12 
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4. lAne breadth. Let us consider no'w the effect which the reaction 
force (16 c) has on the motion of the particle. The change in the 
motion due to this reaction force will of course also affect the radia- 
tion emitted by the particle. 

We consider again a linear harmonic oscillator as a simple model for 
a light source. If we neglect the reaction force, the oscillator will 
vibrate for an infinitely long time. But because of the damping force 
the amplitude of the oscillator will decrease. The equation of motion 
is according to (16 c) 


2 , 2e2... 

mx = — mvgaj-f- --ofl?. 

o 


( 22 ) 


Since we have seen that the reaction force is small we can as a first 
approximation for x insert the value for the undamped motion 
— v^x. Thus (22) becomes 


X = — v%x — yx 


(23) 


y = 


2 eVg 

3 me® 


I ^ 


(24) 


The solution of (23) is approximately (y Vo)t 

X — a?o (26) 


The energy of the oscillator averaged over one period is 

W = im(fl&®+vga;2) = (26) 

Thus the energy decreases exponentially, 1/y representing the time 
taken to decrease in the ratio e : 1. We therefore call 1/y the lifetime 
of the oscillator. The condition (24) (y << Vq) expresses the fact that 
t.hia time is long compared with one period; otherwise the motion 
would not be even approximately periodic, y is only a function of the 
frequency and does not depend upon the amplitude of the oscillator. 

The light which is emitted by such an oscillator has an amplitude 
which is proportional to x, i.e. to — vj x. It decreases with therefore, 
in the same way as the amplitude of the oscillator, so that 

E = (27) 

(27) no longer represents a monochromatic wave but a wave with 


t If we write for a classical wave an exponential funotiozx, the real part has alwaya 
to be understood. 
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a certain intensity distribution /(v). To obtain this intensity distri- 
bution we develop (27) in a Fourier series: 


or 



E(v)=. 



OO 

J ei(vo-i'ye-y</2 dt 
0 


E(v) = 


JLe 1 

27r — v) — y/2 


The intensity distribution becomes 

I(v) ~ 


27 , (V— »-o)*+y*/4 


(28) 


The factor Iq has been chosen so that the total intensity J J(v) dv 



Fxo. 2. NatTiral line breeulth. 


is equal to Iq. The line represented by equation (28). has a maximum 
intensity for the frequency vq, i.e. for the frequency of the undamped 
oscillator. It falls off on both sides rather slowly, roughly as l/(vo — »')*• 
For vq — V = y/2 the intensity is half of the maximum intensity at 
V = vq. We therefore call y also the breadth at half rnaxirrmin (see Fig. 2). 

The breadth of the line is equal to the reciprocal lifetime. If we 
express the line breadth in wave-length units we have according 
to (24)f 

A(27rA) = 27«:^ = 2^^ = = 1-17 X 10-*A.TJ. (29) 

V§ v§ 3 

The line breadth is then independent of the frequency and equal to 
the electronic radius r^ (besides a numerical factor) which is a 
universal constant. 

In the quantum theory we shall treat the problem of the line breadth 
in § 12 where we shall also discuss the question from the experimental 
point of view. 

f We denote the wave-length by 2irA. 
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5. Broadening by collisions, Besides the natural damping due to the 
emission of light itself there are many other reasons for broadening 
of a spectral line (see § 12. 4). We shall here, while discussing the 
classical theory, only consider shortly the ejffect of broadening by 
collisions. We assume that our oscillator is subjected to collisions 
which disturb its vibration at time-intervals r, say. These time- 
intervals T may be distributed according to a statistical law, the 
number having values between v and r-f-dr being 

w{t) = (30) 

with an average value r == 2/r. We can describe the ejffect of such 
a collision, following IiOrentz,j‘ by assuming that the phase of the 
vibration, and therefore of the emitted wave, is shifted by an 
arbitrary amount at each collision. Such a wave is no longer mono- 
chromatic. The Fourier development, similar to that of equation 
(28) yields, neglecting the natural breadth y: 


-r 

EM = ^ J 


27r i{vQ — v) 


(31) 


The intensity |J&(v)|^ averaged over all values of r according to the 
distribution (30) is then given by 



1 

27r2 (vo— v)2+rV4’ 


(32) 


The line has therefore the same shape as the natural line (28). The 
breadth at half maximum is equal to T, i.e. to twice the average time 
between two collisions. By analogy with the radiative lifetime 1 /y, 
we may call l/F the lifetime due to collisions. 


5. Scattering, absorption 

The Maxwell-Lorentz theory gives an account not only of the 
emission of light by a moving charge but also of the motion which 
an external field, say a light wave, impresses on a particle (Lorentz 
force § 1 eq. (5)). The wave will, in general, transfer energy to the 
particle and will therefore be to some extent absorbed. The impressed 
motion of the particle may also give rise to the emission of a secondary 
light wave {scattering). Since a knowledge of the classical results is 
important for a critical understanding of those of the quantum 
theory, we shall consider these radiation processes shortly here. 

f H. A. Lorerttz, Theory of the Electron, Leipzig, 1916, 
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Chap. I, § 5 SCATTERING 

1. Scattering by free electrons. A light wave with the frequency v 
and the field-strength 

E — Eocos(v<-1-S) 

may fall upon a free electron, the mean position of which is at rest. If 
we neglect the reaction force § 4 eq. (6) and all relativistic effects 
(including the magnetic force) the equation of motion becomes 

mx = eEQeos(v^+S) (1) 

with the solution x == — ^5cos(vi+S). (2) 


The electron performs therefore a vibration with the same frequency 
as the incident wave and with a phase difference rr. This gives rise 
to the emission of a secondary wave of the same frequency. The 
time average value of the intensity, according to § 3 eq. (23), at a 
distance JR from the electron is 


e^x^ sin20 e^ sin^© 



where 0 is the angle between the direction of observation (R) and the 
direction of polarization of the incident wave Eq. Introducing the 
intensity of the primary radiation Iq = cE^IStt we have 

I = ^(0) 4- (4) 


where rg is the classical electronic radius and a quantity with the 
dimensions cm.^ which we call the cross-section for scattering. 

If the primary wave is unpolarized we have to average over 0 and 
obtain 


sin^0 = ^(1+ cos^0) 
I = oos®0). 


( 4 ') 


where 6 represents the angle of scattering. 

The total scattered radiation is obtained from (4') by integrating 
over all g-ngles, the total cross-section becoming 

^ = ^rl = 6-57 X 10“2r. om.2 (6) 

3 

Thus the cross-section for scattering by a free electron is a universal 
constant and independent of the primary frequency. 

The formulae (4) and (5) were first deduced by J. J. Thomson. We 
shall see that they hold also in the quantum theory as long as 
relativistic effects can be neglected. 
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2. Scattering by an oscillator. As a second case we shall consider 
the scattering of light of frequency v by an elastically bound electron 
with the frequency vq. It is important here to take into account 
also the damping force § 4 eq. (6). If the electron performs only 
the free vibration but no forced vibration, due to the light wave, 
its motion will be periodic with the frequency vq. Therefore, we can 
write for the damping force 


2 e®... 

- = -myx, y = 

The equation of motion becomes then 


2 eVg 

3 mc^ 




( 6 ) 


X+yx+vgx = — 


(7) 


with the solution x = XoC^*^, Xq = — • (S) 

vg— 

The intensity of the radiation scattered per unit time and cm.® in a 
distance JB becomes (for £ we have to insert the real part) : 


/ = 


e®sin®0 


a*® = 




v^sin®0 




cos®(vi — S) 


(9) 


tanS 


vy 


v2 

Vq V 


The scattered radiation shows a phase displacement S which, however, 
is only appreciable in the neighbourhood of v = vq. Taking the 
average over one period and introducing the intensity of the primary 
radiation we obtain 

(10) 

The cross-section 4> for the total radiation scattered is obtained by 
integration over the sphere, giving 


~ §ZIy2 

^ 3 0(v§— v®)2+v®y2’ 


( 11 ) 


(11) represents the well-known dispersion formula. For vq 0 and 
y<^v we obtain again equation (6) for the scattering by a free electron. 
For frequencies far away from the resonance frequency y®v® may be 
neglected. In the neighbourhood of v = vq (11) becomes very large and 
we have the case of resonance fltwrescence. We may then put v vqZ 

27r ^ 


^ 


( 12 ) 
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In the quantum theory we shall meet formulae which represent 
a simple generalization of (11) and (12) (see §§ 14 and 15). 

3, Abs<yrption. Finally, we shall consider the energy transfer from 
the incident wave to the oscillator. This question is a little more 
complicated. In the case of resonance, which is particularly interest- 
ing, we shall obtain a definite result only if we assume that the 
primary radiation has, in the neighbourhood of vq, a continuous 
intensity distribution Iq{v) dv being the energy per cm.® sec., say. Since 
we shall discuss the shape (breadth) of the absorption line in the 
quantum theory, we shall calculate here only the total absorption 
and can therefore neglect the reaction y. For a single Fourier com- 
ponent V the equation of motion of the oscillator is 

x-j-v§x == -^E(v)cos(v<+Sy), (13) 

m 

where is the phase of a single wave. We assume that these phases 
are distributed at random. i 

As for a single frequency v the energy transfer will depend essen- 
tially upon the phase difference of the oscillator and the wave we 
must take into account also the free vibration of the oscillator. We 
choose a solution of (13) so that for < = 0 only the free vibration is 
excited. This solution is 

X = — E(v)-yi-^[cos(v«-l-8J— cos(vo<+Sv)]+l>sin(j/o^+^), (14) 

171 Vq'—V^ 

where b represents the amplitude and 6 the phase of the oscillator 
at < = 0. The energy transfer per unit time (and per jfrequency 
interval) to the oscillator is equal to the work performed by the 
Ught ware v. = e(xE(v))oo8(v<+8„). (16) 

If we then integrate (15) over a time t containing an integer number 
of periods 1/v the term oos(vi-l-8,,) of (14) vanishes and we obtain: 

f €^dt=== ^ — - g— -o f di sin(vo^^-SJcos(v^+8J-f- 

J m vg — J 

0 0 

T 

-}-e(E(v)b)vo J* di oos(vo^4-^)oos(vi-l-8y). (16) 
0 

This integral depends upon the phases and may even assume negative 
values. For certain phases therefore the oscillator transfers energy 
to the light wave {indvjced emission of light). But since the phases 
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Sy were distributed at random, we may take the average over 
Then the last term of (16) vanishes, the first term is always positive 
an4 becomes 


« 

J 


dt — 


e^JS^iy) Vq 1 — cos(vo — v)t 

2m — V® Vq — V 


( 17 ) 


This energy transfer is large only in the neighbourhood of the reson- 
ance jBpequency v = vq. We may therefore put v '^vq. (17) represents 
the contribution of one single wave v. We have now to integrate it 
over a certain frequency interval taking into account the fact that 
the intensity distribution was 


lQiy)dv = - — E^(y)GOS^{yt-\-hy)dv ~ ■—E^{v)dv. 
4:77 077 


In the region where (17) is appreciable we can assume Io{v) to be 
constant (= /©(’'o))* The integration over v can be extended from 
0 to oo, since (17) has a very strong maximum at v = vq. If vqt >1, 
the integral occurring in (17) is of the form 

+ 00 

J l—ooaXj 

^ dx = -:z, (18) 

— 00 

when X = {vq-^v)t. Thus the energy absorbed per unit time becomes 

00 T 

8 = ^ j j i,dtdv= ( 1 ») 

0 0 

The energy transferred to the oscillator is on the average prqpor- 
tional to the time r, and to the incident intensity at the resonance 
frequency Vq. Apart from that it is independent of vq. 

The quantum theory will lead to a very similar formula (§ 11). 


6. The field as a superposition of plane waves. Hamiltonian 
form of the field equations 

The theory developed in the previous paragraphs gives — ^within 
the framework of a classical theory — a complete picture of the 
electromagnetic field and of the mutual interaction between the field 
and a charged particle. As a preliminary to the extension of this 
theory, which is necessary to take account of quantum phenomena, 
it is, however, useful to express it in another form. Since the quantum 
theory of a particle is based essentially on the canonical form of 
classical dynamics it will be convenient for otir purpose to express 
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also the classical rcicl^tion theory in. a canonical form. In fact one can 
easily transform the whole system of field equations § 1 (2), (5) in 
such a way that they appear as Hamiltonian equations with a single 
Hamiltonian function <iepending on the coordinates of the particles 
and on some other variables which describe the field. We shall carry 
out this transformation in three steps. 

1. The ‘pure radicbticyn field. We consider first that part of the field 
which is independent of the charges (light waves). According to § 1 . 3, 
one can derive it from the vector potential A only, normalizing the 
scalar potential so that ^ = 0. A will then satisfy the equations 

V^A-^A = 0 (la) 

divA = 0. (lb) 

A is a function defined, at all points of space and time. If therefore 
we wish to describe A in terms of canonical variables, the number of 
such variables must necessarily be infinite. It is possible, however, 
to choose an enumerable set. For this purpose we assume that the 
whole radiation field is enclosed in a certain volume, for instance, a 
cube of volume X®, and that it has to satisfy some boundary condi- 
tions on the surface of this volume. In order to obtain running waves 
as well as standing waves, we shall postulate as boundary conditions 
that A and its derivatives have the same values on two opposite 
planes of the volume, i.e. that 

A is periodic on the surface. (2) 

L is to be considered large comx)ared with the dimensions of the 
material system. The physical behaviour of the system will not then 
depend upon L. Hor convenience we shall choose our unit of length 
to be Z/. 

With the boundary condition (2) the general solution of (1) can 
be represented as a series of orthogonal ‘eigenwaves’ (‘eigenfunctions' 
of the differential equation (1)): 

A = <?A(0AA(r), (3) 

where A^ depends only upon the space coordinates and only upon 
the time. A^ has to satisfy the boundary condition (2). One can 
choose the A^, for instance, so that they satisfy the wave equation 

V^Aa-I- J Aa = 0 (4 a) 

G 
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■with divA;^ = 0 (4 b) 

Ax periodic in L. (4 o) 

Then qx satisfies the differential equation 

^X-^vlqx = 0 , ( 6 ) 

which is simply the equation for a harmonic oscillator. 

The solutions of (4) represent an infinite set of orthogonal waves 
which we shall normalize in the following way: 

J (AaA^) dr = 47rc2S^^. (6) 

The Aa are simply cos and sin functions such as 

V(87rc2)eACOs(K;^r), ^{Srrc^)ex8m(Kxr), |/ca| = vx/c. 


where ka gives the direction of propagation, and the unit vector Ca 
the direction of polarization which according to (4 b) is always per- 
pendicular to xa. Thus (3) represents simply the Fourier expansion 
of A. xa can assume a discrete set of values only, ■viz. 

ZtT StT ^77 /n\ 

^Xy “ ~^^Xy3 '^Xz* ( * ) 

where the nxxt^Xvi-- integers. 

For each wave with given x two independent directions of polariza- 
tion can be chosen arbitrarily. We could also take two circular 
polarized waves, but we shall not make use of this representation in 
this book. 

In the general formulae (3)— (6) we denote different polarizations 
and the sin and cos functions by different indices A. 

Since the Aa are given functions in space the field is characterized 
by the amplitudes qx. The field equations have been replaced by 
equations of the type (6). These can be ■written very simply as 
canonical equations; the Hamiltonian for an oscillator is 


and the Hamiltonian equations 


(8 a) 


^9[x 



^Px 


ix 




(8 b) 


are obviously identical -with (6). 

The total field is described by an infinite set of canonical variables 
qXtPXi S' total Hamiltonian 



( 9 ) 
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In tMs way the field is represented as a system of independent 
oscillators. In classical dynamics Ex would represent the energy of 
the oscillator. The same is true here. We shall show that the total 
energy of the radiation field is equal to the sum of the energies of 
all oscillators 

^ J dT = y (10) 

The field strengths are given by 


E 


= -0-^ ^ “ -jTi’AAA 

A A 

H = curlA = :^eAOurlAA. 


( 11 ) 


(11) has to be inserted in the expression for U (10). We then obtain 
integrals of the form J (A^A^) dr and J (curl A;^ curl A^) dr. For the 
first one we can apply the orthogonality relation (6). The second 
one can be transformed as follows: 


J (curlAAOurlA,)<ir = ^ d. [AAOurlAJ.+ / (AaCUtIcutIA^) dr. 

The surface integral vanishes because of the boundary condition (4 c). 
For the second integral on the right-hand side we make use of a 
formula of vector analysis curlcurl = graddiv— -V^. We then have 
according to (4 a), (4 b) 


J (curlAAOurlA^) dT = '^ j (AaA^) dr. (12) 


Making use now of the orthogonality equation (6) we obtain for the 
field energy CT = q (^+.M) = | 


(13) 


Thus the energy of the field is equal to the sum of the energies of all 
the oscillators. 

For applications of the radiation theory, especially to the quantum 
theory, it is more convenient not to represent the field by cos and sin 
waves but by (complex) exponential functions. Since the potential 
is real one can represent it by a series 


A = |: (?a(«)Aa+9J(<)AJ), (14) 


where the amplitude qx{t) ia now complex. 
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Tlie solution of (4) and (5) can be written as follows: 

' Aa = I«aI = >'a/o (15a) 

2A = ISaI®-'-*'- (15 b) 

q\A^X represents a wave travelling in the direction of -\-ycx- <2®'^ again 

assume the values (7), where the nx^- are positive or negative integers. 
Waves with opposite directions and — are denoted by a different 
A. The are orthogonal in the following sense: 

J (A;, A*) dr = j (AxA.^) dr = 4^^ (16) 

where denotes the wave with the propagation vector — x^. 

In this representation the qx and g'J are not canonical, but one can 
introduce new canonical variables (which are real) 

Qx = (17) 

■Pa = — i>^(3A— s*) = ©A- 

The field equation (6), ■which holds for both qx and its conjugate 
complex, can be deduced ffom the Hamiltonian 

Bx = M?A3-r = i(-P|+*^OA)- (18) 

The Hamiltonian equations 

are then equivalent to (5). In the same way as before one can show 
that 2 ^x represents the total field energy U. 

In the quantum theory and its applidations the use of the complex 
variables qx, q* and of the Qx, Px is more convenient than the real 
representation (3)^ !For the purpose of this paragraph it is, however, 
simpler to use the real functions. 

Finally, we shall determine the number of radiation oscillators 
contained in the volume jL® with a given polarization, a given 
direction of propagation (within 'an element of the solid angle dQ.), 
and a given frequency between v and v-\-dv. According to (7), this 
number must be equal to the volume-element in «.-space {nxx being 
integers), at least if we assmne that the wave-length cjv is small 
compared with L, Since v is given by 

•'A= (^)\™L+'»Ai,+»L) 


(20) 
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the volume element in w-space is given hy 

PydvdQ.L^ — n?dndCl —v^dvdClL^I{2‘jrcy. 

This expression is proportional to the volume L^. It is actually 
independent of the shape of the enclosure. The number of radiation 
oscillators per unit volume is therefore equal to 

We call py the density function for the light waves. 


2. Hamiltonian of a particle. As a next step we consider the rela- 
tivistic equation of motion of a charged particle in a given field 
(§ 2 eq. (35)). To write this equation in Hamiltonian form, it is only 
necessary to use the fact that the Hamiltonian represents the total 
energy E of the particle. In § 2 eq. (37) we saw that j& represents 
the 4th component of a 4- vector p^. Now E must be expressed as a 
function of the canonical coordinates and momenta. For a Cartesian 
system of coordinates the canonical momenta are identical with the 
ordinary momenta. Then equation (38) in § 2 gives the required 
relation between p^ — iE and the momenta p^ = p^., etc. This 
equation can be written as follows: 

H^E=: e^+V{/^^+(p-fiA)2}, p, = mcK (22) 

We are thus led to expect that (22) will represent the correct Hamil- 
tonian. In fact, we obtain (using energy units for the momenta, 
compare §1.4) 


^Pz 


V 




P. 


X 


■eA, 




a® c dx c\ * 8x^ ” 


eA 


V 


dx 


On the other hand, the total derivative of 
given by 

dA^ dA^ . dA.. . 

■V, 


I y 

' dt di ■ 


X ~r^y 


dx 


dy 


(23 a) 

with respect to <, is 


a^ 

az ■ 


(24) 


Adding (24) to (23 b) we obtain with the definition of the potentials 
given in § 1 (7 a) and (7 b) 

I ^(l>.-eA,) = (26) 

(25) is identical with the equation of motion § 2 eq. (35), since 
p^—eAi — % represents the 4-vector of the kinetic momentum, 



46 CLASSICAL THEORY OF RADIATION Chap. I, § 6 

(23 a) gives the correct connexion between -Mi and v^. since the equa- 
tions § 2 (33) and (37), 


mcv^ 



can also be written in the form (23 a). 

Thus (22) represents the correct Hamiltonian for a particle. It 
contains the interaction of the particle with the held. Just as in the 
expression for the Lorentz force, the field which must be inserted 
in (22) is the external field produced by magnets, condensers, light 
sources, etc., as well as the field produced by the charge itself. The 
latter gives the reaction of the field to the moving charge. (See § 4.) 

If the momentum is small compared with the rest-energy ja we 
may take for (22) the non-relativistic approximation (omitting the 

constant term u.) /_ -an 2 

H = + H.R. (26) 


This is the ordinary non-relativistic energy function for a particle 
in a field having the potentials <j> and A. In a pure electrostatic field 
(A = 0) the second term reduces to the kinetic energy j 2 fx. 

3. General system of particles and field.'\ Hitherto we have trans- 
formed to the Hamiltonian form the equations of motion of a particle 
and of a field consisting purely of light waves. As our last step, 
we must now consider a general system consisting of a particle and 
a field of any type. In order to obtain a relativistic theory also 
for the interaction of two particles, we shall assume there to be 
several particles of charges e^^.. Hach particle is then described by a 
set of canonical variables, p* say, with Hamiltonian 


Hj, == C;fe^(fc) + VH+{P;fc-cA(^)}2], (27) 

where A{k) represent the field at the position of the A;th particle. 
The total Hamiltonian for all particles becomes 


I . 




1 . 




(28 a) 
(28 b) 


In (28 a) no interaction between the particles has as yet been assumed; 
it will be seen that the latter is contained in the Hamiltonian for the 
field. 


t' For the following sections see: E. Fermi, Rev. Mod. Physicst 4 (1932), 131, or 
H. Weyl, Chruppentheorie und QuwUenmechanikt 2nd edition, Leipzig, 1933. 
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The field which has to be inserted in (27) consists of the external 
field produced by charges which do not belong to the system con- 
sidered, and the field produced by all particles including the Arth 
particle itself. It is, however, convenient to separate the external 
field A*. Since this occurs in (27) only as a given potential energy 
(and potential momentum) for each particle and does not depend upon 
the position of the particles we may, for the following discussion, 
take the terms A®, together with simply writing p*, jET*. 

instead of pj^—eA^, In the final result equation (62) we 

shall insert again the correct field. 

The general field satisfies the equations 

V^A — iA— — — pv (29a) 

c* c 

(291)) 

divA-{-^^ = 0 . (29 c) 


We have to express these equations in canonical form. For this 
purpose we assume again that the field is enclosed in a volume X® 
and that all potentials (and their derivatives) satisfy the boundary 

condition. ^ periodic on the surface. (30) 

We then develop the potentials into a series of Fourier components 
as before. 

The special case of a transverse field for which div A = = 0 has 

been treated in subsection 1 . For the general case div A 9 ^ 0 we 
notice that every vector-field can be divided into two parts, of which 
the first has a divergence equal to zero and the second is the gradient 
of a scalar field. Thus 

A = Aj-|-A 2, div Aj^ == 0 , 

Ai is identical with the transverse field 

Ax = 2 

A 

A, can be developed in a similar way 

A! = 29<,(<)Ao 


grad^. 


(31) 


“•a? 


(32) 


where the \ satisfy the wave equation and boundary condition 




0, A^periodic. 


(33 a) 
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According to (31) can be represented as the gradient of a scalar 
function ^ 

= — grad^^, curlA^ = 0, (33 b) 

No- 
where the obviously satisfy the same equation (33 a). The factor 
has been added for reasons of normalization. The A^, represent 
also a set of orthogonal waves which satisfy the wave equation and 
boundary condition. W^e shall now prove that they are also orthogonal 
to all transverse waves A;^. Tor this purpose we apply a general 
formula of vector calculus, 

J dr [(curia curlb)+divadivb-}-(aV2b)] 

= ^ dor {[a curlb]y-f- a^ div b} 

(v = coinponent normal to the surface). Inserting b = A^, a = A^, 
the surface integral vanishes, because of the boundary conditions. 
The first and second terms on the left-hand side vanish by (4 b) and 
(33 b) respectively. Thus 

J (A«, V2Ax) = J (A^Ax) dr = 0. (34) 

The Ax and A^ represent a complete set of orthogonal waves, satis- 
fying the wave equation and boundary condition (but not div A — 0). 

In contrast to the transverse waves Ax, the A^. represent longitu~ 
divKil waves. We shall see that they ^ve the static interaction of the 
particles. 

In the same way one can develop the scalar potential 

^ == 2 (35 a) 

periodic. (36 b) 

These must be identical with the scalar functions ijj^ introduced in 
(33 b) since they satisfy the same equation and boundary condition. 
Thus we can write 

A^ = — grad^^. (36) 

Both and A^ are then normalized in the same way 

= J(A„Ap(ir= (37) 

The coefficients a„(t) and q„(t) In (36 a) and (32) are not inde- 
pendent, since the Lorentz equation (29 c) has to be satisfied. In- 
serting (32) and (36) into (29 c) we obtain the important equation 

(38) 
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Tlie differential equations which the amplitudes qx, qat to 

satisfy can easily be obtained. They will not be identical with the 
equations of a harmonic oscillator, since the field must now satisfy 
the inhomogeneous wave equation (29). We insert (3), (32), (35a) 
into (29), multiply by A^, A^,., respectively, and integrate over space. 
Assuming that all charges are point charges we obtain 


k 

(39 a) 


(39 b) 


(39 c) 


k 


where ^\{Tc) represents the value of h.\ at the position of the Jkth 
particle. Equations (39) represent a forced vibration of an oscillator, 
the force being due to the presence of charged particles. 

The relation (38) can be expressed as an initial condition for the 
solutions of equations (39). Differentiating (39 c) with respect to the 
time, we obtain, according to (36), 


a^-\-vld„ 


and inserting (39 b) 


^ 2 == ^ efc(Vfcgrad^^(A;)) 

k 

= y 2 

k 


Therefore (38) is always satisfied if, at the time i == 0, 

V(,q„ = dg. and v^^q^ = 


(40) 

(41) 


If we consider only solutions which satisfy the initial conditions (41) we 
may consider all oscillators and a^ as independemA. 

The differential equations (39) can easily be written in canonical 
form. The forces on the right-hand side are due to the particles and 
can therefore only be obtained from a term in the Hamiltonian which 
depends upon the variables of the particles. This term will be simply 
the Hamiltonian X of the particles (equation (27)) which depends 
also upon the field and therefore contributes additional terms to the 
equations describing the field. Thus, (27) contains the interaction 
between field and particle. 

For each oscillator (39) we shall have a Hamiltonian ^{p^-\-i^q^)^ 

8695.12 


£ 
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The longitudinal waves are represented by two oscillators q„, a„. But 
since the scalar potential ^ occurs in (27) with the opposite sign to the 
vector potential A we must take the Hamiltonian for the with a 
minus sign. Thus we assume for the longitudinal waves a Hamiltonian 

■ff, = iCpJ+v|ffJ)-4(6|+v|a|), (42) 

where represents the canonical conjugate momentum to a„. 

!For the entire system comprised by the particles and the field we 
shall expect a Hamiltonian 

H = I Ha+ 2 (43) 

particles transverse lonsrltudinal 
waves waves 

with the oanonioal equatioiis: 



1 . 

^^k 

--Pk 

dH _ 


^ax 

—Px 

dH 


Ha 

—Pa 

dH _ 



aJB 1 . , . . , , 

(particles) 


dH 

m 

m 

db„ 


qx (transverse waves) 

} (longitudinal waves). 


(44 a) 
(44 b) 
(44 c) 
(44 d) 


In fact (44) is entirely equivalent to the field equations (39) and the 
equation of motion of the particles (25). We may, for instance, prove 
that (39 c) is identical with (44 d). occur in and Accord- 

ing to (27), (35 a), and (42), we have 


da„ da„ 


s. = — 


From (44 d) we obtain 

—K = «» = — ^ 

which is identical with (39 c). 


We have now represented the whole system of field equations in 
canonical form. The physical significance of the Hamiltonian is 
qdite clear: the first term represents the energy of the particles 
(kinetic -f- potential); the second term the energy of the light waves 
(see subsection 1); the third term would represent the energy of the 
‘longitudinal waves’. They occur of course only in the presence of 
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particles and have a very simple significance. They represent the 
Coulomb interaction between the particles. This will be shown in the 
following subsection. 


4. Interaction of particles . We consider the terms in the Hamiltonian 
(43) which depend upon the variables a„ of the longitudinal waves. 
qa,ag occur in in the scalax potential T and in A under 




the square root of Since, according to (38), v%q% = b%, we can 
write for the first two terms 


Inserting for p^ = q^ = ajv„ the value of (39 c), we obtain 



s 2 2 

a i,k 


(46) 


This sum can easily be evaluated. We consider one of the terms of 
( 46 ), j 


as a function of the position of the particle i and let Vf operate upon 
it. We then obtain according to (36 b) 




— = — 47rS(i— *), (47) 

a 


where h{i—k) — 0 except if the two particles i and k have the same 
position. The last equation (47) expresses a general property of all 
systems of orthogonal eigenfunctions. Thus, satisfies, as a function 
of the position of i, the Poisson equation with a singularity at the 
position of k. The solution must be — l/r^*, where represents 
the distance of i and k. Therefore, the part of the Hamiltonian which 
depends upon the longitudinal waves becomes 




(48) 


(48) represents simply the sUitic {Coulomb) interaction between the 
particles. 

The part — H„-\- J Hamiltonian (43) can there- 

fore be expressed as a function of the coordinates of the particles only. 
We can now replace the whole system of equations (44) by a new 


t This deduction is due to E. Fermi, loc. cit. See also Appendix II. 
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system •whicli is deduced from a new Hamiltonian depending upon 
the variables ^x,PXi^h>Pk ouly. The variables of the longitudinal 
waves seem still to occur in the term Hj^ in the Hamiltonian, since 
there One has to insert the total vector potential A. But we can show 
that for all solutions which satisfy the initial conditions (41) the new 
Hamiltonian Hiqx, ^k>PXiPk) simply given by omitting the longitu- 
dinal part of the vector potential 2 (and, of course, in- 

serting (48) for Hg), The variables are then eliminated entirely 
and the new Hamiltonian contains the coordinates of the particles 
and of the transverse waves only. 

To show this we write down the Hamilton- Jacobi partial differ- 
ential equation for the action function S(q/e> 7 Xf^o>^a) which corre- 
sponds to the original Hamiltonian (43): 


dS 

dt 


= ^i^kPk> ^XPX^ <loP^ 


dS 


Pa = 


ejs 



(49 a) 
(49 b) 


The partial differential equation (49 a) can be solved immediately if 
we take into account the initial conditions (41) which have to be 
satisfied. S = 

(50) 




Here is a function of the q^^ and qx only. We insert this solution 
(60) in the differential equation (49). 

TVom (50) and (36) it follows that 


c-^ = 






c 


a 


Hence we obtain for the kinetic momentum occurring in 
p^-eA(lc) = 

= ( 61 ) 

On the right-hand side of (61) the longitudinal waves have dis- 
appeared. 8 is replaced by 8 -^^ (p* = c dSJdqj^) and the vector poten- 
tial by its transverse part. Since 82 does not depend explicitly upon 
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the time, = 0, we can write the differential equation (49 a) 

as an equation for only, inserting again an. external field A*: 


_ „L a-Si ssA 

(52 a) 

* A ^ * 

(52 b) 

S'A-A-A— 

(62c) 


In this Hamiltonian the longitudinal waves are eliminated entirely. 
Hfg contains only the interaction of the particle with the light waves 
(and an external field A®). EVom (62) one can deduce a corresponding 
set of canonical equations for the variables Pk>^k>P\»^k They 

are equivalent to the original set of equations (41), (43), and (44). 

The physical significance of the various terms of (62 b) is clear: 

1st term: kinetic energy of particles + interaction with light 
waves. 

2nd term: energy of light waves. 

3rd term: static interaction between the particles. 

4th term : potential energy in external field. 

It seems as if in this theory the interaction of two particles would 
only be the instantaneous Coulomb interaction, whereas we should 
expect to obtain a retarded interaction. But this is actually the case. 
The retarded interaction can be considered as a superposition of a 
momentary static one and of light waves. The effect of retardation 
is contained in those terms of (62 b) which depend upon the trans- 
verse waves (first and second terms); it appears in the present theory 
as a mutual emission and absorption of light waves between the 
particles. (Compare § 10, subsection 6, and Appendix II.) 

The separation of the field into a transverse part (light waves) and 
a Coulomb part has a very important physical significance. We have 
shown in § 2 that the transverse part, in its behaviour under a Lorentz 
transformation, has a certain similarity to a particle, since its energy 
and momentum form a 4-vector. For the longitudinal part this is 
not the case. The transverse part will be seen in Chapter II to consist 
of ligM quanta which do in fact behave also in other ways like particles. 
The Coulomb part remains unquantized. 

In the Coulomb term (48) the summation has to be taken over all 
i and k. We obtain therefore also terms of the form e%lrfgjg which. 
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become infinite. They represent the infinite self-energy (energy of the 
static field of a point charge). We met this difficulty in § 4 in the 
discussion of the self-force of a particle. According to these considera- 
tions we have to omit these terms — or to assume that they are already 
contained in the rest energy ixj^. Therefore, we have to understand 
the Coulomb term in (48) as 



Finally we show that the field strength E can also be expressed, in 
the same way as the total energy of the system, in terms of the 
amplitudes of the transverse waves and the coordinates of the 
particles only. (H in any case does not depend upon the longitudinal 
waves.) According to (36), (38), and (39c) we obtain for the longi- 
tudinal part of E: 

Elon, = - 2 2 

a ^ ' cr,fc ^ 

In (64) the amplitudes do not occur. 


6. Example: emission of ligTit. Classical electrodynamics in the 
form developed in this section will be the foundation on which 
we shall raise the quantum theory of radiation. Quantum electro- 
dynamics is based upon the classical theory in the same way as the 
quantum dynamics is based upon the classical dynamics, i.e. in 
the sense of the correspcmdence principle. In order to demonstrate 
the close connexion between the quantum theoretical and the classical 
treatment of radiation phenomena we may consider as an example 
the emission of light by a linear harmonic oscillator, using the method 
developed in this paragraph. The quantum theoretical treatment of 
this problem will then be almost exactly the same. 

The light is considered here as a system of oscillators performing 
forced vibrations. The amplitudes satisfy the equations (39 a), 
where the external force on the right-hand side is due to the electron. 
Neglecting the reaction of the emitted radiation on the electron, we 
may put for the velocity of the electron 

V = VoCosvq^- (56) 

The emission of light appears here as the excitation of a harmonic 
oscillator (light) by a periodic external force (electron ) — a problem 
which is very similar to the absorption of light by an oscillating 
electron as treated in § 5. 
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The differential equation (39 a) becomes 

= bxcosvQt, bx == -?;oI^a(^)|cos©, (66) 

c 

where 0 represents the angle between the direction of polarization 
(A) and the direction of the oscillator. We take a solution of (56) for 
which, at the time i = 0, the light oscillator performs no vibration 


?A = 


^ ^A 


(cOSVq<— COSV;^ i). 


(67) 


Thus only those light oscillators will be excited which have the same 
frequency as the electron. The energy of the light oscillator after the 
time t [t may contain an integral number of vibrations vq) is given by 


Exit) = J dtqxbxOOSVQt 
0 

vl-vl 2 [ 


■VQ)t l~COS(»'o+v;^)< 


]■ 


, I- (5®) 

»'0+*'A J 

We are not interested in the excitation of a single light oscillator. 
We therefore take the summation of (58) over all oscillators having a 
frequency between v and v+dv and the same direction of propagation. 
The number of those oscillators is given by formula (21). Inte- 
grating (58) over a small frequency interval in the neighbourhood of 
vq we can neglect the second term of (58) and obtain (cf. § 5. 3, 

( 59 ) 

The energy of the radiation oscillators is therefore proportional to 
the time. 

Inserting for b^ its value (56) we may take the average of |.i4;v(^)l* 

over all positions of the electron in space giving 47 tc^. furthermore, 

if we take the summation over the directions of polarization we 

obtain sin^^ instead of cos^©, where $ represents the angle between the 

oscillator Yq and the direction of emission. The energy transferred to 

the light oscillators per unit time, i.e. the energy emitted per unit 

time, is then equal to 2 2 

= (60) 
8770® 

This formula is identical with fornmla (23) of § 3 (taking into account 
the fact that the time average of = v^j 2). 

In the same way all other radiation processes (§ 5) can be treated. 
One sees that this method is not more complicated than the usual 
method of § 3. 
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QUANTUM THEORY OF THE FIELD IN VACUO 

7. Quantization of the radiation field 

1. Introduction. The classical theory as developed in Chapter I 
is only correct in so far as one can neglect all effects which arise 
from the finite value of Planck’s action constant h. Before we 
introduce this new constant into the theory of the electromagnetic 
field we desire to emphasize some of the experimental and theoretical 
facts from which the necessity for a quantization of the field becomes 
evident. Historically, it was in the theory of radiation itself that a 
departure from the classical theory first became necessary. In the 
problem of radiation in thermal equilibrium with a black body the 
classical theory leads to the well-known ‘ultra-violet difficulty’, as 
the density of energy in the form of short waves diverges. To avoid this 
dif&culty Planck assumed that the energy of a monochromatic wave 
with the frequency v could only assume values which were an integral 
multiple of a certain unit proportional to the frequency 

E = nfiv. (i) 

n being an integer (the number of light quanta), = his the uni- 
versal Planck’s constant. This assumption (1) leads to a correct 
formula for the radiation from a black body. It means of course that 
the classical theory, which is incompatible with such an assumption, 
has to a large extent to be abandoned. 

The quantization (1) of a monochromatic wave, together with the 
law of conservation of energy, led to Bohr’s well-known frequency 
condition. It is hardly necessary to emphasize that the latter is in 
agreement with innumerable experiments in the field of atomic 
physics. 

Here we only mention — as an example — one of the fundamental 
experiments by which the quantum nature of a light wave is shown 
directly, namely the experiment of Compton and Simon. 

A monochromatic beam of X-rays passing through a Wilson 
chamber is scattered by a free electron (for X-rays, the electrons 
contained in the gas molecules can be considered as free). The 
electron is then ejected in a certain direction, forming a track in 
the chamber. The X-ray is scattered in another direction which can 



Chap. II, §7 QUANTIZATION 57 

also be observed (from the electrons ejected by the scattered wave) 
and which is determined by the direction of the ejected electron. Now 
it has been found that the directions of the ejected electron and the 
scattered X-ray bear exactly the same relation as in an elastic collision 
of two particles according to classical mechanics (conservation of 
energy and momentum). The experimental result can be explained 
by assuming that the beam of X-rays consists of particles each having 
an energy fiv (equation (1)) and momentum k, where k — Hv. 

On the other hand, the same beam of X-rays shows the well- 
known interference phenomena such as Laue scattering, interference 
fringes when scattered by a grating through a small angle (Thibaud), 
etc., which are a proof of the wave nature of X-rays. 

It is this dnal nature of lights according to which it appears as 
waves and as particles, which necessitates the quantization of light 
waves for its description. 

The necessity for a quantization of the electromagnetic field is 
shown also from another more theoretical consideration: if we assume 
for the present the ordinary theory of quantum mechanics we find the 
quantization of the field to be logically connected with that theory. 
It can be shown, in fact, that the latter represents a compatible 
theory, only if the radiation field is quantized in a way similar to the 
coordinates describing the motion of a particle. 

The quantum properties of a particle are contained in the un- 
certainty relation for the position and momentum 

Aqd^p he (2) 

(energy units for the momentum). 

This relation could be disproved immediately if the classical theory 
were valid for a beam of light. For if this were the case one could 
measure the position of the particle exactly by a convergent beam of 
light (Heisenberg’s y-ray microscope) without transferring an appre- 
ciable amount of momentum to the particle, since the momentum 
of the light beam could be made as small as one likes. Thus, if p 
was measured before, one could obtain knowledge of position and 
momentum exceeding the limits given by equation (2). In order 
that (2) should hold notwithstanding the possibility of this experi- 
ment, it is necessary that there should be for the light beam, a similar 
uncertainty relation to (2). This will be seen (subsection 5) to be the 
case if the light wave is quantized. The light beam will then have a 
minimum momentum which is uncertain by an amount Ap if it has 
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a shape and frequency suitable for meastiring the position of a particle 
■with an accuracy Aq. This momentum ■whl be transferred to the 
particle in a way outside the control of the experimenter, and the 
uncertainty relation (2) still holds after the measurement of the posi- 
tion of the particle.t 

Thus for a consistent quantum theory it is necessary for a light 
beam to satisfy the same uncertainty rdation as a particle. The field has 
therefore to be quantized in a way similar to the motion of a particle. 

It will be seen that the uncertainty relation (2) for the radiation 
follows essentially from the quantization (1) of a light wave. 

The quantum theory of the electromalgnetic field can be developed 
entirely from postulate (1) or from the uncertainty relation (2). In 
the development of the formalism of quantum electrodynamics, it is, 
however, easiest to let ourselves be guided by the formal analogy 
between classical mechanics and classical electrodynamics pointed 
out in § 6. In that section we represented the field by a set of 
canonical variables and the field equations were put in the form of 
Hamiltonian equations deduced from the Hamiltonian § 6, eq. (52 b). 
The quantum of action h can then be introduced in the same way as 
in the ordinary quantum mechanics. 

The quantum electrod 3 niamics which we obtain in this way satis- 
fies the correspondence principle. Most of the consequences to which 
it leads can — ^at least qualitatively — ^be understood by arguments 
based on this principle, a fact which we shall be able to verify 
throughout, in the applications to atomic physics (Chapter III). 
(For a criticism of the theory see § 25.) 

2. QuantiTiOliion of the pure radiation fidd.% We consider first the 
part of the field which can be formed by superposition of transverse 

■f For a detailed discussion, of this experiment see N. Bohr, Atomtheorie und 
NaHirbeachreibung, Berlin, 1931 or W. Heisenberg, Die phyeikaliachen Prinzipien der 
Quardewbheorief Xieipzig, 1930. 

5 The quantum theory of the pure radiation field was developed by P. A. M. Dirac, 
Proc. Poy. Soc. 114 (1927), 243, 710, and by P. Jordan and W. Pauli, Zs.f. Phya. 47 
(1928), 161 ; the quantization of the general field by the method used here by E. 
Fermi, Pev. Mod. Phya. 4 (1932), 131. The theory in this form is equivalent to the 
general quantum electrodynamics of W. Heisenberg and W. Pauli, Za. f. Phya. 56 
(1929), 1 ; 59 (1930), 169 (general formalism). Compare also: O. Klein, Za. J. Phya. 41 
(1927),407; W. Heisenberg, Ann. d. Phya. 9 (1931), 338 (formalism and correspondence 
principle); V. Fock, Phya. Za. Sotoj. Vnion^ 6 (1934), 426; L. Rosenfeld, Ann. 3. 
Phya. 5 (1930), 113; L. Landau and R. Peierls, Za. f. Phya. 62 (1930), 188 (light 
quanta and configuration space) ; Report on the theory: L. Rosenfeld, Ann. Jnat. 
Henri Poincari (1931), 26; Handb. d. Phyaik, 2nd edition, XXIV, 1, articles by 
Pauli and G. Wentzel; H. A. Kramers, Hand- u. Jahrb. d. chem. Phya. 1 (1938). 
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waves. TMs field can be derived frorr. tbe vector potential A which, 
according to § 6 eq, (14), may be written as a series of plane waves 
(we use the complex representation) 

A = :^ (ffAAA+?JAJ). (3) 

Introducing the canonical variables 

= ?a+Sa> = — »>'a(?a— ?a). (4) 

the energy of a single wave is given by 

a’A = (6) 

When the radiation theory is expressed in this form, it is quite obvious 
how the quantum of action A is to be introduced. By exact analogy 
with the ordinary quantum theory we have to consider the carumical 
variables of each radiation oscillator as non-commutable quantities 
satisfying the commutation relations z 

PxQx QxPx— PxQfjL QijlPx~ (^) 

The result of this quantization for the Hamiltonian (5) is given by 
the well-known wave-mechanical treatment of a harmonic oscillator. 
The eigenvalues of the energy of such an oscillator are given by 

Px = (^a+4)^»'a» (*7) 

where nx is an integer. The amplitude Qx can be represented as a 
Hermitian matrixf for each A: 

(8) 

Qn,n' =0 if 1. 

Thus Qx has only matrix elements for transitions in which the 
quantum number nx of the Ath radiation oscillator increases or de- 
creases by one. According to (4) the complex amplitudes q,q* which 

are not Hermitian, can be represented as follows 

■ 

j?n.+l,n ^n,n+X 

The use of the matrix (g^) is advantageous, because its elements 
are all proportional to the same exponential time factor exp( — ivt), 

■f See any book on wave mechanics. 
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whereas the various matrix elements of Q have different time factors 
(exp(~l-ivi) andexp( — 

According to (9) the g^’s satisfy the commutation relation 

( 10 ) 

!Each radiation oscillator has an energy which is an integral 
multiple of in agreement with the original hypothesis of Planck 
(1). It seems, however, as though each oscillator had a zero 'point 
energy even in its lowest state == 0. Since the number of 
radiation oscillators, for given volume, is infinite, this conclusion 
leads us to ascribe to the vacuum an infinite zero point energy. 
This difficulty is, however, purely formal. This method of making 
the transition from the classical theory to the quantum theory is not 
unique, since the are non-commutable quantities. The Hamil- 
tonian (6) can also be written in terms of the g^’s 

■Ha = •'I(?a2a+9S3a)- (11) 

But (11) may equally well be written with the order of g'* and g\ inter- 
changed in one of its terms without disturbing the correspondence 
with the classical theory. We may, for instance, write instead of (1 1) 

■Ha = MS'aS’a = K-PH^aCa)— P^A- (12) 

Hence the Hamiltonian (12) has the eigenvalues 

(13) 

and the zero point energy has disappeared. f 

A state of the radiation field is now described by the numbers n\ 
for all radiation oscillators. 

We consider now the momentum of the field, which is classically 
defined by 

G 

G can also be represented as a sum 

G = I G,, (15) 

where G;^ is the momentum of a plane wave: 

Ga = ;^ J [EaHJ 

I 

V Compaxe L. Rosenfeld and J. Solomon, Joum. d. Phya. 2 (1931), 139. 
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According to § 6 eqq. (11), (14), and taking into account the fact that 
J [A^curlApJ dr — 0, and that according to (9) 

i\ = — wa?X. ?* = in?*’ 

we obtain 

^ — 2a?A J [AJ curl Ax] At). 

Or inserting for Ax the value given by § 6 eq. (15) and taking into 
account the equation § 6 (16) we obtain 

Gx = ‘ '<^A = (17) 

where xa represents a vector with the direction of the wave and the 
absolute value of the reciprocal of the wave-length. In (17) again 
we have chosen the order of the q, q* so that no zero point momentum 
occurs. 

(17) is identical with the energy function (12) apart from a numeri- 
cal factor. The momentum commutes therefore with the energy, its 
eigenvalues being 

Gx = cka%a^ = ^^A, I^jaI == (18) 

where kA is a vector with the direction of propagation and the value 
^vx. 

Thus the energy and momentum of a light wave are integral 
multiples of a unit kA = ^va- Furthermore we have seen in § 2 that 
they transform like a 4- vector under a Lorentz transformation. In 
its energy and momentum properties a plane wave behaves therefore 
exactly as a beam of n free particles each with energy hv and momentum 
k (ifc = hv). These particles are called quanta. The rest energy 
of a light quantum is, according to (13) and (18), equal to zero 

Ol-El = 0. (19) 

We shall see later that, for the interaction of a light quantum with 
a free electron for instance, energy and momentum are conserved. 

On the other hand, it will be seen that the quantized wave still has 
classical wave properties showing interference phenomena, etc. 

The transformation properties of a light quantum under a Lorentz 
transformation are the same as those deduced in § 2 for the total 
momentum and energy of a particle (or a light wave). From § 2 eq. 
(44) we obtain for a Lorentz system moving in the a;-direction 

K = K = 

y = lMl-^2), 


Ga = J [AaoutIAJ] 


( 20 ) 
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or if we denote the angle between Is and x by 6 and write (20) in 
terms of the frequencies 



1 — poos 6 


cos d' 


cos 6 — P 
1 — p oosd' 


( 21 ) 


The first equation represents the well-known formula for the 
Doppler effect. The second, which shows that the direction of the 
light quantum in a moving system of coordinates is different from 
that in the system at rest, gives the aberration. Both effects are of 
course classical (but relativistic) and can also easily be deduced from 
the transformation formulae in § 2. 

Bor each plane wave A we have chosen a certain direction of 
polarization Therefore, each light quantum also has a given 
polarization. According to the original choice of these directions, we 
have light quanta with hnear, circular . . . etc., polarization.f 

Binally we shah, add a few remarks about the angular momentum 
of light quanta. 

We have quantized the field by expanding it in a series of plane 
waves. We could also, of course, expand the field in many other ways. 
For some problems, for instance for the computation of the internal 
conversion coefficient or for the definition of the angular momentum 
of a light wave, it is more convenient to expand the field in a series 
of spherical waves with a certain point Q as centre. The dependence 
on angle of the resulting ‘eigenwaves’ (i.e. of the components of the 
field strengths) is essentially that of the spherical harmonics 


Pf‘(cos $)exp {im </> ) . 


It can be shown from the considerations of § 3 (subsection 3) that 
these waves are exactly those which are emitted by an electric dipole, 
quadripole, magnetic dipole, etc., situated at O. The radiation emitted 
by an electric dipole, for instance, has essentially an angular distri- 
bution given by the first spherical harmonic P^{oosd)oxp{im<j>). 
We can therefore caU these waves dipole, quadripole . . . radiation. J 
The amplitudes of these waves have to be quantized in exactly 


■f Going over fTom one set of two independent polarizations (for each, k ) to another 
set,' the amplitudes q-i and ^2 the two waves with the same frequency and direction 
of propaga'tion hut diff erent polarization are transformed in a certain way. "We shall 
not discuss this here. Cf. W. Pauli, Handb. d. Phyeik, 2nd ed. XXIV, 1. 

J More precisely: The components of the electrical field strength of anelectrical 
2Z.pole are represented by two terms and Pi+^, the magnetic field strength by a 
single term P^. For a magnetic 22-pole the roles of E and JET are changed. 
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the same way as for the plane waves. We obtain thus light quanta 
which are not represented by plane waves but by spherical waves. 

It can now be shown that in this representation each ‘eigenwave’ has 
a definite angular momentum the 2 -component of which for a single 
light quantum is (just as for an electron without spin) given by f 

Jf, = i J [RS], = mS, M^ = m(l+l), (22) 

where R represents the radius vector from 0,1, m the ‘quantum 
numbers’ attached to the spherical harmonics, and S the Poynting 
vector. J 

The total angular momentum of atom -f- radiation is conserved in 
the emission of light by an atom. We shall not, however, make use 
of this representation of the field in this book. 

The physical content of the quantum theory of transverse waves 
developed in this section is included essentially in Planck’s assumption 
(1) (or, as we shall see in subsection 5, in the uncertainty relation (2)). 
The consequences of the theory can in fact all be derived — at least 
qualitatively — from these elementary laws. Our theory is simply a 
consistent formalism erected on the basis of Planck’s original assump- 
tion (1). 

The ‘dual nature’ of light, as a wave and as a beam of free particles, 
which results from this quantization is analogous to that of a beam 
of free electrons, which have the nature of particles and of de Broglie 
waves. This analogy was extraordinarily fruitful in the develop- 
ment of the quantum theory, but it should not now be overstressed. 
The existence of a discrete set of light quanta is only a result of the 
quantization. The corresponding classical theory is essentially a 
jidd theory since if, in the theory, we make the light quanta 

have no further existence; whereas, for a beam of electrons, the wave 
properties are due to the quantization and the classical theory is 
essentially a particle theory. The particle properties of the light 

t In the evaluation of the integral (22) it is not sufficient to take the field in the 
wave zone only (viz. the part of the field which decreases as The latter gives 

no contribution to the integral as can be seen immediately from § 3 eq. (16). The 
angular momentum of a light wave is contained only in that part of the field in 
which JS decreases as R~^ and. H. as R~^ i.e. in the intermediate region between 
wave zone and static zone. In § 3. 3 this part of the field has been neglected. In 
the classical theory this has been shown by M. Abraham, Phya. Za. 15 (1914), 914. 

X The question of the angular momentum of light is also discussed in Appendix II. 
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quanta are comprised by the above-mentioned energy and momentum 
relations. But there is no indication that, for instance, the idea of the 
'position of a hght quantum’ (or the ‘probability for the position’) has 
any simple physical meaning. ( Compare Landau and Peierls, loo . cit .) 

3. Statistics of light quanta. To ensure that in the transition to the 
classical theory quantum electrodynamics should go over into a field 
theory it is essential that the light quanta should satisfy the Eiiistein- 
JBose statistics. This is evident, since the light quanta occur in the 
theory only as quantum numbers attached to the radiation oscillators. 
Two light quanta cannot therefore be distinguished from each other, 
furthermore, the number of quanta attached to each oscillator is not 
limited. Considering the radiation oscillators as quantum cells’ a 
state of the total radiation field is described by the number of indis- 
tinguishable particles per quantum cell. In statistical mechanics these 
are just the variables by which a microscopic state of an Einstein- 
Bose assembly is defined. Applying the usual statistical methods 
to obtain the state of the thermal equihbrium, our quantization leads 
immediately to Planck’s distribution law. (Compare also § 11. 2.) 

If the light quanta satisfied the Fermi-Birac statistics, i.e. if each 
radiation oscillator contained not more than one quantum, one could 
never obtain a field theory by making the transition to the classical 
theory. For if this were possible the intensity even of a radio wave 
could not be greater than hv and would decrease with increasing 
wave-length. Thus long waves could practically not exist at all. The 
principle of superposition, which is characteristic for the classical 
field theory, would not be valid, because by superposing two waves 
with equal wave-lengths and equal phases, we can obtain a wave 
with the same wave-length but higher intensity. 

Thus, a classical field theory cannot exist for a Fermi-Dirac 
assembly; the latter can only behave classically as a system of 
particles. 

t This can. also be seen formally in the following way: If one quantizes a field, 
tjj say, so that the particles arising from this quantization satisfy the Feztni-Dirac 
statistics, the amplitudes of the field at two distant points P and P' must satisfy 
a commutation relation (see, for instance, Heisenberg, Physical Principles of the 
Qtuintum Theory) ^{P)tf,{P')+^{P')if,{P) ^ h. 

The de Broglie waves representing a system of electrons satisfy an equation of thte 
form (second quantization) whereas the amplitudes of a field representing an Einstein- 
Bose assembly satisfy commutation relations of the type 

V&(P)0(P')-^(P')^^r(P) ~ h 

(see, for instance, the commutation relations of the electromagnetic field strengths 
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4. The general field.'f Hitherto we have only quantized the trans- 
verse part of the field. The quantization of the longitudinal waves, 
however, does not lead to any new results. According to § 6 eqq. (32), 
(35a), (41) the longitudinal part of the field is described by two sets of 
canonical variables and b„ which have, to satisfy the initial 

conditions 

= —K’ ^ ( 23 ) 

k 

where represents the value of the Fourier component of the 
scalar potential at the position of the Ath particle. If we quantize 
these longitudinal waves we have to put, as in (6), 

b„a^—a^b„ = ~%h. 

The only question is whether the conditions (23) can also be main- 
tained in the quantum theory. Since the qa,P(r a-nd the b„,a^ are 
independent variables, (23) cannot be identities. They can only be 
satisfied in the sense that the wave function of the whole system 
must be chosen so that {Vfjq^-\-bf^y¥ — 0. The second condition can 
be satisfied in the same sense if both conditions commute. But this 
is actually the case, since from (24) one can easily see that 

= 0- (25) 

is a pure number and must therefore commute.) 

The deductions of § 6 can then be carried out in exactly the same 
way. The longitudinal waves can be eliminated entirely and replaced 
by the static interaction of the particles. The quantum theoretical 
Hamiltonian of the total system can therefore be written (inserting 
eq. (13) for Ux and omitting the external field ej^<f>^{k)) 



(26) 


where 14 represents the Hamiltonian of the ^■th particle. contains 
the interaction with the light waves (§ 6. 4) and therefore also the 
effect of retardation 


Hk = MH-[Pfc— (9'AAA+g'J AJ)]2}i. (27) 

A 

§ 6^91 • (10)). Carrying out the transition to the classical theory, /i — 0, the amplitudes 

commute in the case of Einstein-Bose statistics, whereas the amplitudes of a field 
representing a Fermi-Dirao assembly do not commute even for two very distant points 
and for ^ 0. A field of the latter type has not the properties of a classical field, 

t Compare E. Fermi, Rev. Mod. Physics (loc. cit. p. 46). 

3605.12 
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(For the quantum theoretical form of (27) see § 10.) For q\,qx the 
matrices (9) have of course to be inserted. 

In (26) again we have omitted terms which give an infinite 
self-energy of the particles. This difficulty remains unchanged in the 
quantum theory. In § 1 8 we shall even see that the quantization of 
the transverse waves leads to an additional diverging self-energy 
arising from the interaction of the particles with light. 

Also the electric field strength E can be expressed by the amplitudes 
of the transverse waves and the coordinates of the particles only, in 
the same way as in the classical theory (§ 6 eq. (54)). According to 
(23) we obtain 

E = - i T (?AA;,+gJ AJ)- i T -A„ y eM^). (28) 

We see that the longitudinal part of the energy of the total system 
remains unquantized. This corresponds to the fact pointed out in 
.§ 2 that the energy and momentum of this part of the field do not 
represent a 4--vector and do not behave like energy and momentum 
in a Lorentz transformation of a particle. The longitudinal field 
cannot therefore be responsible for the existence of light quanta as 
can the transverse part of the field, which behaves like a particle in a 
Lorentz transformation. 

5. Light quanta, phases, and similar questions. The quantities 
describing the radiation field, such as field strengths, number of 
light quanta, etc., no longer have definite numerical values in the 
quantum theory; they are now quantum -mechanical quantities which 
in general do not commute. Any two of those quantities will satisfy 
a certain commutation relation which will determine their behaviour. 
In the following section the commutation relations of the field 
strengths will be treated in greater detail. Here we shall consider 
shortly those relations in which the number of light quanta is involved. 

The actual number of light quanta of the Ath radiation oscillator 
can also be represented as a matrix 

^X — '^Axn'y ( 29 ) 

Nx does not commute "with the transverse part of the electric field 
strength E, eq. (28) ; it commutes with the longitudinal part. For a 
single transverse wave we obtain, according to (9) and (29) 

(EiV^ JVE)^^» = (% 7 ?.)E,j^/ = iv{^ 7fc^)(gf,j^/A — g'J|^^/A*). (30) 
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Since is dift’erent jErom zero only ii n' — n-\~l and only if 
«,' = w—l, we obtain EiV^_2vrE = ±E (forTO' = «±l)- (31) 

From every quantum-mechanical commutation relation a corre- 
sponding uncertainty relation can always be deduced. If two physical 
quantities A and B satisfy the equation 


AB—BA = C. (32) 

A and B satisfy the uncertainty relation 

^ |0|, (33) 

which has the following meaning : if the values of A and B have been 
determined approximately and if there is an uncertairity AA in our 
knowledge of A the uncertainty in our knowledge of B must be greater 
than CjAA. Every experimental attempt to exceed the limits to our 
knowledge given by (33) by an exact measurement of, say, first A 
and then B fails because of the interaction between the measuring 
apparatus and the system. The accuracy of the knowledge of 
the value of A obtained by the first measurement is then diminished 
by the measurement of B to such an extent that (33) is again 
satisfied. 

From (31) we obtain therefore the uncertainty relation 


ANAE ^ E, (34) 

which means: if the electric field strength is known with an accuracy 
comparable with its own value the number of light quanta is uncer- 
tain by at least one unit. On the other hand, if iV' has a given value, 
the electric field strength has no definite magnitude but will fluctuate 
about a certain average value. This is the case even if no light 
quanta at all are present {N = 0). Although the average value of 
E is then equal to zero, E will show certain fluctuations about this 
value.t These zero point fluctuations of the electric field will, for 
instance, give rise to a certain self-energy of a free electron in empty 
space (see § 18). We obtain the same fluctuations of E if particles 
are present which produce a static field only, because according to 
(28) the latter is entirely determined by the position of the particles. 

Instead of the electric field strength E we can introduce the phase 
<f> of the wave, putting 


9. = 









t The zero point fluctuatione of E have no direct connexion with the zero point 
energy (subsection 2) which is of purely formal character. 
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For <ji we then obtain the equation 

(35) 


(35) is satisjOLed if <f> and N satisfy the commutation relation^ 

= —i (36) 

and the uncertainty relation 

= 1. (37) 


Thus the number of light quanta N and the phase ^ (multiplied 
by ft) are canonically conjugate. From (37) it follows that if the 
number of ligJd quanta of a wave are given, the pJuise of this wave is 
entirely undetermined and vice versa; if the phases are known, we 
know nothing about the number of light quanta of the wave. If for 
two waves the phase difference is given (but not the absolute phase) 
the total number of light quanta may be determined, but it is 
uncertain to which wave they belong. 

Finally, we can now also show that for a quantized light wave an 
uncertainty relation (2) is valid which was postulated in subsection 1 . 
This uncertainty relation, however, does not refer to the position and 
momentum of a light quantum, since the idea of position of a light 
quantum has no definite meaning. Equation (2) expresses the follow- 
ing fact: if a beam of light is such as to give an image of a point 
(electron) in the aj-direction, say, with an accuracy Aa;, the a;-com- 
ponent of the momentum of this light beam is uncertain by an amount 
AC?a! = chjAx. 

According to classical optics an image of a point can be formed by 
a monochromatic convergent beam of hght with a solid angle of 
apertme 6, say, and a wave-length A Owing to the diffraction, the 
focus has, however, a finite extension in the ju-direction given by the 


formula 



(38) 


(38) represents also the extension of the image, i.e. the inaccuracy of 

the measurement of the position of the electron. 

A convergent beam of light can be obtained by superposition of 

plane waves with the same wave-length but various directions of 

propagation x. These plane waves have, however, to be superposed 

t This can he sho\m in. the following way: by reiterated application of (36) we 
can easily deduce the equation' 

Developing the exponential function e3cp(i^) = 2 (35) can be proved 

immediately. 
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with given phase differences, otherwise the beam has no definite 
focus. IVom (37) it follows then that the number of light quanta of 
each plane wave is not determined. Since the momentum G of the 
beam is directly given by the number of light quanta of each plane 
wave, G is not determined either. 

The exact quantum-mechanical representation of such a convergent 
beam of light is rather complicated. f We can, however, easily obtain 
the uncertainty in G by the following consideration: supposing the 
total number of light quanta of the beam is equal to 1 it is uncertain 
to which plane wave this quantum belongs i.e. its direction is not 
determined. It can have any direction within the angle of aperture d. 
The inaccuracy of is therefore given by 

A(3^a. = A;sin0 = fivsisid. (39) 

From (38) and (39) we obtain, in fact, the uncertainty relation 

AG^Ax=^ lie (40) 

which was postulated in subsection 1. 

We see that the uncertainty relation (40) is a simple consequence 
of the quantization, i.e. of the fact that for a given frequency the 
momentum cannot be smaller than Kv, 

^ I 

8. Commutation and uncertainty relations of the field 
strengths 

1. Commutation relations of the field strengths. The quantization of 
the electromagnetic field that was carried out in § 7 showed the 
field strengths to be no longer simple functions of space and time but 
quantum-mechanical quantities which in general do not commute. 

The quantization was made possible by the development of the 
potentials in a series of monochromatic plane waves (§ 7 eq. (3), 
§ 6 (32), (35 a)) 

A-(r,0 = («aAxH-?JAJ)+ (1) 
^ = 2 ^a4’<T> 

a 

where the A;^, A^, are ordinary functions of space, whereas the 
qx, <la quantum -mechanical quantities (matrices, g-numbers) which 
satisfy certain commutation relations of which examples are 

[?A9a] = ?A3a— ffAffA = [gA?2] = 0- 

t Compare K. F. v. Weizsacker, Zs.f. Phys. 70 (1931), 114. 


( 2 ) 



70 QUANTUM THEOKY OF THE FIELD IN VACUO Chap. H, §8 
The matrix qx is proportional to exp(--iv;^^) and qf to exp(-|-WAi). 
Therefore the potentials (1) and the field strengths^ at any given point 
r of apace and at any time are non-commutative qvuntities. 

In quantum electrodynamics the commutation relations satisfied by 
the field strengths are as essential to the theory as are the well-known 
relations for the position and momentum of an electron in quantum 
mechanics. The relations for the field quantities, however, are much 
more complicated, since for two components of the field strengths 
they will depend upon the two points in space and instants of time 
at which the field strengths are considered. 

These commutation relations can be deduced from equations 
(1) and (2). We consider, for instance, two components of the mag- 
netic field strength and t^ at two points in space time 

r^, and rg, t^. Since curlAg. = 0 we obtain from (1) inserting for 
A;^ the function § 6 eq. (15 a) : 

A j (3) 

(i = X, y, z), J 

where e is the unit vector in the direction of polarization. 

In (3) we have separated from qx the time factor exp( — ivxt)> 
Denoting the point r, ^ simply by P, we obtain the commutation 
relations, according to (2), 

iH,{P^)Hj,{P^)-\ ^ H,iP,)Hj,iP,)~E^{P,)B,{P^) 

= -^iArrc^n V [xacJ [xAeA]^isin[(xA, Ta— Fi)— va(^2~^i)]* (^) 

If we carry out the summation over the directions of polarization 
(e^ is always ± x^) and write r forTg — and t for we obtain . 

[fi,(P0£r*(i>,)] = -ininc 2 


= -4^Kc(\ — —) y 


sin[(xr ) — tccfl 


Here the summation 2 to be carried out over all directions and 
values of x. This summation can be replaced by an integration, taking 
into account the fact that according to § 6 (21) the number of waves 
per unit volume for which x lies in the element dKg^dKydK^^ is equal to 


1 


dKg. dKy dKg. 


( 6 ') 
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In.'tsgrdj'tiiig first) ov©r 8«11 directions of 3c £iiid tlicii over k we li&ve 

= ^litn sinxCr— cQ j 

The function on the right-hand side of (6) is the relativistic analogue 
of Dirac’s well-known S-function. We denote it by Air, t). 

A x(r+ct) sin K(r—ct) -\ 

^a.5jr[ r+ct r—ct J' 

Dirac’s S-function h{x) is zero everywhere except at a: = 0. It is 
defined by ^ 

J /(^) Hoc)dx = /(O), 

where /(a;) is an arbitrary function and the integration is over a region 
containing the point 0. The A function defined by (7) has very similar 
properties. It is zero everywhere except for those points of space 
time for which either r = -}-ci or r = — ct. 

If we integrate the product of A and an arbitrary function /(r, t) 
over the four-dimensional space we obtain 

J f(r,t)A(r,t) drrdt = J = —ct)—f(r = +C«)]. (8) 

A can also be expressed by the ordinary 8 -function: 


The points at which A is different from zero form a double cone 
four-dimensional space. These points can be reached by a light 
signal emitted at the origin r = 0 at ^ == 0 (r = -{-ct) and conversely 
a light signal emitted at the point r, t can teach the origin r = 0 at 
the time i = 0 (r = — ct). 

The A function occurring in (6) contains as argument 


l** 2 — ri|— c(« 2 — «i) and Irg— riH-c(« 2 — ^i). 

It is therefore different from zero only if the two points of space time 
at which the field strengths are considered can be connected by a 
Therefore the fieZd streriQtJis at two points of space time 
which cannot be connected by light signals commute with each other. 

Introducing this A-function in the commutation relation (5) w© 
obtain, according to (5), (6'), (6), (7), 


[H,(P,)H^(P2)] 


inc(l -i! 

\c2 dtj^c 




(10a) 
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In the same way one can find the commutation relations for the 
other field strengths: 

= [H,(P,)H^{P^)] (10 b) 

[J?i(Pi)fli(P2)] = 0 (lOo) 


[Pi(Pi)J3-;,(Pj)] = +m 


8 ^ 


dXi^dt-i 


(10 d) 


{i ^ Jc; i,k, I forming an even permutation of x, y, z). 

The relations (IQ) were first deduced by Jordan and Pauli.f 
The longitudinal part of the field gives no contribution to the 
commutation relations (10), because the field strengths can be 
expressed as functions of the position of the particles and the 
transverse waves only (see § 7 eq. (28)). The longitudinal part of the 
field therefore commutes. It would be wrong, however, to assume 
that in the absence of light quanta the electric field strengths at two 
different points commute. In § 7. 5 we have pointed out that even 
if no light quanta are present the electric field strength (due to the 
transverse waves) does not vanish but fluctuates about the average 
value zero. These zero point fluctuations have to be superposed on 
the static part of the field, with the result that E at two different 
points does not commute but satisfies the relation (10). 

The universal constants occurring in the commutation relations 
(10) are c and No constant referring to the atomic structure of 
matter (m or e) occurs in (10). The non-commutability of the field 
strength which can be considered as characteristic for present 
quantum electrodynamics is therefore purely an effect of the union 
of the quantum theory with classical electrodynamics and has no 
connexion with the problem of the elementary particles. 

2. Uncertainty rations for the field strengths. From the quantum- 
mechanical commutation relations (10) we can obtain corresponding 
uncertainty relations. If two physical quantities A and 3 satisfy 
the equation ^ 

where C represents an ordinary number (not a matrix), A and 3 
satisJfy the imcertainty relation 

( 11 ) 

The uncertainty relations deduced in this way from (10) have, 
however, no immediate physical significance. They represent rela- 
t P. Jordan and W. Panli, Za.f. Phys. 47 (1928), 161. 
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tions for the field strengths at given points of space and time. But 
the only quantities which can be measured are the average values of 
the field strengths over certain regions of space and time. To obtain 
relations for these average values we integrate the equations (10) 
over two regions of space and time L\ and L% Tg, respectively for 
the two field strengths occurring in each equation (10). We shall 
denote these two regions by and /g average values of the 

field strengths by E^j-^ or etc. The result of the integration 

on the right-hand side wiU depend upon the relative position of these 
two regions, i.e. on which point of can be reached from /g 9* light 
signal and vice versa. We shall, however, confine ourselves to a few 
simple but characteristic cases. 

(а) Both time regions are identical Tj == Tg. According to (7) A 
is antisymmetrical in the two times and (10 a) is symmetrical 
in the derivatives with respect to the two times. The time integral 
of the right-hand side of (10 a) over = Tg therefore vanishes. Thus, 
according to (9), (10a), (10b), (11), 

The average values of two components of the electric or magnetic 
field strength over the same time region but different space regions 
commute and can therefore be measured exactly. 

(б) Both space regions are identical = Zg. Then the integral 
over the right-hand side of (lOd) vanishes and we have 

(13) 

The average values of a component of the electric field strength and 
a component of the magnetic field strength over the same space 
region but different time regions commute and can therefore be 
measured exactly. 

From (12) and (13) it follows, of course, that the average values 
of any two components of the field strengths over the same region 
of space and time can always be measured exactly. 

(c) The two regions and Ig are situated so that light signals 
emitted from some at least of the points of can reach /g, but no 
light signal emitted from /g can reach any point of Z| dming the 
time (Fig. 3). Then all contributions arising from the first term 
of the A-function (9) vanish. 
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"W^e consider tlie two cases of a smniltaneous'l' measurement of tlie 
a;-component of the electric field strength in and 1^ and of 
in and Hy in Zj* The equations (10) give immediately the uncer- 
tainty relations 
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Fig. - 3. Two regions of space and time. Light signals from 
can reach Jj, but no light signal from can reach I^. 
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In (15) we have earned out the integration over CTii fio and 
represent the times of the beginning and the end of the interval 
respectively. 

The right-hand sides of (14) and (16) can be interpreted physically 
in a simple way. This will be done in subsections 3 and 4. Here we 
shall give only an estunate of the order of magnitude. W^e assume 
that L 2 L 2 , T 2 ^ T 2 and that the order of magnitude of the dis- 
tance between the two space regions L 2 and L 2 is r. 

Furthermore the region of I 2 which can be reached from jT^ by 
light signals shall be of the same order as /g itself (Fig. 3). The order 
of magnitude of the right-hand side of (16), for instance, depends on 
whether L ^ cT . One can easily find for the two cases 


^E^i^ AHyj^ ^ nir^LT {L > cT) ( 1 6 ) 

Klr^cT^ {L cT), 

and a similar expression for (14). Thus the two field strengths can be 


expression ‘simultaneous measurement of two quantities’ is obviously nc 
used here in tbe sense ‘measurement at the same time’, but means that the reciprocs 
influence of the two measurements is taken into account. ^ 



Chap. II, § 8 UNCERTAINTY RELATIONS OF FIELD STRENGTHS 76 
measured the more exactly the larger is the distance between the two 
space regions, which is a very natural result. The effect of non-com- 
mutabihty of the field strengths is only appreciable for neighbouring 
space points. 

(16) gives also the condition for the quantum properties of the 
field to be essential or for the classical theory to be applicable. The 
latter is the case if the field strengths are large compared with the 
term expressing the effect of non-commutabilLty given by the right- 
hand side of (16). !For field strengths of the order E we obtain 
(putting the distance of the two space regions of the order L) 

E^L^cT > ^ (Z > cT). (17) 

Thus the typical quantum region is that of weah fields. Por a light 
wave of frequency v (17) simply expresses the condition that the 
number of light quanta n contained in X® must be large: Since 
E^L^ — rdw and since the time-interval T must be chosen to be 
smaller than Ijv (otherwise the average value of E vanishes), we 
obtain from (17): ■ 

3. Mexisurement of the average value of afield strength. Eot a critical 
understanding of the quantum -mechanical formalism it is decidedly 
important to make sure that the uncertainty relations to which the 
formalism leads are consistent with the accuracy which can be best 
attained by means of measurements. The well-known discussion of 
the uncertainty of the position and momentum of an electron, t for 
instance, shows that it is impossible to exceed the limits of accuracy 
given by the uncertainty relation ApAq h by a direct measurement 
of the position of the electron (when the momentum was known 
beforehand). As a counterpart to this ideal experiment we shall show 
that our uncertainty relations for the field strengths (14), (15) are 
in a similar way consistent with the accuracy which can be attained 
by a simultaneous measurement of two field strengths, f For this 
pmpose, however, we must first consider the way in which a single 
field strength can be measured. The quantum-mechanical formahsm 
presumes that a single physical quantity such as the average 
value of the a;-component of the electric field strength jE^j can be 
measured exactly. This assumption has of course first to be tested 

t Cf. Heisenberg, Die phyaikaliechen Prvncipien der Qwxriterdheorie, 16, Leipzig 
1930 ; or Bohr, Naturw. (1928), 246, (1930), 73. 

t We follow in these considerations the paper of Bohr and Rosenfeld, Det. Kgl. 
dcmak. Vid. Selskab. XII (1933), 8. 
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before we can interpret the uncertainty relations for two field 
strengths. 

The simplest way to measure JE7^j would be to take a charged test 
body of mass M covering the region and having a uniformly dis- 
tributed charge €. If we measure the momentum of this test 
body at the beginning t^ and at the end t' of the time-interval T, the 
average value of is given by f 




PxO !Px 
eT 


( 18 ) 


Since the right-hand sides of the uncertainty relations (14), (16) 
depend only upon the universal constants h, c and upon the geometri- 
cal circumstances but not upon any quantity which refers to an 
elementary ^a/rticle (e or m), the problem of the measurement of field 
strengths cannot have anything to do with the atomic structure of 
matter. Thus the test body may have any size (i.e. the region 
may have any size) and any charge, and we shall see in fact that the 
highest possible accuracy is reached with a heavy test body containing 
a large number of elementary charges. Therefore, the difficulties 
which are connected with elementary particles (infinite self-energy, 
etc.) do not play any role in our problem. 

We have, however, to take into account that even a heavy test 
body has to satisfy the general laws of quantum mechanics especially 
the uncertainty relation for its position x and momentum 

— h. (19) 

Therefore, if the momentum of the test body is measured at the 
beginning of the time-interval with an accuracy Ap^., we know the 
position of the test body during the whole time T only with an 
accuracy 

[Furthermore, if we measure the momentum at the time within 
a short interval Afo (A^q <^ ^) certain velocity v^q will be transferred 
to the test body according to the well-known relation 

VxO^PxO^^O == ( 20 ) 

We shall assume that the test body is before the measurement of 


•f In this section wo use th© xfeual notation for ‘momentiim’. (Dimension 
gm. cm. sec."’’.) 

In this procedure for carrying oat the measurement it is of course assumed that 
the test body filling the region is a rigid body. It has been proved in the paper of 
Bohr and Kosenfeld (loc. cit.) that for this case the assumption that such rigid bodies 
actually exist is fully jirstified. 
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^ O' fixed position covering the region 7^® exactly, v^q is then just 
the velocity which is necessary to displace the test body by Ax 
within the time A^o 


== 


h 


Ax 


Ap^QAtQ Ato 


( 21 ) 


In contrast to the uncertainties Axj Ap^, the velocity is a known 
quantity (disregarding an uncertainty Av^q which is small if the mass 
M of the test body is large). In a similar way we measure the momen- 
tum after the time-interval T at t' within a short interval Af and then 
bring the test body back to its original position covering again the 
region Zf® exactly. 

These uncertainties (19), (20) will, as we shall see in subsection 4, 
give rise to the limitation of the accuracy of the simultaneous measure- 
ment of two field strengths (as given by equations (14), (15)), but 
they do not restrict the accuracy of the measurement of a single 
field strength. In this case all these uncertainties can be com- 
pensated. 

The accuracy of the measurement of would first of all be re- 
stricted by the following facts: 

{a) the inaccuracy Ap^. with which p^ at the beginning and the 
end of the time-interval T is measured; 

(b) by the fact that the test body does not cover the region Z® 
exactly during the time T because of : 

(q:) the acceleration exerted by the field itself, 

(j8) the velocity which the test body has after v^q even 
becomes large if and Ap^. are small (according to (21)), 

(y) the unknown displacement Ax of the test body which is con- 
nected with the knowledge of pg^.. 

These inaccuracies can be compensated in the following way: 

(6, <x) The field does not change the position of the test body appre- 
ciably if the latter is sufficiently heavy. 

(6, jS) Since the velocity v^^q transferred to the test body by the 
measurement of the momentum is known (apart from a negligible 
uncertainty A^;a.o) we can compensate this effect by giving the test 
body a kick immediately after the measurement of the momentum, 
i.e. practically at the beginning of the time-interval T. The same has 
to be done after the second measurement of the momentum p^. 

ib,y) and (a). The unknown displacement Ax can only be made 



78 QUAKTUM THEORY OF THE FIELD IN VACUO Chap.H, §8 
small if the measurement of is rather inaccurate. This does not, 
however, restrict the accuracy of the measurement of since we 
have another parameter available — ^the charge e. !For a small Ax the 
inaccuracy of the field strength is, according to (18), given by 

eT eAxT’ 


AE. 


'xl 


( 22 ) 


Thus for any Ax, however small, can be measured with any 
desired accuracy if the charge e of the test body is eufficievMy high. 
If we want an accuracy high enough to test the quantum properties 
of the field we see from our estimation (16) and from (22) that € has 
to be large compared with the elementary charge e. 

But, if € is large, another difSiculty arises: the field which is 
measured accurately in the way described above is not only the 
external field which we wish to measure but also the field S produced 
by the test body itself, and it is just for a large charge e that S 
becomes large also. This difficulty exists, however, only in so far 
as we do not know (and cannot calcixLate) this field exactly because 
we do not know the position and motion of the test body exactly 
according to (19), (20). 

As we shall see in the next section, it is just this inaccuracy AS 
of the field produced by the test body which gives rise to the limita- 
tion of accuracy for the measurement of two field strengths (accord- 
ing to (14), (15)). For the measurement of a single field strength the 
effect arising from the inaccuracy AS can again be compensated. 

We shall have to work out the field S produced by the test body in 
subsection 4. We see from the calculations (25)— (31) that the average 
value of S over the region is proportional to the displacement x 

Sg^ = Fx, ASg^j — F Ax. (23) 

But then the force which the field S exerts on the test body itself 
can be compensated entirely if we subject the test body during the 
whole time-interval T to another force of a piarely mechanical nature 
which is also proportional to the displacement x from the original 
position jL®. Such a force can, for instance, be realized by a spring. 
If we choose the strength of the spring so that the force is equal to 

Kg, = -€Fx, (24) 

the force exerted by the field S is just compensated, whatever the — 
known or unknown — displacement of the test body is. The measure- 
ment of S carried out in this way indicates then the external field 
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only. For the accuracy of this measurement there exists in principle 
no restriction, f 

4. Measur&nfient of two field streTigths, Our next task is the physical 
interpretation of the uncertainty relations (14), (16). According to 
the general quantum-mechanical interpretation of the uncertainty 
relations, we have to show that a measurement of the average value 
of say, over the space time region 7^ does not allow an accurate 
measurement of another field strength in the region /g. The limita- 
tion of accuracy for the latter is due to the fact that the test body 
used for the measurement in 7^ produces in 72 a field <S, which is 
to some extent unknown. This unknown field is superposed on the 
field E,H in. 1 2 which we wish to measure and cannot be separated 
from it. It gives rise to an inaccuracy of the value of E,H in even 
if we measure the field in exactly. 

To calculate this inaccuracy we have to work out the uncertainty 
of the field which is produced by the first test body. The soxurces of 
this field are the following: 


(a) As we have seen in subsection 3, the test body during the whole 
time T is displaced by an unknown quantity Acc. This gives rise to 
the field of an electric dipole with the moment eAx in the a;-direction. 
This dipole moment is distributed uniformly over the space L\ with 
a density eAas/T^f. The uncertainty of the scalar potential at a point 
rg, < 2 » produced by a volume element dr^ at the time is therefore, if 
we take into account that the field travels with the velocity c, 


A^(r2, t^dr-i 
where we have denoted Ir,, — r 


€Ax d 


c8(r — ct) 


dr^, 


(26) 


by r and ^ 2 — t>y t. (The factor 
c in (26) comes from the definition of the S-function c J 8 = 1.) 

(6) At the beginning of the time-interval T the test body has for 
a short time a* velocity v^q. Thus the test body represents a 
current density% ^ 

(*■* * = *io)- (26) 


t We have not mentioned two points which have to be taken into account for the 
measurement of ( 1 ) The reaction of the field Sx produced by the test body on the 

tost body itself; (2) the fact that the field which we have computed above classically 
is also quantized. For the discussion of both points we must refer to the paper of Bohr 
and Rosenfeld. Neither of them actually gives rise to any restriction on the accuracy 
of field measurements. 

t The formulae (26), (26) hold obviously also for a knovm displacement x as was 
assumed in (23). 
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At the time (the end of the interval T) the test body has again 
a velocity == Axf Ati^ But since we bring the test body bach to its 
original position L\ the time integral of the current density at has 
the same value but the opposite sign to (26). Assuming that 
are infinitely small we can vrrite for the total cxirrent density 






(27) 


This current density gives rise to a vector potential ^ at the space 
time point Tg, ^ 2 • Taking into account the retardation we have to 
insert — [rg — T iI/c for t in (27). Thus the unknown vector potential 
is equal to 

A^„(rj «,) dri == ^ dr-^ c 

ci® T 

l«I 


eAa; , S(r — ct) 
= — — 


(28) 


IVom the potentials (25), (28) We obtain the uncertainties of the 


field strengths 




dA<l> I dA*^g. 


X 


dx, 


2 


8t^ 


A ^Ac/^a; 


(29) 


Integrating over all points of and taking the average over I 2 , 
we obtain the total unknown contribution to the field in I 2 arising 
from the test body in 7^ 




eAxc 

XfXpi 




' 1 d h{r—ct) 

32 

f S(r — ct) 

dt 2 r 

dx-j^ SX 2 ^ 
®10 ^ 

1 r 

r 

L 


A.» — 

— LILIT^ 


2 


j 


d h{r~ct) 
dZ 2 r 




(30) 


(31) 


The formulae (30), (31) give the inaccuracy of the field measurement 
in /g. We can therefore write 


A6xi^ = AE, 




Since we have assumed in subsection 2 that no light signal emitted 
from Jg can reach the region •?L> no similar disturbance of the measure- 
ment in 7g by the test body in can exist. 




S' 


Iv" 

k 

t 
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If we multiply (30), (31) by the inaccuracy of the held measure- 
ment in /jL as given by (22) 




(32) 


we obtain exactly the uncertainty rdations (14), (15), deduced from 
the formalism. The charge « and the unknown displacement Ax 
cancel of course. 

If the two regions are situated so that also light signals from Jg 
can reach the arrangement of the measurements which is necessary 
to reach the highest possible accuracy is more complicated. This 
case has been treated in the paper of Bohr and Rosenfeld (loo. cit.), 
where also all other details concerning the problem of field measure- 
ments have been carefully discussed. 

Thus we have proved that the consequences of the quantum 
electrodynamical formalism agree with the possibilities given by field 
measurements. This proof is completely analogous with the proof 
of the uncertainty relation for the position and momentum of an 
electron in quantum mechanics. In the latter the quantum properties 
of a light beam in the y-ray microscope prevent an exact measure- 
ment of the position and momentum of the electron (§ 7. 6). In our 
case the quantum mechanical properties of the test body prevent an 
exact measurement of two field strengths. From this point of view it 
becomes clear that quantum electrodynamics and quantum mechanics 
form two inseparable parts of a single body of the quantum theory, 
that both are logically connected and neither is consistent without 
the other. The quantum theory of the field can therefore be con- 
sidered as the reasonable quantum theoretical extension of classical 
electrodynamics in the same way as quantum mechanics is the quan- 
tum theoretical extension of classical mechanics. 
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ESTTERAOTION OE RADIATION WITH MATTER 


9. Quantum-mechanical introduction 

BEroBE applying the quantum theory of the electromagnetic field 
to the problem of the interaction of radiation with matter it will be 
convenient to summarize some of the results of the quantum theory 
which will frequently be used in our subsequent discussion. In 
subsections 1 and 2 of the following section these results will be 
quoted without proof. 

1. N on-relativistic wave equation. The motion of an electron in a 
given field in the non-relativistic case is described, according to § 6 
eq. (26), by the Hamiltonian 

E = c^+(p— eA)V2ia = E, (1) 

where p represents the momentum (in energy units, i.e. c multiplied 
by the impulse), E the total energy, and-^/a the rest energy of the 
electron. In quantum theory and E are replaced by 

i?==+i»i. (2) 

The wave equation belonging to the Hamiltonian (1) 

Eils^Eilf 

has the following solutions: 

(a) for a free electron = A = 0 

(3) 

(3) represents a plane wave with the direction of propagation p. The 
wave function is normalized for a unit volumej i.e. so that 

j* d/r = 1. 

F=1 

Assuming the wave-length to be small compared with the dimen- 
sions of a cube of unit volume, the number of stationary states for 
which the direction of the momentum lies within the element of 
solid angle dQ and its magnitude p between p and p-\-dpi& given by 

. J RJO — IA\ 

“ {%rAof ~ (Mcf ' ^ ' 

This equation also holds in the relativistic case where E^ = 
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For the non-relativistic case one has to insert in the last equation (4) 
E = fjbf dE — pdjplix. (4) gives the number of states with a given 
spin direction. The total number of states is twice as large. 

(6) For the Coulomb field of a nucleus with charge Ze^ 

V == -^Ze^r, 


the stationary states are given by the Balmer formula. It is con- 
venient to express the ionization energy I of the ground state in 
units of the rest energy /x although, of course, I is independent of the 
velocity of light: 


where 


Z^e^ __ Z^e^ __^l 2 Y 
2^2 2ao ““ 2\137y 

‘ 1 ’ _ _ 1 
137 ~~ nc~ 137-3 


( 5 ) 

( 6 ) 


is the fine structure constant and Bohr’s radius of the H atom 
(Z = 1). Uq is connected with the other universal lengths Xq = fijmc 
(Compton wave-length) and — e^jmc^ (classical electronic radius) 
by the formulae 

ao = ^ = AoX 137 == roX 1372. (7) 


The normalized wave function of the ground state is given by 




( 8 ) 


a is the radius of the IS^-shell. 

The wave functions for the continuous spectrum are more com- 
plicated. We limit ourselves to a few remarks. If the energy of the 
electron is large compared with the ionization energy of the .Kf-elec- 
tron, the wave function can be replaced by the wave function of 
a free electron (3). This is the basis of Born's method for the treat- 
ment of collision problems. J The exact criterion for the validity 


t Of. Mott and Massey, Theory oj Atomic Colliaionaf Oxford University Press, 
1933, p. 34. 

J This remark has to he understood in the following way: the use of Bom’s 
approximation means that the interaction V between the electron and the nucleus (or 
other particles) is considered as a small perturbation, and only the first approximation 
in this interaction which does not vanish is taken into aocoimt. Considering the 
scattering of an electron in the field of the nucleus, we can insert plane waves for the 
wave function of the electron in the matrix element of V. If, however, we consider a 
higher process, for instance the radiation emitted by the deflexion of an electron in 
the field of the nucleus (§ 17), we have to insert, in the matrix element of the inter- 
action JET with the radiation, the next highest approximation for the wave function of 
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of this approximation is 

ft ft ^7tZ j - Q V ■ iCk\ 

^ ^ l37]8 ^ ^ = c’ 

where v is the velocity of the electron at great distances from the 
nucleus. This condition holds also in the relativistic case where it 
is always satisfied {v c) except for the heaviest elements (even then 
ZjlZlp <; 1). If (9) is not satisfied, i.e. if the energy of the electron 
is of the same order of magnitude as the ionization energy, the wave 
function which behaves at great distances from the nucleus as a 
plane wave normalized as in equation (3) travelling in the a;-direction 
with the momentum p, can, in the neighbourhood of the nucleus, be 
represented as a series: 

^(r— a:)— ...j, (10) 

where F is the gamma function and r the distance from the nucleus. 
At the position of the nucleus {r = a: = 0) is given simply hy 


= |r(l— = 


?— 27rf * 


( 11 ) 


The formulae (9), (10), (II), hold for positive as well as negative 
electrons (see Chapter IV); for a positive electron the sign of ^ has 
to be reversed. 

In the neighbourhood of the nucleus is larger than at great 
distances for a negative electron and smaller for a positive one. 
For 27t^ 1 (condition for the validity of Born’s approximation) 

(10) reduces to a plane wave. 

2. Relativistic wave egwition. In the relativistic case the Hamil- 
tonian of the electron is given by § 6 eq. (22) 

H = eA)2]i = fi =. mc^. (12) 

This can also be written in the form 


RJ~e^ = i(v,p— cA)-l-juV(l— v2/c2), (13) 

c 


where 


V, 




c [/t*+(p — eA)*j* 


(14) 


the electron, in order to get a finite result. This procedure is equivalent to the 
‘method of inteirmediate states’ 'which we shall actually apply. In this method the 
emission of radiation and the defi.exion of the electron are considered in two subse- 
quent steps, the latter being due to the interaction V of the electron with the nucleus 
only. Plane waves can again be inserted in the matrix elements of V. We shall call 
this approximation ^JBorn'a approicimcftion* also. (Compare subsection 3 and § 17.) 
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represents the velocity. In the quantum theory, according to Dirac, f 
(13) has to be written in the following form: 

= [(a,p-eA)+)8iu]^, (16) 

where the vector o and j8 are matrices which satisfy the commutation 
relations 0, = 0 1 

a| = cj = c| = ;8^=l. I 

In (15) jE 7 and p must of course be replaced by the operators (2). 
Comparing (16) with (13) we see that the matrix-vector a represents 
the velocity (divided by c) and j8 the quantity ^(1— ?;^/c^). 

The vector a and ^ can be represented as matrices with 4 rows and 
columns 

(17a) 


"(::)■ '-(5 

where o, 1, — 1, 0 are matrices with two rows and columns 


-li 



a is identical with Pauli’s spin vector. 

The wave function which satisfies Dirac’s wave equation will 
contain, besides the variables t and r, a variable s which can assume 
only four values corresponding to the four rows and columns of the 
operators (17). 

For a free electron the wave equation 

= [(ap)+M^ ( 18 ) 

has the solution 

^ E^ = ( 19 ) 

where the amplitude tt(5) depends only on s and satisfies the same 
equation (18) jp, E being now ordinary numbers. u{s) has to be 
normalized so that 4 

I \u{8)\^ = 1. (20) 

s-l 

For a given value oip and E the four linear and homogeneous equa- 
tions for u{s) (18) have two independent solutions Ui{s) and u^{s) which 
correspond to the two directions of spin (in eq. (22) denoted by 
t and I). 

The energy E, however, is not determined uniquely by the momen- 
tum p as the square root 

E = ±^{p^^y^) (21) 

t P. A. M. Dirac, Quantum Mechanics, Oxford University Press, 2nd ed. 1935, 
Chap. XII. 
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if ’>/'■■■ 

may have two different signs. In classical dynamics only the positive 
energies have a physical significance. In quantum mechanics the 
states of negative energy cannot be excluded. They are connected, as 
we shall see in Chapter lY, with the existence of positive electrons. For 
a given momentum p therefore, we have altogether four independmt 
solutions of (18), two with positive and two with negative energy. 
These four solutions are, for instance. 



^(1) 

u{2) 

-w(3) 

u{4:) 



1 

0 

Pz 

Px—Wv 

o- 

A 





Bei 


0 

1 


Pz 

X 

/aH-jE7 



t 

Pz 

Px—Wv 

1 

0 

o 

V 

/i+l-Bl 


X 



Px+iPv 

Pz 

0 

1 




X 


xFn- ^ 1"^ 


( 22 ) 


In all applications of relativistic quantum mechanics to radiation 
problems we shall find it necessary to evaluate matrix elements of 
operators which are defined as products of the matrices a, If O is 
such an operator, the matrix elements are 


(w* Ou') == 2 u*{s)On\s), (23) 

where u^ u' represent the amplitudes of two states with the momenta 
p, p' and certain spin directions and signs of energy. O operates on 
the four components of u\s). For the matrix element (23) we have 
the general rale _ ((0%)*, u'), (24) 

where the operator is derived from O by changing the order of 
factors (if, for instance, O = then = otypoc^). 

Furthermore, we quote a few simple formulae which will be used 
frequently. If we denote by the summation over all four states 
having the same momentum p (summation over both spin directions 
and both signs of energy) we have, according to general rules of 
quantum mechanics, 

'Z^Xu*, Ou'){u'*, Qu") = (u*, OQu"). (25) 

The average value of O for a given state u is given by {u*, Ou). 
The sum of the average values of 0 over all states with the same 


(27 d) 
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momentum gives simply the ‘spur’ (diagonal sum) of the operator 

Ou) = Sp 0. (26) 

Sp 0 can usually be evaluated without difficulty. From (17) we find, 
for instance, immediately 

SP“a: — Spay = Spog = SpP = 0 (27 a) 

Spa^Oy = SpaajjS = 0; Spa| = Spj82 = 4 (27b) 

Spa/pttyajj Sp oCgtOLyp — ... — 0. (27 c) 

In SpO the order of the factors a^,^... of 0 can be changed 
cyclically. Making use of the commutation relations (16), the Sp 0 
of an operator with a large number of factors may also be evaluated. 
One can then easily prove that if 0 contains an odd number of factors 
a^,, or of ay, or of a^, or of jS, Sp 0 vanishes. The only operators con- 
taining four factors, for which Sp 0 # 0, are 

Spaa-aya^jOy = — Spa^aJ = —4 
S-poc^poc^p = -Spa|^2 = -4. 

3. Perturbation Themy. The equations describing the behaviour 
of an electron interacting with a radiation field are far too complicated 
to be solved exactly. In all applications of the theory, therefore, the 
interaction energy is treated as small, and approximate solutions are 
obtained which are correct only to the first order in this energy. 
Apart, however, from the mathematical difficulties of proceeding 
to a higher degree of approximation it appears, as we shall see, that 
only the first order approximation has physical significance; the 
higher orders do not correspond to reahty. This corresponds to a 
deep-seated limitation of the present theory. 

The kind of perturbation theory apphed is the same for all radiation 
processes, and will be developed here for the general case. 

We assume that the Hamiltonian H of the system can be written 
in the form = (28) 

where J?' represents a perturbing term which is small compared 
with H' does not contain the time explicitly. If E^, represent 
the eigenvalues and eigenfunctions of the unperturbed system 

(29) 

We can develop the solution of the actual Schrodinger equation (28) 


fXI I 


/OA\ 
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in a series of tlie eigenfunctions of HqI 

(31) 


The coefficients b^{t) are functions only of the time and the of 
the coordinates of the unperturbed system (including the spin 
variables). b^(t) has the following physical significance: if we measure 
the energy of the unperturbed systemf at the time t, the probabifity 
of finding the eigenvalue is given by |6^(^)|^. Inserting (31) into 
(30), multiplying by say, and integrating over the whole of the 
coordinate space, J we obtain a system of differential equations for 

the WO = 2 (32) 


where represents the matrix element 

= (33) 

The equations (32) are still exact, no terms having been neglected. 
We require a solution of (32) with specified initial conditions at the 
time f = 0. It will be convenient to choose these initial conditions so 
that, for t — 0, the system is found in a definite unperturbed state, 
■^n, Then we have 

== ^ except 6„^(0) = 1. (34) 

Owing to the perturbation jfiT'l transitions to other states n take 
place, and after a time t the probability that a transition to a state 
n has occurred is equal to \b^{t) p. If, however, JS' is small, and 
if we choose the time t to be not too long, these transition probabilities 
will be smaU. We may then obtain an approximate solution of (32) by 
inserting in the right-hand side of (32) the values (34) of the byy^{t) 
for i = 0. The solution which satisfies the initial conditions is given by 


Kit) = 




JEn—M 


'n 


The probability of finding the state at the time t is equal to 



(36) 


(36) 


It is proportional to the square of the matrix element • 


t For this purpose it is necessary to svsdtch oflE the perturbation JS' at the time t. 
This ‘switching off’ is a necessary part of the measurement. 

t This integration includes the summation over the spin variables. 

§ Which has to be switched on at if = 0, see footnote t above. 
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In many cases, however, the matrix elements for the transi- 
tion from an initial state to a jSnal state n vanish. If this is the case 

the method of approximation has to be refined. We shall assume 
that there exist some ‘intermediate sUites n” for which as well 
as are different from zero. In the first approximation, on the 

right-hand side of (32), we may equate to zero all b^{t) except 6^, 
and may again be equated to 1. The equations 

— ihb^, = &CEnr-^^m (37 a) 

= X (37 b) 


have the solution ('ndth the correct initial condition) 


- Z E^-E^. L E^-E^ E^.-E^ J • 

The transition probability is given by 

+ terms containing (jE7„. — 


with 


nn* 




R 


n' 


(38) 


(39 a) 
(39b) 


The matrix-element \H'\ is here quadratic in the perturbation energy 
H'. The terms ‘containing R^^ — R^^ play no role in the case to be 
considered now. 

In all radiation problems either the initial or the final state belongs 
to the continuous spectrum i.e. a very large number of states exist 
which have the same or nearly the same energy, momentum, etc. 
(light quantum in a volume ) . W e assume therefore that in the neigh- 
bourhood of the final state n there are a large number of states with 
the same physical properties and that pj^dR represents the number 
of these states with energy between R and E-\-dR. W will in general 
only depend upon the physical properties of the final state (for 
instance on the energy R) but not upon n. Then we are not interested 
in the probability of finding our system, after the time only in a 
particular state R^^ but rather in any one of these states. We obtain 
this probability by multiplying (36), (39) by pj^^dE and integrating 
over a small energy interval AR.'\ 


t Compare the very similar cose treated in § 6 subsection. 5, emission of light. 
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These integrals have the form (writing Eq for E^ and E for J2L) 

fiE)(l-cos(Eo- ~E)tlh) ’ 


j 

AB 


{E^-EY 

If < ^ hjJEQ, the integrand has a strong maximum for E^ — E, The 
probability is appreciable only when the &nergy of the final state is equal 
to the, energy of the initial state ^ i.e. when 

E^=^E, (40) 

(dO) expresses the law of conservation of energy. The energy is there- 
fore conserved for all transitions from or into the continuous spectrum. 
3For the transitions from or to the intermediate states n* the energy 
is, of course, in general not conserved. 

f(JS) will be in general a slowly varying function. Then the integral 
(39) becomes 


/ 

AX 




(41) 


The terms ‘coaatainmg — Eyf of (39) give no contribution to this 
integral if JE^ ^ E^*. The case of resonance E^ = has to be con- 
sidered separately (see for instance § 15). 

Thus, if ^ is not too long (but t ^ hjEf), the transition probability is 
proportional to t. We can therefore define a transition probability per 
*unit time tOjg,^jgr which according to (36), (39), (41) is given by 

= j J I *„(<) I Vs P- (42) 

For the matrix element E[^{Eq) one has to insert 

= (43 a) 

if a direct transition no to is possible, or 


H'(E,) = y^^' 


n'n 

C" 


(43 b) 




if it occurs only by passing through the intermediate states n'. The 
generalization of (43) when two successive intermediate states are 
necessary obviously gives 


(43 c) 


(42) holds also when the initial state belongs to the continuous 
spectrum, being then the number of initial states with an 

energy between Eq and EQ-{-dE^. 
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As it is seen immediately from the expressions (43a)~(43o) for 
the matrix element \H' | , the perturbation theory developed in this 
section means an expansion of the transition probability in powers 
of the perturbation function H'. 

10. General theory of the interaction of light with particles 

1. The interaction function. We shall now apply the general 
quantum theory of the field to the problem of the interaction of 
light with charged particles; The Hamiltonian describing the motion 
of the particles and the field is given by § 7 eq. (26). Writing that 
part 2 which depends upon the coordinates of the particles in 
linear form introduced by Dirac, § 9 eq. (16), the total Hamiltonian 
becomes 

» = I 2 »»A*A, (1) 

where A represents the vector potential of the external field and the 
radiation (not including the longitudinal part of the field) and 
the scalar potential of the external field only, a^, are the Dirac 
matrices § 9 eq. (17) for the ibth particle. The last term represents the 
energy of the radiation. 

In equation (1) we can separate those terms which depend on the 
coordinates of the particles as well as those of the field, since (1) is 
now a linear function of the field- These terms will represent the 
interaction of the field with the particles. Denoting the vector potential 
of the radiation field simply by A and the vector potential of the 
external field by A® we can write instead of (1): 

H = (2 a) 

= (2 b) 

— 2 «*{<*& A(A;)). (2 c) 

k 

Hq consists of two parts: (i) the energy of the particles including 
their static interaction, (ii) the energy of the radiation field 

H' depends on the coordinates of the particles as well as the 
variables describing the field, and represents therefore the desired 
interaction function. 
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Using for the non-relativistic approximation 

T*T 1 / . A vn 




(p*— eiA)^ 


becomes H' = — ^ 

h^k J 

According to § 7 eq. (3) A can be represented as a series of plane 
waves: ^ ^ (^aAa+^JAJ) (4a) 

Aa — eAV(4^c2)e^<'‘A') (/CA = va/c), (4 b) 

where the qx are represented as matrices (§ 7 eq. (9)) 


waves : 


g-ivjia^ _ piv.ta _ // ^('^A+l) \ 

® ^ ® ^ ?WA.nA+i “ ^ ^ 2 va J 


(4c) 


(all other matrix elements vanish). Ca is the unit vector in the direc- 
tion of polarization, qf has matrix elements only for transitions 
in which nx decreases by one, i.e. in which 07ie light quantum kx is 
absorbed. The matrix elements of qx correspond to an emission of one 
quantum &a- 

In all applications of the theory to radiation processes we shall con- 
sider the interaction H' as a small perturbation. We can then apply 
the general perturbation theory § 9 subsection 3. From the point 
of view of this perturbation theory, the interaction H' causes transi- 
tions of the unperturbed system (particles + radiation), which in general 
will be connected with a change of the quantum numbers nx, i.e. with 
emission and absorption of light quanta. The condition for the 
existence of a transition probability per unit time, in this case, is 
always satisfied, since the radiation field has a continuous spectrum. 
From this it follows also that the energy of the unperturbed system 
is conserved far all these radiation processes. 

We shall calculate the transition probabilities as far as the first 
non-vanishing order in H', The same approximation has in fact 
already been made in the classical theory. This can clearly be seen 
for instance from § 6 subsection 5 where we have calculated the 
emission of light by an oscillator by a method which corresponds 
exactly to the quantum theoretical method. 

The higher terms of the expansion in H' would involve the higher 
terms of the radiative reaction forces. In the classical theory (§ 4) it 
has been shown that the latter are in general small compared with 
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the other forces to which the electron is subjected. The exact condi- 
tion for this has been formulated for an oscillator in § 4 eq. (7') : 

= (5) 

(6) can also be expressed in the following way: The radiative life- 
time'\ must he large coTnpared with the 'period 1/v of the oscillator {or of 
the light wave emitted). 

In the quantum theory this condition is necessary for the existence 
of stationary states, since no stationary states would exist if the transi- 
tion probability were of the same order of magnitude as the period of 
revolution of the electron. We have already made use of this con- 
dition in the computation ofthe transition probabilities §9.3 

In the classical theory we have given for the reaction force an 
approximate expression which can be considered as an expansion in 
powers of the ratio Vq/X (§ 4, subsection 2). The higher terms of this 
expansion depend upon the structure of the electron and have there- 
fore no physical meaning. They are small and decrease rapidly with 
ffl/A. In the quantum theory, however, the situation is more serious. 
As we shall see later (§ 18), the higher approximations in H', which 
would give a detailed description of the radiative reaction, diverge. 
Therefore it is of decisive importance to emphasize that from the 
correspondence to the classical theory we may not ^xpect these 
higher approximations to have any physical meaning, since the 
analogous terms in the classical theory would depend upon the 
structure of the electron. The only part of the reaction force which 
is independent of the radius f© of f 1^© electron is the term proportional 
to V, which is responsible for the natural line breadth. By treating 
radiative processes only up to the first approximation we neglect the 
damping entirely. We shall see, however (§§ 12, 15), that the damping 
can also be treated in. quantum theory by an improvement of the 
mathematical solution, going beyond the first approximation to the 
same extent as it corresponds to the classical v-term. In § 25 we 
shall give a general formulation of the theory which includes the 
damping to the said extent, and is yet free of the above divergence 
difficulties. 

In general the damping is small and can be neglected except for 
questions concerning the line breadth. The first approximation then 
always suffices. In quantum theory not even the condition (6) is 

Inverse of the radiative transition probability. 
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necessary for this purpose and we shall see in § 25 that the damping 
remains even small if A < This is so because quantum theory 

beco^mes effective before the damping, namely, at wave-lengths much 
larger than Tq, viz. 


A = 1377*0. 


( 6 ) 


2. Matrix elements. To compute the transition probabilities of 
radiation processes according to the general perturbation theory 
§ 9 subsection 3, we must work out the matrix elements of the inter- 
action JET'. According to (2 b) the Hamiltonian of the unperturbed 
system Hq consists of two parts and where depends only 
upon the coordinates of the particles. The radiation field is described 
by the number of light quanta for each radiation oscillator. If 
represent a solution of the Schr6dinger equation for the 
particles (including their static interaction) 

a state of the rmperturbed system will be determined by (i) the 
quantum state a of the particles, and (ii) by the number of light 
quanta nx. The total energy of this state is 


E = 

A 


( 7 ) 


According to the general perturbation theory § 9, the interaction 
H' between the particles and the field will cause transitions of the 
unperturbed system. Such a transition will in general consist of a 
transition a 6 of the state of the particles and of a change of 
the number of light quanta i.e. of an emission and absorption 
of light quarda 

^l»***s ^A>*** ^ ... . (®) 

According to (2 c), (3), and (4 c), the matrix elements of H' for the 
transition (8) can easily be obtained. Since the matrix elements of 
q\i are different from zero only if nx changes by one unit, and since 
jBT' is a linear function of the qx, the matrix elements of H' are all 
zero, unless for one single oscillator, the Ath say, n'x = nx + 1 or nx — 1 . 
In the first case {n'x — W;!^-{~1) the transition (8) corresponds to an 
emission of a light quantum kx, in the second case (n'x = nx — 1) to an 
absorption. Tor the emission, only the term qx^x of (4 a) gives 
a contribution to the matrix element (for the absorption only 
s'iTA?). 



Chap.ni,§10 MATRIX ELEMENTS 95 

According to (2 c) and (4 c) we obtain for the matrix elements of 
S' (omitting the time factors) 

V(”A+ 1 ) J ( 9 ») 

■^anj+l:»nj= f 

where J denotes the integration over the space coordinates and sum- 
mation over the spin variables Sjg of all particles. Inserting for 
Ax, A* equation (4 b) we have for a single particle 

(10a) 

= -«y(^^)V(»A+l) J (lOb) 

where represents the component of the matrix vector a in the 
direction of polarization of the hght quantum. 

For the transitions (8) the energy wUl not in general be conserved 
if either of the states in question is an intermediate state. The energy 
differences of the two states for the two transitions are 

S-B' = =F h- (11) 

In the non-relativistio approximation, the first term of (3) gives 
also matrix elements for transitions by which one quantum is 
emitted or absorbed. The second term is proportional to 

= I[2a2,.(AaA^)+jx5J(AaAJ)+s*?^(A*A^)+3*S*(A*AJ)]. 

A,/x 

The matrix elements are different from zero if two quanta are emitted 
or absorbed (or one emitted, one absorbed). Thus (for one particle) 

= -^y(^^')V(»A+l) J N.R. {12a) 

= -^y(^^WA+l)/l^S2>ee-«“A'Vi,. N.B. (12b) 

where represents the component of p in the direction of polariza- 
tion, and 

TJ! 

a, n;^+l, W/x+lJ 

= ^ (eA %) V{(«A+ 1 )(«^+ 1 )} / -AJ 
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Tjr 


TJ/ 

■“ a,nj^, vifi &, W;^+l. TijLt+l 

** N.R. (13) 

3. Conservation of momentum. Finally, we consider the special but 
very important case of free electrons. The relativistic wave function 
for a free electron has been given in § 9 eqq. (3), (19). For two states 
^aj ^6 with the momenta p^, pj we have 

Inserting these functions in the matrix elements (10) we obtain for 
the integral (putting x = k/^) 

J = (ttj, oc^u^) J e^(P4-p«±kA.*^)/Rc, (14) 

This integral obviously vanishes iinless 

Pb—Pa±^X =0, (16) 

for emission and absorption respectively. 

Equation (15) expresses the law of conservation of momentum. For 
all interaction processes of a light quantum with a free particle, the 
momentum is therefore conserved, if we attribute to the light 
quantum a momentum k^.f This fact completes the enumeration of 
the particle properties of a light quantum as quoted in § 7. On the 
other hand, we must remember that the conservation of energy was 
a general result of the perturbation theory, § 9 p. 90, which is vahd 
for all transitions from or to the continuous spectrum and therefore 
for all radiation processes. 

The matrix elements for transitions of a free electron for which 
the momentum is conserved are given, according to (10) and (14), by 

the wave functions of the plane waves being normalized for a unit 
volume. 


t For a bound electron, the momeixtum is not in general conserved since the 
nucleus can take any amount of momentum. 
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For the non-relatmstio case the matrix elements are given ac- 
cording to (12) and (13) by 

7277^ V) 


rjf 


fff* 




and for transitions in which two quanta are involved, for instance, by 

J(eAV^^V{(»A+l)(V+l)}- N-B. ( 18 ) 


Iff 


4, Classification of radiation processes. As has been explained in 
subsection 1, onr theory of the radiation processes will be based on 
an expansion in powers of H'. Since the (relativistic) matrix elements 
of H’ are proportional to e we can consider this expansion alter- 
natively as an expansion in powers of e. On the other hand, the 
matrix elements of H' are different from zero only for those transi- 
tions for which only one light quantum is emitted or absorbed. A 
process in which two light quanta are involved (as for instance the 
scattering where one quantum is absorbed and another one emitted) 
can therefore only occur by passing through an intermediate state. 
The latter has to be chosen so that, in the transition from the initial 
state to the intermediate state, only one quantum is absorbed (or 
emitted), whereas the second quantum is emitted (or absorbed) during 
the second step, intermediate state -> final state. The transition 
probabilities for these processes are proportional to H'^ (§ 9 eqq. (42), 
(43 b)), i.e. to e^. We can therefore classify all radiation processes 
according to the power of e^ or to the number of light quanta involved. 
The transition probability for a process in which n quanta are emitted 
or absorbed will be proportional to 

In some cases it is convenient to consider also , the Coulomb 
interaction between two free particles as a perturbation causing 
a deflexion of the particles (for instance for the ‘Bremsstrahlung’). 
The matrix elements of the Coulomb interaction are proportional 
to (of. eq. (22)). In the power of e involved the latter is equivalent 
to an emission or absorption of two light quanta. If we now classify the 
radiation processes according to the power of 6, we obtain the follow- 
ing scheme: 

A. First order, w One light quantum: emission, absorption, 

one quantum annihilation of positrons. 

t This classification, of course, remains unchanged if we use the non-relativistio 
interaction (3). The second term has indeed matrix elements for transitions in which 
two quanta are involved. These matrix elements are just proportional to e*. 

3596.12 H 
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B. Second order, w ^ e*. Two light quanta: dispersion, Baman 
effect, two quanta annihilation of positrons. 

O. Third order, w e®. Three light quanta or one light quantum 
and Coulomb deflexion rf ‘Bremsstrahlung’, creation of pairs by a 
light quantum in the field of a nucleus. Double scattering (see § 18). 

5. Reta/rded interaction of two particles. % Before discussing these 
radiation processes we shall consider briefly the interaction of two 
particles in the first approximation of an expansion in powers of e 
(or Ze). The first non-vanishing term in this expansion represents 
the approximation which Bom used for the treatment of collision 
problems (compare footnote $ page 83). As we have pointed out in 
§ 6 and § 7 the interaction of two particles occurs in two different 
terms in the total Hamiltonian of the system (1): 

The static interaction of two particles with charges Z-^e and Z^e^ 

V = ( 19 ) 

is contained as a separate term in the Hamiltonian. The effect of 
retardation, on the other hand, appears as a simultaneous emission 
and absorption of light quanta by the two particles and is therefore 
contained in the term describing the interaction of the particles with 
light. 

We shall confine ourselves to the important case of two free 
particles. Their relativistic wave-functions are given by § 9 eq. (19). 

The interaction V can now cause transitions from an initial state 
A in which the particles have momenta ^ fibnal state F 

with the momenta p^, pg. In the first approximation of an ex- 
pansion m powers of e the transition probability is given by the 

t For the collision of an electron with a nucleus of charge Z, the Coulomb inter- 
action. is proportional to e^Z. The expansion mentioned above is then actually an 
expansion in terms of 6*Z. The first term represents Bom’s approximation (§ 9 (9)). 
For some problems it is necessary to distinguish between the expansions in e and in 
Ze*y because it may happen that the first approximation in e*Z is very inaccurate, 
whereas for the interaction with light the fibrst power of e may still be used (see for 
instance § 17, *BrerQsstrahlung’ ) . 

X The retarded interaction of two particles has been studied by: G. Breit, JPhys. 
JBeu. 34 (1929), 663; ibid. 39 (1932), 610; C. MsUer, Zs. /. JPAya. 70 (1931), 686; 
Ann. d.JPhya. 14 (1932), 631; D. Rosenfeld, Za. f. Phya. 73 (1931), 263; H. Bethe 
and B. Fermi, ibid. 77 (1932), 296; W. Heitler and L. Nordheim, Joum. d. Phya, 
S (1934), 449; H. R. Hulme, Proc. Roy. Soo. 154 (1936), 487. 

The treatment of the problem by an expansion of the interaction in powers of e 
(which wei follow in this book) is due to Moller. 
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matrix element of the interaction V : 
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^2 f Jl ei[(Pox--Pi. ri)+<P«a-P«,r.)]yftc(^* (20) 

J ^12 

where -ztoj, represent the Dirac amplitudes for the states with 
momenta poi>Pi. 

vanishes unless the momentum is conserved 

P01+P02 Pi P2 — ( 21 ) 

In this case the integral (20) has the value 

Vaf = %)(wf2 ^ 2 )- (22) 

For the present we do not assume that the energy is conserved 
also in the transition A-^ because one of the states -4 or F may 
be supposed to represent only an intermediate state in a more 
complicated process. 

is proportional to Z^Z^e^. As mentioned in subsection 4, the 
Coulomb interaction represents, with respect to the power of e, a 
perturbation of second order. From this point of view the transition 
Poi> P02 Pi> P2 caused by the static interaction is equivalent to a 
transition in which two light quanta are emitted or absorbed. 

In fact, the transition A F in question can also be caused, to the 
same order of approximation, by the interaction of the particles 
with light. 

Since the momentum also is then conserved, we can introduce an 
intermediate state I in which the first particle has made the transi- 
tion poi Pi by emitting a light quantum k: 


Poi-Pi = k- (23) 

In the transition to the final state F this light quantum is absorbed 
by the second particle 

-k = P 02 — P 2 = — (Poi~Pi)* (24) 


The matrix element for this transition (wnth respect to the power 
of c, 2^1, Zg) is of the same order as that of the direct Coulomb inter- 
action. It is given (according to § 9 (43 b)) by (propping the dashes 


oiH’) 






( 26 ) 
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where Ej represent the energies of the states and 


Ejjg> = 


— e^i y «i “1 Ml). 

“a «2)- 


(26) 


a 2 represent the components, in the direction of polarization of 
k, of the matrix vectors a^, for the two particles. f 

The transition can take place by passing through a second inter- 
mediate state II differing from I by an interchange of the roles of 
the two particles. A light quantum k' is emitted first by the second 

k' = P«,-Pa = -k (27) 


which is then absorbed by the first particle. The matrix elements are 





— eZi 


/( 2y% c ^ 


(28) 


Since k' = — k the directions of polarization for k' are the same as 
for k. 

The total matrix element for the transition A ^ F consists now of 
two terms. The first term, due to the Coulomb interaction, is given 
by (22). The second term due to the interaction wdth light is given 
according to § 9 eq. (43 b) by 



(29) 


where the sum 2 be taken over all intermediate states, i.e. 

in our case over the states I and II, and, of course, over all directions 
of polarization of the quantum k, because for each direction of polari- 
zation we have another intermediate state. The energy differences 
E^ — Ely etc., are, according to (23) and (27), 


E^ El — hy 

Ejj_ = €02 €2 ICy J 


.(30) 


'{' In (26) it is asstimed that both peurticles satisfy Dirac’s relativistic wave equation. 
As far as is known at present this is only true for electrons and positive electrons. 
For protons it is not quite certain that Dirac’s equation holds. Then the non- 
relativistic matrix elements must be used instead of (26). The effect of retardation 
can then be taken into account only up to terms in vjc. 
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where €oi, denote the energies of the first particle in the state with 
the momenta Hence the complete matrix element becomes 

1 


4fT ThH^Z^Z^e^ 


X 


k ( 

X ('**01 ^l)('**02 ‘^ 2 ) “f" 2 ^("^01 “1 ^l)('*^02 °^2 “^ 2 ) I ■ 


01 ' 


■k 


+ 


- 02 ' 


4 =^)]’ 


( 31 ) 


where S denotes the summation over both directions of polarization 
of k.f 

(31) represents the general matrix element for the retarded inter- 
action of two particles. The effect of retardation is obviously con- 
tained in the second term. 

We consider now the special case where the energy is also con- 
served. We have then an elastic collision, between two free particles. 
The conservation of energy states that 

^01—^1 ~ —(<^02—^2) — ( 32 ) 

The summation iS over the directions of polarization can easily be 
carried out. If we choose for the z-direction the direction of k we 
have for two vectors a^, ag 

SaciOi^ = 0ii:c0^2x+°^iv°^zv = («1«2)— (33) 


Making use of Dirac’s wave equation we can write 

{^oi(®*i^)'**i} — {**oi(**iJ Poi Pi)"**!} “ (^01 ^i)('*^oi “^^i) ~ ^('*^01 

{^4j2(a2k)w2} == €(-^^ 2 ^ 2 ). (34^) 

and obtain for (31) simply 

H = [ Wx ^ 1 ) W 2 ^ 2 ) — Ml «i Wi) (^02 <*2 ^ 2 )] • (35) 


(The second term has to be understood as a scalar product: 

(itQx OC-ix *^ 1 ) (“**02 *^ 23 ! ” 1 “ ('*^01 ‘^ly “^l) (^02 ~ f ~ • • • * ) 

The formula (35), which was first deduced by Moller (loc. cit.), differs 
from the formula (22) for the non-retarded interaction in the follow- 
ing two points: (i) there is an additional term (‘i*oi®i'**i)('“o 2 ® 2 %) 
the interaction — ^this term gives simply the spin interaction between 
the two particles; (ii) the denominator |Poi — of (22) is replaced 


t If the two particles are equal the effect of ‘Austausch’ has been neglected in the 
matrix element (31). 
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by = IPoi— P iP — (^ 01 — i-®- t)y the square of the reZa- 

tivistically invariant 4:-vector of energy and momentrwm (see 

§ 2 subsection 3). Since the numerator is also invariant (as can easily 
be shown from Dirac’s equation) the whole matrix element (36) is 
invariant. 

The expression (35) can also be obtained by computing directly 
in a suitable way the matrix element of the retarded interaction of 
the two particles as given by the retarded potentials (§ 1 eq. (13)) 
which corresponds to the transition pQ^ p^ and pog p 2 - 
way (36) was deduced by MeUer (loc. cit.). 

In the present theory the retarded interaction between two 
electrons has only been taken into account in the first approximation 
(/^ c*). An exact theory of the effect of retardation is not however 
possible. We shall see in § 18 that it is a general- feature of the theory 
that the interaction of light with an electron diverges in all higher 
approximations. Therefore, the effect of retardation between two 
electrons can also only be considered up to terms proportional to e^. 
It is, however, probable that the higher, diverging, terms are de facto 
negligible (see § 25). 

The scattering of fast electrons by electrons can easily be calculated 
from the matrix element (35). We shall not, however, discuss this 
here.f 

A. PROCESSES OF FIRST ORDER IN 
11. Bmission and absorption:!: 

The emission and absorption of light by an atom (or of y-rays 
by a nucleus) can easily be understood in the Hght of the preceding 
theory. According to the considerations in § 7 and § 10 an atom and 
the radiation field form two quantum-mechanical systems with an 
interaction energy (§ 10 dqq. (2 c) and (3)) which depends upon 
the coordinates of both systems. This interaction H\ regarded as 
a small perturbation, will cause transitions of the unperturbed 
system (atom-|-radiation) in general consisting (i) of a transition 
of the atom from one quantum state to another one, and (ii) of an 
emission or absorption of light quanta. 

t See Meller, loc. oit., and Mott and Massey, Theory of Atom/ic Collisionaf Oxford, 
1933, p. 264. 

t The theory of e mis s i on and absorption of light in the form presented in this 
section was first developed by P. A. M. Dirac, Proc, Roy. Soo. 114 (1927), 243 and 
710 (dispersion). 
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The radiation held has a continuous spectrum. If for instance a 
light quantum k (& — %v) is emitted, we have the choice of assigning 
this quantum to any one of a very great number of radiation oscil- 


lators 


,, h^dkdOL 


( 1 ) 


which aU have the same frequency (within the interval dJc), the same 
direction of propagation (within the element of the solid angle cftQ), 
and the same polarization. Hence it follows, according to § 9, that 
the transition probability is proportional to the time (at least for 
sufficiently short times). Furthermore, the energy of the unperturbed 
system {atom-\- radiation field) is conserved for all transitions in which 
light quanta are emitted or absorbed. 

The interaction between the atom and the radiation field, can cause 
these radiative transitions even if, in the initial state, no light quanta 
ai all are present. Supposing the atom to be excited in the initial 
state, then in the final state the number of light quanta will be 
increased from zero to some finite value. This process represents 
then a spontaneous emission of light. (Compare the corresponding 
classical considerations in § 6. 6, on the emission of light as an 
excitation of radiation oscillators.) 

In § 10 we have seen that the radiation processes of the first order 
are those in which only one light quantum is emitted or absorbed; 
These transitions occur directly, without any intermediate states. 
The transition probabilities according to § 9 eqq. (42) and (43 a) are 
then given by the matrix elements of H' for the direct transition 
from the initial state to the final state. 


For the theory of emission and absorption we may confine our- 
selves to the non-relativistic approximation. Even for heavy atoms 
the energy of the jfiT-shell is still much smaller than mc^, and the 
relativistic correction, though appreciable for Uranium and X-rays 
emitted in transitions to the X-shell, does not change the results 
principally. The same is true for the y-rays emitted by a nucleus 
because the y-rays are then emitted by heavy particles (protons, 
a-particles, neutrons) which move very slowly inside the nucleus. We 
may use therefore the interaction function H', § 10 eq. (3), 


H' = -(6/At)(pA). (2) 

The second term which is proportional to would give rise to 
transitions in which two quanta are involved; it can therefore be 



104 RADIATION PROCESSES OF FIRST ORDER Chap. Ill, §11 

neglected. Th.e matrix elements of (2) for the emission or absorption 
of a quantum kx are given by (§ 10 eq. (12)) 

say, where denotes the component of p in the direction of polarization 
of kx. For simphoity we confine ourselves to the case of one electron. 
If the atom contains several electrons the matrix element (3) must 
be written 

^ I 'KPe ^ J 'PtPek ( 3 ') 

1. Emission: W^e calculate first the probability for the emission 
of light. We assume that there are two non-degenerate atomic states 
a, b with energies Eg^ >- E^. The conservation of energy states then 
that only light quanta with a jBcequency 

h=^1iv = Eg—E^ ( 4 ) 

can be emitted. Fquation (4) represents Bohr^s well IsjiowiOi frequency 
relation. 

The transition probability per unit time is according to § 9 eq. (42) 

w = ^Pj^\H'\\ ( 6 ) 

where pjjj represents the number of final states with an energy between 
E and E-\-dE. For pj^ in our case we have obviously to insert the 
number of radiation oscillators p*. since the light quantum can be 
placed in any of these oscillators. The energy of the final state is 
k-\-Et, == E and therefore dE = dh, = p*. The formula (42) of 
§ 9 (or our eq. (5)) has been obtained by taking the summation over 
all final states with the same energy, i.e. in our case over all radiation 
oscillators with the same physical properties. For \H'\^ we have there- 
fore to insert the average value of the square of the matrix element (3) 
over all these oscillators. Since this average value will then only 
depend upon the jfrequency, etc., but not upon the particular oscillator 
considered, we can omit the su£Q.xes A and replace w>x ^ quantity 
riy denoting the average number of light quanta per oscillator having 
the frequency v (and the direction of propagation k, etc.). 

Inserting equations (1) and (3) in (6) we obtain the transition 
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probability per tmit time for the emission of a light quantum Hv in 
a given direction: 

( 6 ) 

In general one can assume that the wave-length of the light 
emitted., l//c, is large compared with the dimensions of the atom. If 
E is the energy of the atom, the wave-length will be of the order of 
magnitude ^ 

On the other hand, the dimensions a of the atom will be determined 
roughly by an equation of the type 

E e^Ja or a e^jE, (&) 

Since Kcje^ — 137, A will be large compared with a. We can then 
neglect the factor exp(i(Kr)) in (6), since it is nearly constant in the 
region where if/^ or ipf, is different from zero. Putting pf/x = v/c and 
introducing the notation 0 for the angle between the direction of 
polarization and the vector v, the transition probabihty becomes 

wdn = Iv^pcos'^ecw^+l). (9) 

where Iv^^P = represents the matrix element 

of the a;-component of v for the transition a ^b. Since, in the 
quantum theory, any matrix element ab is proportional to 

exp{ii(JS7a, — Ef,)jh} — exp(^Vi) 
we can also write — ^ab ” ^^^ab 

and obtain wdQ = |x^j 5 | 2 cos^©(lH-w^). (10) 

2i7r7lC^ 

The probability of emission consists, according to (10), of two 
terms. The first term is independent of the intensity of radiation 
present before the emission. It gives rise to the apcmtaneous emission 
and is different from zero even if = 0. The second term, however, 
is proportional to the intensity of radiation of frequency v present 
before the emission process. This term gives rise to a certain iTiduced 
emission of radiation. The existence of such an induced emission 
was first postulated by Einstein, who has shown that it is necessary 
to account for the thermal equilibrium in a gas emitting and absorb- 
ing radiation (see p. 108). It can be deduced from the classical 
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theory by means of the correspondence principle, since in § 5 we 
have seen that a hght wave falling upon an oscillator not only causes 
an absorption of light but also, for certain phase differences between 
the oscillator and incident light wave, an emission of light. The 
analogous process in the quantum theory is given by the term 
proportional to 

The total intensity radiated per unit time is obtained by multi- 
plying (10) by and integrating over the angles. Taking first 
the summation over the directions of polarization we obtain, instead 
of cos^©, em^0, where 0 represents the angle between the vector x 
(position of the electron related to the nucleus) and the direction of 
propagation k. We obtain for the spontaneous emission : 


jSdQ 


Sttc® 


x„j,|2sin2^. 


( 11 ) 


(11) gives the intensity emitted per unit time in the direction k. 
The total intensity is given by integrating (11) over all angles 




4 




( 12 ) 


The formulae (11) and (12) are almost identical with the formulae 


obtained for an oscillator in the classical theory (§ 3 eqq. (23) and (25) 
or § 6 eq. (60)). We have only to replace the time average of the co- 
ordinate of the oscillator by the matrix dement of the same quantity 


for the transition a->h 

21x^12 


(13) 


(13) gives the well-known connexion between the classical quantities 
and the quantum theoretical quantities according to the corre- 
spondence principle. J 

If the atom contains several electrons, x^^ has to be equated to 


(according to (3')) 



(14) 


(14) represents the total dipole moment of the atom, and corresponds 
exactly to the classical formula § 3 eq. (20) for an oscillator. The 
radiaticm given by (12) is dipole radiation (cf. subsection 3) with the 
same intensity as would be emitted by a classical oscillator wdth the 

t Cf. Planck, Warmeatrahlungt Leipzig, 1923, p. 145 £E. 

t The factor 2 in (13) is inserted because 'the matrix element corresponds to 
a single classical Fourier component ^xp For a classical oscillator ■with an 
amplitude x^KiOQvt — ■iaro[exp(ij^)-l-©3qp ( — ivtyi we have two Fourier components with 
frequencies +v and — v. 
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amplitude (13). To describe the correspondiag radiation we can 
attribute to each transition a -» 6 an oscillator with the frequency 
Vab = {^a~^b)l^ amplitude given by (13). 

The order of magnitude of the transition probability per unit time 
will be according to (10), (7), (8) (putting Xqj, ^ a) 

3 2 1 (vaY V 

M 137\ cj 1373’ 

i.e. of the order 10® sec.~^ for the optical region, 10^^ for X-rays, and 
10^* sec.“^ for y-rays. It is independent of the mass of the emitting 
particle, but not of course of the charge. 


2. Absorption. The probability of the absorption of alight quantum 
can be obtained in the same way. We consider a light beam of the 
intensity /q(v) dv (energy per cm.^ sec.) coming from a given direction 
within an element of the solid angle dCl. The probability per unit 
time that one light quantum of this beam is absorbed while the atom 
jumps from 6 to a is again given by formula (5), denoting now the 
number of initial states. The light quantum can be absorbed from 
any of the radiation oscillators, is therefore again given by (1). 
The averaging over all radiation oscillators must be carried out in 
the same way as in subsection 1, If in the initial state the average 
number of quanta per oscillator is Iq{v) is given by 


Io{v)dv = nyliv. 


h^dkd^i 

(27r%c)3 


. i^dQjdv^ 


(16) 


The probability of absorption per unit time is again given by (3) 
and (6) (transition from to 1) 





The probability of absorption is proportional to the intensity of the 
incident light beam as is to be expected. The coefficient is exactly 
the same as for the emission. The ratio of the two probabilities is 
therefore „„ - '' 

^emission ^v“r 

^absorption 


(18) 


The ratio (18) is just that which is necessary to preserve the correct 
thermal equilibrium of the radiation with a gas. In a gas at the 
temperature T the number of atoms in the states a and 6 are given 
by exp{—EJkT) and exp(--jE7j/Jbr). The condition for the equili- 
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brium of the gas -with the radiation of frequency v (and given direction 
of propagation, etc.) is 

^emission® = “M^absorption ® ^blkT ^ 

Inserting (18) and taking into account that — Ej, — Hv we obtain 
Planck’s formula: ^ 

^hvlkT_l^ 


From this deduction of Planck’s law Einstein was the first to show 
the necessity for the existence of indw^ed emission in the quantum 
theory. 

For the same reason as in subsection 1 we can omit the factor 
expi(xr) in (17). Averaging over all orientations of the atom (i.e. over 
the directions of x, cos^© = J) relative to the incident beam and 
introducing the primary intensity /o(^) (1®) instead of we obtain 
for the energy absorbed per unit time : 

S = (19) 


This formula corresponds to the formula (19) § 5 obtained for the 
absorption of a classical oscillator. For a 3-dimensional oscillator 
the quantum theory gives just 



3^ 

2mv 


and hence the classical formula deduced in § 5: 




2^7^ ^ I ^{v). 
me 


If the levels a and 6 are diegeTierate with multiplicity, say and g^^ 
fold, then in order to obtain the total transition probability a -> b, 
we must take the sum over all final levels b and the average over all 
imtial levels a. If we distinguish the states of a by indices m^, the 
matrix element for emission becomes (if E^^ > E^,) 

= T (20 a) 

era 

and for absorption 

I^SaP = ^ 2 (20b) 

maptrib 
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The matrix elements for emission and absorption differ then by the 
ratio of the statistical weights g: 


IXotl" = ^ (21) 

3. Quadripole radiation. In subsection 1 we have seen that the 
matrix element occurring in (3) which is responsible for the emission 
of light can in general be replaced by the matrix element of the 
dipole moment. For certain transitions a^h, however, it may happen 
that the matrix elements of the dipole moment x^b vanish. Those 
are classed as transitions forbidden by the selection rules. If, for a 
transition a -> 6, x^^ = 0, it is still possible that (3) does not vanish 
and that the transition occurs though in a higher approximation 
and with a smaller transition probability. 

For a wave-length A ^ a we can expand the exponential function 
occurring in the matrix element of (3) in powers of the ratio a/A: 

gi(Kr) _ I -|- i (Kr ) + . . . . (22) 

The matrix element (3) can then be developed in a similar way 
(inserting ivxjc for pJix and denoting the displacement of the 
electron by x instead of r) 

(23) 


If, for a forbidden transition, x^^ = 0, the second term of (23) may 
stiQ give a certain transition probability. The intensity is, according 
to (6), given by 




e^v^dCl 

2'itc^ 


l{x(»«)}„(,Psin20. 


(24) 


The order of magnitude of (24) is smaller than for an allowed 
transition (11). Since K—ljX and x a, the ratio of the intensity 
of a ‘forbidden transition’ to the intensity of an ‘allowed transition’ 
is of the order {ajXf (supposing, of course, that the matrix elements 
of (24) do not vanish). 

The expansion (23) corresponds exactly to the expansion of the 
Hertzian vector Z in the classical theory (§ 3 eq. (22)). The first term 
represents the dipole moment. The second term for a harmonically 
vibrating system of electrons can be written: 

(R denotes the vector from the nucleus to the point of observation 
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R/JJ = >e//c.) (26) is just the quantity occurring in (24). It represents 
the gy/xS/rypdle mommt of the atom. Thus, the radiation given by the 
second term of (23) and by (24) represents the quadripole radiation of 
the atom. As shown in atomic physics it is emitted in all transitions 
in which the angular momentum M of the atom jumps by 0 or 2^. 

The expansion (23) can also be considered as an expansion by 
which the retardation between the different points of the atom is 
taken into account in successive degrees of approximation. 

We see, that for the problem of emission and absorption of light, 
the quantum theory gives results which correspond in every detail 
to those of the classical theory, in the sense of Bohr’s correspondence 
principle. 


12. Theory of the natural line breadth 

The theory of the emission of light developed in the preceding 
paragraph gives a complete account of the intensity of a spectral 
line emitted by an atom. This theory was based on a first order 
approximation in which the interaction between the atom and the 
radiation was considered as a small perturbation. The radiation 
emitted in an atomic transition had a sharp frequency which was 
given by Bohr’s relation 


nv = JS^~JEJ^. ( 1 ) 

In the classical treatment of this problem we have seen, however, 
that the line emitted by an oscillator is not infinitely sharp. It has 
a certain natural breadth y corresponding to an intensity distribution 
(§ 4 eq. (28)) ^ , 

y ^ (2) 




where vq is the frequency of the oscillator. This natural breadth is 
due to the reaction force of the emitted radiation on the oscillator 
(self-force of the electron). In the approximation, however, where the 
natural breadth is taken into account the reaction force can also be 
derived simply from the law of conservation of energy. In this 
approximation, therefore, it has no connexion with the problem of the 
structure of the electron as is the case in aU higher approximations. 

In the quantum-mechanical formalism the reaction of the radiation 
on the atom is included just as fully as in the classical theory. The 
perturbation theory used ensures that the conservation of energy shall 
be automatically fulfilled (see § 9 subsection 3). We may therefore 
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expect with some confidence that the quantum theory will also account 
for the natural breadth of a spectral line and moreover in such a way 
that the difficulties connected with the higher approximations of the 
self-force (cf. § 10 subsection 1, § 18 subsection 2) do not appear. 

In fact, the smallness of the interaction W between atom and 
radiation was not the only assumption made in our perturbation 
theory (§ 9 ). (This assumption is of course fundamental.) We have 
solved the general equations ( 32 ) § 9 only for a time t, which is small 
compared with the lifetime of the initial state, so that, up to the time t, 
the probabihty for a transition is very small. Only for this case was 
the transition probability proportional to t. It is clear that this 
assumption makes impossible a theory of the line breadth, because 
the latter is due just to the gradual decrease (in the classical theory) 
of the amplitude of the oscillator or, in the quantum theory, to the 
falling off of the probability of the atom being in its initial state. 

Weisskopf and Wigner j- have now given an improved solution of 
the equations of the perturbation theory which is valid also for 
times t comparable with the reciprocal of the transition probability 
and which gives, in a simple way, the formula for the line breadth 
which we require. 

1. Atom with two states. We consider first the simple case of an 
atom with two states a, h only > Ef,). We have to return to the 
general differential equations § 9 ( 32 ) for the probability amplitudes 
of the states of the unperturbed system (atom + radiation). It is 
sufficient to take only those states into account which can be reached 
directly from the initial state (first approximation in H*) and for 
which the energy is at any rate nearly conserved. We assume that 
at the time ^ = 0 the atom is excited and that no light quantum is 
present. Then we may confine ourselves to the consideration of 
those states where the atom has jumped down to the lower state and 
one light quantum Uv has been emitted with a frequency nearly equal 
to that given by (1). Denoting the probability amplitudes by 6^,0 
and 65^1^ the differential equations ( 32 ) § 9 become 

= (3 a) 

A 

(3 b) 

t V. Weisskopf and E. Wigner, Zs. f. Phya. 63 (1930), 64; ibid. 65 (1930), 18. 
Compare also L. Rosenfeld, ibid. 71 (1931), 273; H. Casimir, ibid. 81 (1933), 496; 
F. Bloch, Phya. Za. 29 (1928), 68. 
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The irdtial conditions are 

6^o(0)= 1, 6e.i^(0) == 0. (3o) 


Since we wish to describe the way in which the probability ampli- 
tude has decreased after the time t, we may not insert in the right- 
hand side of (3 a), (3 b) the values (3 p) for < = 0, as we have done in 
§11. We try to solve the equations (3) putting 


== e-v^/2, (4) 

i.e. we assume that the probability of finding the atom in the excited 
state decreases exponentially with an average lifetime 1/y. (3 c) is 
obviously satisfied by (4). 

Inserting (4) in (3 b) we obtain the differential equation 

( 6 ) 

with the solution 

A _ xr/ 

61a 


where we have put 


Eq — A/fi — hvi\. 


(7) 


Finally we have to satisfy equation (3 a). Inserting (6) into (3 a) we 
obtain i«y _ |£r'P[l*_eK(>’A-’")+y<2>] 

2 — A */- I -• /»' • 


^(Vq— VA- ffy/2) 


The summation over the radiation oscillators A on the right-hand 
side can be replaced, just as in § 9, by an integration over the fre- 
quencies V. The integral (8) has then a sharp maximum for v — vq , 
supposing that y is small compared with vq. This has of course to 
be assumed since 1/y represents the lifetime of the initial state, which 
according to § 10, must always be large compared with the period 
of revolution of the electron. If pj^dJcdO, represents as before the 
number of radiation oscillators per unit volume with given physical 
properties (frequency, polarization, etc.), the right-hand side of (8) 
reduces to the well-known integral 


//« 


1 — efMv-Vo)+yizit 

VQ—v-\-iyJ2 


dv = iirfiy^) 


(9) 


with /(v) = (10) 

where J dO. denotes integration over all directions of propagation 
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and summation over both directions of polarization. Hence we 
obtain for y: 2ir r 

iH'p tin = w^. (11) 

According to § 11 eq. ( 6 ) yisjttst ^ual to the total spontaneous transi- 
tion probability per unit time for emission a -^b. This was to be 
expected since, according to (4), y was defined as the reciprocal of 
the lifetime of the excited state. 

The intensity distribution of the emitted line is given by the 
probability function for the final state 651 ^. After a time i ^ 1 /y, 
when the atom has certainly jumped down, the probability that a 
quantum Kvx has been emitted is given by 

or, integrating over all directions of propagation, etc., according 
to ( 11 ), X j 

liy) d. = dk j m (12) 

The total intensity is — Iq. Formula ( 12 ) is therefore identical 
with the classical formula § 4 (28), the only difference being that 
y now represents the transition probability per unit time as given by 
( 11 ) instead of 2e®j/§/3mc®. 

In the quantum theory a spectral line has therefore the same in- 
tensity distribution as in the classical theory (shown in Fig. 2 , page 35). 
The breadth at half maximum is equal to the total transition prohahility 
per unit time. The maximum intensity lies at the frequency vq given 
by the energy difference of the two states of the atom (7). 

The relation between the half-value breadth and the transition 
probability can be understood from Heisenberg’s uncertainty relation 
for energy and time: 

which states that the energy of a system is only known with an 
accuracy AjE 7 if, for the measurement of the energy, a time M is 
available. In our case the excited state of the atom has a lifetime 
1 jy due to the radiative transition probability. Therefore the energy 
of the excited state is defined only with an uncertainty AJS7 = ^y, 
or the energy level has a breadth AiS7„ cr: hy. The frequency of 
the emitted fine will then have the same breadth Av y, which is 
just our relation. 

3695.12 



I 
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2. Several atomic states. The case where the atom has several 
states a, 6, c,... is more complicated. It has also been treated by 
Weisskopf and Wigner (loc. cit.). The result cannot, however, in this 
case be unambiguously determined from the classical analogy. One 
would perhaps expect the intensity distribution of a line emitted in 
a transition a -> 6 to be determined as before by equation (11), with 
a half-value breadth Yab equal to the transition probabihty a -^b. 
Such an assumption would be suggested especially by the corre- 
spondence between the quantum transition a-^b and a classical 
oscillator of frequency which was pointed out in § 11. 

But this conclusion is not in agreement with the above considerations 
about the uncertainty relation (13). The quantum theory leads to 
a rather different result. 

If we denote the atomic levels in the order of their energies by 

according' to (13), attribute to each level, say, 9 . 
certain hreoMh given by the sum of all transition probaJbilities from 
a^ to aU lower levels: 

= n = (14) 


where represents the transition probability for the transition 

a^ aj. The breadth of a certain line, a^ -»■ 
say, is then given by the sum of the breadths of 



the two levels a^ and aj^i 

Yik = Yi-^Yk- (IS) 

The intensity distribution is again the classi- 
cal one, equation (12), with y = Yik- 

This result is quite different from that sug- 
gested by the correspondence principle and 
discussed above. There we concluded that 
the breadth of a line would be simply pro- 
portional to its intensity, as in the classical 
theory. This is, however, not true in the 
quantum theory. Here it may happen that 
even a weak line is rather broad. We may con- 
sider, for instance, a case as shown in Big. 4 
with three levels a,b,c. From the highest level a the transition 
probabilities are all small, and therefore a is a narrow level. From 6, 
however, a strong line leads to the ground-level c (which is always infi- 
nitely sharp). Therefore b will be broad. According to equation (15) 


Fia.4. ‘Weak but broad’ 
lines in the quantura 
theory of line breadth. 



116 


Chap. Ill, §12 NATURAL LINE BREADTH 

the line a-^b must also be broad although the transition probabi- 
lity is very small. The line a c, on the other hand, is narrow since 
it connects two narrow levels. 

3. Absorption. The shape of the absorption line must be the same 
as the emission line if the incident light beam has a constant intensity 
in the region of the line breadth. This follows from general equilibrium 
considerations (Kirchhoff’s law). If IJ(y)dv — /q(vo)cZv represents the 
intensity of the primary beam, the energy in the frequency range 
V and v-\-dv absorbed per unit time due to a transition 6 a will be 


o/ \.7 y I 

S(v)dv = y = r.+r^. 


(16) 


where is the transition probability for the spontaneous emission 
a -^b. The factor in (16) has been determined so that the total energy 
absorbed per unit time is identical with formula (19) § 1 1 . If a and b 
are degenerate, (16) has to be multiplied by gj^h (§11 (21))- 
If we consider a layer of thickness Aa; containing N atoms per cm.® 
in the absorbing state 6, we can define an absorption coefficient per cm. 
r{v) for the primary light beam 


r(v) = = Nw ^ ^ 

^(>'o) *'§ (v— V o)*+y2/4 


(17) 


Tor frequencies at large distances from the maximum (v— vq)® ^ y® 
the absorption coefficient decreases with the square of the distance 
Av = v—vq, or in terms of the wave-length 27rAA = 27rcAv/v®. 

The ratio of the absorbed intensity to the primary intensity is 
then given byf •>« 

r{X)Ax = (18) 

(In (18) the wave-length is 27rA.) 

4. Other causes for the line breadth. Besides the damping due to the 
emission of the radiation itself there are several other causes which 
actually broaden a line: 

(a) In a gas of temperature T the atoms (mass M) move with 
velocities distributed according to Maxwell’s law: 

If we observe the light emitted in the a:-direction, the line will be shifted 
because of the Doppler effect by an amount (§ 7 eq. (21), for v c) 

Av — vqvJc. (19) 

t (18) is valid only if t(A) Ax is small. For largo values of t(A) Ax the left-hand 
side of (18) has to be replaced by 1 — exp{— t(A) Aa:}. 
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Avera^ng, we obtain, therefore, a broad line with an intensity dis- 
tribution J(v)dv — const. (20 a) 

and a breadth at half maximumi 


In general the Doppler breadth S is much greater than the natural 
breadth y. The intensity distribution is, however, exponential and 
therefore decreases rapidly with the distance from the maximum 
Av in contrast to the natural breadth which has a very large tail 
decreasing only with 1/Av^. The intensity observed at large distances 
Av from the maximum (i.e. if Av ^ S) is therefore entirely due to the 
natural breadth. 


(6) In a gas of finite density an excited atom undergoes collisions 
with neighbouring atoms which may induce a transition to the 
ground-level. The effect of these collisions on the line breadth can be 
described in a way which corresponds exactly to the classical theory of 
liOrentz (§ 4 subsection 6): if the number of effective collisions per sec. 
is r the lifetime of the excited state a will be shortened. The total 
number of transitions per sec. (radiative + collisions) is now equal to 
y+D. The breadth of the level a will therefore be 

^Ejn = y-^V. ( 21 ) 

The line emitted has the same intensity distribution as the natural 
line (16), the only difference being that y has to be replaced by 
y-f-F. (21) is identical with the classical formula deduced in § 4 
subsection 6. For very low densities the effect of broadening by 
collisions becomes very small. 

(c) Finally, the excited atom will have all kinds of interaction with 
the neighbouring atoms, which causes a shifting and Splitting of the 
excited state (Stark effect, resonance coupling, etc.). These effects 
have been investigated by several authors. We shall not consider 
them here.f For very low densities they are likewise small. 

6. Experimental checJc. For an experimental test of the quantum 
theory of the natural fine breadth, in order to avoid all other kinds 
of broadening, one must take a gas of very low pressure and measure 

t A review of the varioxis effects of broadening of spectral lines with reference 
to all theoretical and experimental papers has been published by Weisskopf, Phya. Zs. 
34 (1933), 1. Recent papers, H. Kxxhn and F. London, Phil. Mag. 18 (1934), 983, and 
H. Kuhn, ibid. 987; V. Weisskopf, The Observatory, lUo. 713 (1933). 
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the intensity at large distances from the maximum. In the case of 
emission the intensity is then, however, very small. To obtain 
measurable intensities it is better to investigate the absorption line 
in very thick layers. The absorbed intensity, even at distances a 
thousand times the half- value breadth, can then become of the same 
order of magnitude as the primary intensity, while, for all smaller 
distances, the primary intensity is absorbed entirely. 

The most conclusive test for our theory would be obtained from a 
case like that of Fig. 4, i.e. a line which is ‘broad but weak’. Such a 
case is, for instance, just realized in the line of the hydrogen atom. 
As an example we shall compute the shape 
of the absorption line in all details. This 
can be done theoretically (for hydrogen all 
matrix elements can easily be worked out) 
without using any experimental data except 
the number of atoms in the absorbing layer. 

The transition probabilities for the emis- 
sion lines from the first two excited states, 
as calculated from § 11 eq, (12), are given 
in Fig. S-l The three levels of the 

three-quantum state are plotted separately, 
though actually they lie together. con- 
sists of three components with practically 
the same frequency (27 tA = 6563 A.XJ.). g denotes the statistical 
weights. The probability for the transition 3 2 is about ten times 

smaller than for the transition 2-^1. The level 2 will be very broad 
and the line 3 2 will therefore be broad too, although the transition 

probabihty is small. 

To obtain as an absorption line a great number of atoms in the 
first excited state must be present. This condition is only realized in 
the solar atmosphere. The shape of in the solar absorption spectrum 
has been measured by UnsoldJ who has also compared his results 
with the theory. 

To compute the shape of the line we require the total number of 


1 s 

Fig. 6 . Transition proba- 
bilities of the hydrogen lines 
(calculated) in emission. 
Units 10’ sec.”^. 


t Cf. H. Bethe, Hdh. d. Phyaik, 2nd ed., XXIV (1), p. 444. 

X A. Unsold, Za. f. Aatrophya., 2 (1931), 199. Measurements of the natural line 
breadth of other elements in the laboratory have been carried out by R. Minkowski, 
Za.f. Phya. 36 (1926), 839; ibid. 55 (1929), 18; W. Schiitz, ibid. 45 (1927), 30; ibid. 
64 (1930), 682; Natunv. 20 (1932), 64; Za. 36 (1936), 403: M. WeingerofI, 

ibid. 67 (1931), 679. 
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absorbing atoms in the layer. !From other observations it has been 
found that in the solar atmosphere the number of hydrogen atoms 
in the first excited state per cm.® of the total absorbing layer is 

NAx = 6 X 10^^ om.~® ( 22 ) 

We determine first the' breadth of all the levels concerned. From 
Fig. 5 we can take immediately (according to (14)) 

yzA = yzp 19*2j = 0*63 

723, = ^^‘ 2 ; 728 = 0 

And hence the half-value breadth for the three components of 

ysd.-2p = 69*7 \ 

yzp. 28 = 19*2 > X 10^ sec.“i (24) 

738.23, = 63*8 J 

Since the p and d levels are degenerate the transition probabilities 
for absorption differ from those for emission by the ratio of the 
statistical weights (according to § 11 ( 21 ) and Fig. 5 ): 

^2a.Bp = ^^3p,2s= 6*8 ^ 

'^ 2 p, 3 d “ i^ 3 d. 23 , = 10*8 X 10’ sec. (26) 

’^23,,3s = i'*^3s,2p= 6*2 ^ 

To obtain the absorbed intensity, we have, according to (18), to 
calculate the product wy for each transition. The total intensity 
of will then be given by the sum of the toy’s for all three com- 
ponents of Taking into account the fact that the number of 
atoms in the 2 s -state is j^/4 and in the 2 jp-state SN J4:y we obtain 

^tvy — ^^^28.83,733). 28"i~§(^23>, 3<j73fl5, 23,"1”'*^23,,3 s73s, 2p) ~ 607 X lO^^SeC..”® 

(26) 

Inserting ( 22 ) and (26) into our formula for the absorption coeffi- 
cient, we obtain for the ratio of the absorbed intensity to the primary 
intensity at large distances from the TuayiTnnm 

T(A)Aa; = ( 27 rA — wave-length in A.U.). (27) 

Thus, if 27rAA is of the order 1 A.U., the absorbed intensity is of 
the order of magmtude of the primary intensity. The breadth at 
half maximum is only about 10 ~® A.U. 

The theoretical shape of the absorption line of is shown in 
Fig. 6 . The centre of the line is absorbed entirely. For comparison 


I X 10’ seo.~^ (23) 
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-we have also plotted the shape according to the classical theory, i.e. 
if we replace y by the actual transition probability (breadth pro- 
portional to intensity). The absorbed intensity would then be seven 
times smaller for aU wave-lengths. The two experimental curves, for 
the solar edge and the solar centre, fit the quantum themetical curve 
definitdy better than the classical one. For the causes of the difference 
between the shape at the solar edge and at the solar centre and also 
for the origin of the observed remaining intensity in the middle of 
the line, cf. Unsold (loc. cit.).f 



Fio. 6. Theoretical shape of the absorption line for a layer of 6.10^® 
cttoiiis por in tlio two-qufljituin state. Observations on. tlie solar spec- 
trum at the edge and centre of the sun. The classical theory would give 
a much narrower line (dotted curve). 

In the laboratory similar measurements have been carried out by 
W. Schiitz (loo. cit.) with Ne lines. He was also able to verify in 
several examples the quantum theoretical result that the breadth of 
a line is determined by the breadths of the two levels involved but 
not by the transition probability of the line itself. 

13. Photoelectric effect 

Light of a given frequency v according to § 1 1 can only be absorbed 
by an atom if v is equal to one of the resonance frequencies {Ef^—E^)lh 
of the atom. If now the quantum energy hv of the incident light is 
greater than the ionization energy I of the atom, the electron is 
raised into a state of the continuous spectrum, and thus leaves the 
atom. In tbia case light of all frequencies can be absorbed, and the 

*1“ And other papers of the same author, Z8,f* Astrophys^f 1930—2. 
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absorption spectrum is continuous. The kinetic energy T of the 
electron after leaving the atom is determined by Einstein’s equation 

T = Hv—I. (1) 

The photoelectric effect plays in general an important part in the 
absorption of X-rays and y-rays in matter (cf. Chapter V). It gives 
an appreciable absorption even if the primary energy is very much 
greater than the ionization energy of the atom. Since in this book 
we are especially interested in the high energy region, in our discus- 
sion of the photoelectric effect we shall keep in view the absorption 
of high-frequency radiation rather than of radiation in the optical 
region. 

We shall, however, carry out the calculations for a very simple 
case only and shall quote the results obtained for other oases. Since 
a free electron cannot absorb light, we should expect the probability 
for the photoelectric absorption to be the greater the more strongly 
the electron is bound. We may therefore confine ourselves to the 
absorption by a K~el^tron, Furthermore we shall assume: 

{a) The quantum energy of the incident light is to be large com- 
pared with the ionization energy I of the X-electron. For an atom 
with nuclear charge Z this condition, according to (1) and § 9 eq. (5), 
can be written as follows: 




_ zv 


2x137-2’ 


< 1 - 


According to § 9 eq. (9), (2) is identical with the condition for the 
validity of Born’s approximation. Therefore in the matrix elements 
we can replace the wave function of the electron in the continuous 
spectrum by a plane wave. Our results will not, of course, be valid 
in the neighbourhood of the absorption edge {hv ^7): 

(6) The energy of the electron in the continuous spectrum, on the 
other hand, will be assumed small compared with mc^, so that 
relativistic corrections are not important, i.e. 


hv mc^. 


(3) 


Actually the error will not be very large for energies up to about 
O'Smc®. 


1. N on-relativistic case, great distances from absorption edge. The 
transition probability per unit time for photoelectric absorption is 
given by the general formula § 9 (42). Since the final state of the 



Chap. m, §13 PHOTOELECTRIC EFFECT 121 

electron belongs to the continuous spectrum, we can insert for the 
number of quantum states per unit volume of the electron 


p^,dF - ix.pdEan 

and may then assume that the primary radiation consists of a single 
light quantum 9iv only.f 

For the matrix elements H' we have to insert the value § 10 eq. (12) 
for the absorption of a single quantum 


H' == 


jvm J 




(5) 


where represents the component of the momentum in the direction 
of polarization of the primary quantum, is the wave function of 
the electron in the jBC-shell, and the wave function of the electron 
in the continuous spectrum with the momentum p. 

According to § 9 (3) and (8) we have 

= = « = (6) 


Introducing instead of a a quantity a = ZUcfaQ, which has the 
dimensions of an energy 


a 


ncZ 

ao 



y/{2fxl) = 


(7) 


and a new vector q representing the momentum transferred to the 
atom „ 


q = p— k, 

the integration of (5) yields 

= -J 




h 


\ 8r. 

7 ( 0.2 


+ gr2)2 


(9) 


If we divide the transition probability per unit time by the in- 
tensity of the primary beam per cm.^, i.e. for a single light quantum 
by the velocity of light c, we obtain a quantity of the dimensions 
of an area which we call the differential cross-section, (differential, 
because it refers to an ejection of the electron into an element of the 
solid angle dD). 

"f In. the case of discrete absorption by an atom a transition probability per txnit 
time exists only if the primary radiation consists of many quanta with a continuous 
intensity distribution. Cf. § 1 1 subsection 2. 
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According to (4) and. (9) tlie differential cross-section is given by 

= (ro^^Jmc^). ( 10 ) 

(10) gives the angular distribution of the ejected photoelectrons. 
Denoting by $ the angle between the direction of motion of the light 
quantum k and of the electron p, and by <f>j the angle between the 
(p^) "ply'll© and the plane formed by k and the direction of polariza- 
tion e, i.e. 6 — (pk), 

<!>=/. between (pk)-plane and (ek)-plane, 

Pe and q can be expressed as follows 

= pl^-\-]c^ — 2p1cQOBd (11a) 

Pe =Psiii^cos«^. (11b) 

The denominator of (10) can be simplified. Since our formula 

(10) is in any case only correct for non-relativistic velocities we can 
make use of equation (3). According to (1) and (7) we have 

and hencef 

a2_j_g2 _ — 2pkGOS$ — k{2ix-{-k—2pco8 6) 

-ii 2/i,A;(l— j8cos0), p = vlc = pIim, (12) 

Finally, oc according to (7) and (2) is assumed to be small compared 
with p, W^e can therefore put p^ = 2k[j,. Inserting again for ot its 
value ZpflS7j we obtain for the differential cross-section 

Most of the photoelectrons are therefore emitted in the direction of 
polarization of the primary light quantum {d = Jtt, ^ = 0). In the 
direction of the Hght quantum k itself the intensity of photoelectric 
emission is zero (Fig. 7). The denominator of (13) gives, however, a 
slight preponderance in the forward direction which becomes more 
miportant for increasing velocities of the electron. In the relativistic 
case the maximum is strongly displaced in the forward direction. 

The total cross-section for the ejection of photoelectrons in any 
direction may be obtained by integrating (13) over all solid angles. 
Here we may neglect the term ^cos0 in the denominator. Multi- 

t The relativistic correction gives only terms in (v/c)®. It is, therefore, justifiable 
to keep terms in vfc in (12) and (13). 
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plying by a factor 2 to allow for the fact that the ^-shell contains 
two electrons, the cross-section <f>j^ for the photo effect of the -ST-shell 
becomes (expressed in terms of the ratio Jcjl and of hjfi) 


^ 64 


1373 


137 ^ 


^2 



N.R. (14) 


where is the cross-section for the Thomson scattering 

(§ 5 eq. (5)), which we may use as a convenient unit. 



Fio. 7. Intensity distribution of photoelectrons with velocity u c and 
with velocity v = (dotted ciirve). e = direction of polarization of the 
primary quanttim k. If k increases, the xnaxixnum is displaced in the for- 
ward direction. 

From (14) we obtain for the JT-shell the absorption coefficient 

per cm., for radiation of frequency v by multiplying by the number 
N of atoms per cm.^ (see § 22) 

= Kr.E. (14') 

The absorption coefficient decreases rapidly, with the 7/2th power 
of the frequency. This, however, is only true as long as our assump- 
tions (2) and (3) are justified. 

In Fig. 8 we have plotted logio<jS^ (in units of ^q) -^1? CJu, 

Sn, Pb on a logarithmic scale in order to cover a large frequency range. 
Formula (14) gives in this diagram a straight line with a tangent 
— 3*5 (dotted curves for iiv C. O-Smc^). The deviations from the 
straight lines are due to the two corrections which will be considered 
in subsections 2 and 3. 

2. Neighbourhood of absorption edge. Born’s approximation is no 
longer valid if Kv is so small that the energy of the ejected electron 
is of the same order of magnitude as the ionization energy I. In this 
case the exact wave functions of the continuous spectrum must be 
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used instead of plane waves (of. § 9 subsection 1). Except for the very- 
heaviest elements the non-relativistio approximation is sufficient. 

The matrix elements (5) -with the correct wave functions of the 
continuous spectrum have been computed by Stobbe.f Since the in- 
tegration is rather tedious we quote only the result. The total cross- 



Fig-. 8. of. the cross-sectiozi for photoelectric absorption, in the JiC-shell for 

Sn, Pb on a logarithmic scale. Above are shown the iiC-absorption edges. 
(For C the absorption edge lies just outside the diagram.) The dotted curves (straight 
lines for hv < are calculated with Bom’s approximation (formulae (14) and 

The deviation from the straight lines for hv > O'Stwc® is due to relativistic 
effects. The full-drawn curves are exact. They are interpolated from formula (16) and 
the exact numerical calculations given in Table II. The circles refer to measurements 
of Allen (loc. cit.), the crosses to those of Gray (loc. cit., p. 126). 


section eq. (14), has to be multiplied by a factor 

f j\ 4 g- 4 ^ arccot f 

ki 


hv 


(16) 


thus 


^ = 128 . 13 ’^ 

ro 


9— 27r^ 


N.R. (16) 


Z^ \h} 1 

^ represents the ratio of the ionization energy to the hinetic energy 
of the ejected electron. The factor /(^) diminishes the cross-section 
in the imm ediate neighbourhood of the jfiT-absorption edge (^ — cx>) 
by a factor 27rexp( — 4) = 0*12. Even for a distance of fifty times 
the ionization energy &om the absolution edge /(^) is still only 0-66. 

The character of these deviations due to the factor (15) can be 

t M. Stobbe, Ann. d. Phys. 7 (1930), 661. 
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S 66 I 1 from 8. The correct curves sipproach rather slowly the 
straight lines calculated with Bom’s approximation. !For Cu and 
A1 some results of measurements by AUenf have been plotted. The 
agreement is actually much better than can be seen from the difl.grfl.Tn 
in which only logio<^jg: is plotted. (Bor a detailed comparison with 
the experiments see Stobbe, loc. cit.). 

For the soft X-ray region, however, one has to keep in mind that 
Fig. 8 gives only the absorption coefficient of the X-shell. The outer 
shells, of course, also make some contributions which have to be 
considered, especially if Hv is smaller than the X-absorption edge 
(see subsection 3). 


3. Rdativistic region. If, on the other hand, the energy of the 
primary quantum is of the order mc^ or larger, the relativistic wave 
functions for and must be used. Using Born’s approximation 
which can be applied for light elements the matrix elements have 
been worked out by Sauter.| We quote the result only: 


^0 


3 

21374 




y (y— 2) /, 

y+i I 


1 

2yV(y2-l) 


log 


y+V(y^--l) \' 

y-V(y^~l)/J' 


1 


(17) 

(17') 


y represents the ratio of the total energy (kinetic energy+mc^) of the 
electron to the rest energy. For y ^ 1 formula (17) goes over into our 
non-relativistic formula (14). 

For extremely high energies, A; > (17) becomes 


<^0 "" 2 1374 k 


E.R. (18) 


Vk decreases in the relativistic region more slowly than in the non- 
relativistic one, for only with ixjk (instead of {{JLjkyi^ for 

The curves in Fig. 8, therefore, begin to turn up for * ^ /x and finally 
tend to straight lines inclined to the axis with a tangent — 1. The 
slower falling off of in the relativistic region has the effect that 
even for k lOmc^ the photo effect of heavy elements contributes 
an appreciable part to the total absorption (cf. § 16 and § 22). 


t s. J. M. Alien, Phya. R&o. 27 (1926), 266; 28 (1926), 907. From the measured 
absorption cooflficient we have subtracted the part which is due to scattering (cf. § 16). 
X F . Sauter, Ann. d. Phya. 9 (1931), 217 ; ibid. 11 (1931), 464. 
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Final]^, we give in Table I the values of in units for 

the region where, at least for light elements, the factor (15) is not 
appreciable. In the units chosen depends only on the ratio hfij, 
but not on Z. 

Table I 


Theoretical values of^j^ 1^7 ^I<PqZ^ (eq. (17)). {Born’s approximation) 


kjfM 

0-1 

0-26 1 

0-6 

1 

2 

3 

^1137* 

i>oZ’^ 

1-79 X 10* 

794 

81 

10-4 

2-04 

0-97 

kill. 

5 

10 

20 

60 

100 

4>k1Z7* 

0-45 

0186 

8-36x10-2 

3-13 X 10-2 

l-64xl0-a 


For heavy elements Sauter’s formula breaks down. Hulme, Fowler, 
and othersf have made exact numerical calculations of for a few 
elements and for two values of yfc in the range where relativistic effects 
are important. They found the following values for <f>^ instead of 
those given in Table I. 

Table II 


Exact theoretical values for <f>j^lZ7^j(^QZ^ 


kin 

Pe 

8n 

Pbt 

0-69 

18 

12-2 

7-9 

2-2 

1-06 

0-80 

0-60 


Finally, IIall§ has deduced a formula which is valid for all Z and 
fx. His derivation is however open to some criticism. "f He obtains 


4>q 


3 


^ 7ra-l-2a*(l-loga) 




E.R. (19) 


2 1374 k 

At very high energies (19) differs jfrom the formula (18), obtained by 
using Bom’s approximation, by a factor 2*2 for Pb and 1*5 for Cu, 
In Fig. 8 the full curves are interpolated from the values of Table II 
and those given by equations (16) and (19). has been determined 
experimentally for lead by Gray.|| His results fit excellently the 
theoretical curve. 

To obtain the absorption coefficient per cm. one has to multiply the 


t H. R. H ul m e, J. McDougall, R. A. Ruckingham, and. R. H. Fowler, JProc. Roy. 
80c. 149 (1936), 131. 

t Tlie aulihors quoted give tlie vcQues for Z = 84. tVe have obtained the value for 
.Z — 82 by interpolation. § H. Hall, Ph^s. Rev. 45 (1934), 620. 

II L. H. Gray, Proa. Camh. Phil. 80c. 27 (1931), 103. 
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values given in Tables I and II by iV^o-2'®/137*. The values of the 
latter quantity are given in the appendix for several elements. 

The above calculations, however, represent only the absorption 
coefficient for the JT-shell. To obtain a rough estimate of the contribu- 
tion of the higher shells, we may use the experimental result that 
about 80 per cent, of the total photoelectric absorption at high 
energies mc^) is due to the ^i’-shell.f In Fig, 13, p. 160, and Fig. 21, 
p. 2 1 6, we show, therefore, the theoretical values obtained in this section 
multiplied by a factor 5/4 to give the total photoelectric absorption. 

4. Internal conversion. This is a special type of photoelectric 
absorption. If a nucleus emits y-rays, it may happen that a y-quantum 
is absorbed by a F'-electron of the same atom. If b denotes the 
number of electrons ejected per unit time and g the number of 
y-quanta which leave the atom without being absorbed, the ratio 

a = bf{g+b) (20) 

is called the internal conversion coefficient, a has been calculated in 
several papers by Hulme, Taylor, Mott, and FiskJ in a very satisfactory 
way. We shall not, however, enter into a detailed discussion of these 
rather lengthy calculations but shall only mention some of the points 
which have to be taken into account. 

In this case it is convenient to expand the field radiated by the 
nucleus, not in a series of plane waves as hitherto in this book, but 
in a series of spherical waves. The eigenwaves obtained in this way 
can be classified so as to represent the field emitted by an electric 
dipole, quadripole, etc. (compare § 7, p. 62), The field can be 
quantized in exactly the same way as in our usual expansion in a 
series of plane waves. In analogy to the radiation emitted by an 
atom we may assume that the field emitted in a particular nuclear 
transition is a pure dipole or quadripole field. 

Denoting by <j>i. Ax the potentials of such an eigenwave represent- 
ing a dipole or quadripole field with the frequency v, and including 
also the static field of the dipole (quadripole), the probability per 

t Rutherford, Chadwick, and ’Ellis,, Radiations from Badioactive Substances, p. 464. 

t H. R. Hulme, Proc. Boy. Soc. 138 (1932), 643; H. M. Taylor and N. F. Mott, 
ibid. 138 (1932), 665; 142 (1933), 216; N. F. Mott, Ann. Inst. Henri Poincard, 1933; 
C. D. Ellis and N. F. Mott, Proc. Boy. Soc. 139 (1933), 369; J. B. Fisk, ibid. 143 
(1934), 674; J. B. Fisk and H. M. Taylor, ibid. 146 (1934), 178. The last two refer- 
ences contain the most complete numerical values. J. C. Jaegar and H. R. Hulme, 
Proc. Boy. Soc. 148 (1935), 708, have calculated the internal conversion coefficient 
with production of pairs (compare § 20). 
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unit time for the ejection of a .K’-electron from the state to a state 
with the momentum p (element of solid angle dCl) is given by the 
well-known formula (§ 9 eq. (42), § 10 eq. (9)) 

6 = ( 21 ) 

For radioactive atoms and for soft y-rays the wave-length is of the 
same order of magnitude as the radius of the iC-shell. In the matrix 
element (21) the retardation will therefore play an essential role. 
According to former considerations (compare § 10 subsection 5) we 
can — ^formally — distinguish between two parts of the matrix element. 

(1) The direct interaction between the jE'-electron and the nuclear 
particles. By a suitable normalization this part is chiefly con- 
tained in 

(2) The eflfect of retardation^ which can be considered as an 
emission and reabsorption of a light quantum. 

If the first part only existed, the internal conversion, would have 
to he considered as an Auger effect rather than as a photoelectric 
absorption. The first part will be relatively larger, the larger is the 
ratio of the wave-length to the radius of the A'-shell. 

To calculate the ratio hjg, which is the only quantity which can be 
measmed directly, we must know g. If the internal conversion con- 
sisted of a photoelectric absorption of light quanta (i.e. if the second 
part of the matrix element only were effective), g would simply be 
given by the total transition probability Wq of the nucleus in the 
absence of the outer electrons, g = Wq — 6. This, however, is not the 
case. By the first part of the interaction, the total transition proba- 
bility of the nucleus is larger than in the case when no electrons are 
present. Thus we have to put 

6 = WQ+b' — 64-gr, (22) 

where b' denotes that part of b which is due to the direct interaction 
of the JT-electron and the nucleus (Auger effect). It has in fact been 
calculated by Taylor and Mott (loc. cit.), that for soft y-rays 6o is 
very small (6 6'), so that the presence of the A^-electrons hardly 

diminishes the total number of y-quanta leaving the atom (g Wq). 

To obtain a, b and 6' must be computed separately. This has been 
done in the papers quoted above. We obtain two different curves 
for the internal conversion coefficient a as a function of the frequency 
corresponding to a pure dipole and quadripole radiation respectively. 
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For long waves the quadripole field is larger than the dipole field 
within the Z-shell. Thus the quadripole radiation will give a higher 
internal conversion coefiicient than the dipole radiation. For y-rays 
of 200,000 volts energy a is about three times larger for quadripole 
radiation than for dipole radiation. 

It has been shown (loo. cit.) that the experimental points he 
fairly well on either of these two curves. There have been found, 
however, some discrepancies of 40 per cent, which may possibly be 
due to the fact that the radiation emitted by the nucleus in a 
particular transition is not a pure dipole or quadripole field but a 
mixture of both (containing perhaps magnetic dipole or higher fields). 

The values of a range between about 0*002 for Kv ^ mc^ to 0*25 for 
0*5mc2 (quadripole radiation). For dipole radiation the values 
are roughly three times smaller. 

For other details we must refer to the papers quoted above. 

B. PROCESSES OF SECOND ORDER 

In part A of this chapter we have investigated the radiation 
processes of the first order which are connected with the emission or 
absorption of a single light quantum. The processes of the second 
order are those in which two Hght quanta are involved. Their transi- 
tion probabilities will be proportional to e*. Of these the scattering 
of light is far the most important, since the simultaneous emisrion or 
absorption of two quanta is in all cases negligible. The scattering 
process consists in the absorption of a primary light quantum ko and 
the simultaneous emission of a secondary quantum k. The scatter- 
ing electron (atom) may be left in either its initial state (coherent 
scattering), or, as in the Raman effect, in some other state. 

The general character of the scattering processes depends on 
whether the energy of the primary quantum kf, is of the same order 
of magnitude as the binding energy of the electron in the atom, or 
large compared with the binding energy. In the latter case the 
electron can be considered as free. The scattering of free electrons 
will be discussed in detail in § 16. 

14. Dispersion and Raman effect 

We consider first the case where kQ is of the same order of magni- 
tude as the potential energy of the electron. This is roughly the 
region of visible light up to frequencies of soft X-rays. The same 

3596.12 


K 
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simplifi.Gditdons cdiD. tiioii b6 maido as in tli© tlioory of ©mission. W^© 
can neglect ».n relativistic corrections. !Furtliemior© w© can in 
general assume that the wave-length of the primary quantum Aq 
and of the scattered quantum A are both large compared with the 
dimensions of the atom. 

In this paragraph we denote the states of the atom by in particu- 
lar the initial state wiU be denoted by the final state by n (energies 
El, Eq, E). The conservation of energy states that the frequency 
of the scattered quantum k differs from k^ by the energy difference of 


the atom 


k — k^ = Eq — E. 


( 1 ) 


In the case of coAereu< scattering (compare subsection 2) the atom is 
left in the same state iiq — n. The frequency of the scattered quantum 
k is then the same as that of the primary quantum k^. The case 
E represents the Raman effect. 

On the other hand the momentum will not in general be conserved 
in the interaction of light with a bound electron. 


1. The, dispersion formula. According to § 10 the non-relativistio 
interaction between an electron and the radiation is given by 

■£f' = --(pA)+|^^“ = £ri+£r^. (2) 

In contrast to the theory of emission, here we must not neglect the 
second term, which is A^. As has been shown in § 10 this is just 
a second-order term having matrix elements for direct transitions in 
which the total number of light quanta changes by two. 

The matrix elements of given in § 10 eq. (13). In our case, 

i.e. for the transition Eq, kQ E, k, we have 


where e^), e represent unit vectors in the direction of polarization of the 
two quanta kg, k. Xq and x are vectors of the length 1 /A. (»e = k/^c. ) 

If the wave-lengths of kg and k are large compared with the dimen- 
sions of the atom, the exponential function can be regarded as constant 
in the integral (3). The matrix element is then obviously only different 
from zero if Tig = ti, i.e. in the case of coherent scattering 





e^(K-Ko.X)S (eg 


e), 


where X represents a vector indicating the position of the atom. 


( 4 ) 
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The jBrst term of equation (2) is a first-order term. It can only 
cause transitions involving two light quanta through the agency of 
intermediate states which differ from the initial and final states by 
having only one light quantum emitted or absorbed- In our case 
there are obviously two kinds of such intermediate states differing 
in the order in which the two processes, emission of k and absorption 
of ko, take place. 

I. ko is absorbed first, therefore no light quantum is present. In 
the transition to the final state k is emitted. 

II. k is emitted first. Therefore both light quanta ko and k are 
present. In the transition to the final state ko is absorbed. 

In both possible intermediate states the atom may be excited in 
any quantum state since for the transitions to or ficom an inter- 
mediate state energy need not be conserved. 

Denoting the initial state by A, the final state by and the two 
possible intermediate states by I and II, the matrix elements of the 
first term of If J for the transitions from .4 to I and II and then to F 
are given (according to § 10 eq. (12), dropping the dash and the 
index 1) by: 



1 

V*o. 


JSjjr = 

— iV(27T*2c®), 

*1 i 

m 

m 

Vfc J 



« 

o 

# 

1* 


where and p denote simply the components of p in the direction 
of polarization of the two light quanta ko and k, respectively. 

The energy differences of the initial state and the intermediate 
states are 

— Fi= Fq-\-1cq — E^ — Eii= Eq — E^ — k. ( 6 ) 

The matrix elements of for the transition A F are given by 
the general formula § 9 eq. (43 b). The summation has to be carried 
out over all intermediate states. 

Assuming again that the wave-lengths of ko and k are large 
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compared with the dimensions of the atom, we obtain in our case 






V(^o 


gi(K-Ko,X) 




ni’Pt'n 


n 




"f" 




ngniVomn \ .j. 
Q—Ei—ky^ 


where jPon.an denotes the matrix element of transition % 

The total matrix element of H' is the sum of the matrix elements 
arising from the two terms and Collecting our formulae (4) 
and (7) we obtain 


H' = ^ e^(K-Kft.xr^ Pon^mPnin 

L/^ B^-\-hQ 

% 

^ / 


oWi^^On<n 

Bo-E^ 


w<n \ 

-k) 


*4” 8 


71,71 


COS 


0]. 

( 8 ) 


where © represents the angle between the directions of polarization 
ofkoandk. 

The transition probability per unit time is given according to 
§ 9 (42) by 

w = ^\II'\^p^, (9) 


wheje pj^ represents the number of final states per unit volume and 
per energy interval dE. 

In our case is the number of radiation oscillators per unit volume 
in which the scattered quantum k can be placed, or 


_ k^da 


( 10 ) 


Dividing (9) by the intensity of the primary beam, i.e. for one light 
quantum by the velocity of light, we obtain the differential cross- 
section for the scattering of a light quantum k into an element of 
solid angle d€l and with a given polarization 




mPnjn 

Ei-^k^ E, 


n^mPomn ] 
0 Eli kj 




]• 


This formiila is of course not valid in the case of resonance, i.e. if 
*0 Ei—Eo (see § 15). 

In the case of coherent scattering we obtain the well-known dis- 
persion formula 

d^ = r?<ra[i|;(|^5^^+g^^.)+oos0p. (12) 


f The suiximation 2) has also to be oarried out over the states of the continuous 

i 

spectrum of the atom. The contribution of the latter, however, is not very large 
for the optical region. 
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Equation (12) was first obtained by Kramers and Heisenbergf by an 
application of the correspondence principle to the classical theory. 
In fact, the first term of (12) corresponds exactly to the classical 
formula §5 (11), if we neglect the damping y and attribute to each 
quantum transition of the atom a classical oscillator with the fre- 
quency and an ‘oscillator strength’ which is proportional 

The existence of the second term cos0 in the disper- 
sion formula was first shown by Waller. || It is identical with the 
formula describing the scattering of a free electron {§ 5 (4)).tt If 
(but Aq is still large compared with the dimensions 
of the atom), the first term of (12) is small and the dispersion 
formula goes over into the classical formula for the scattering of a 
free electron. 

For tiq ^ n obtain from (11) the well-known formula for the 
Raman scattering as was predicted by Smekal and Heisenberg. 
The existence of a scattered radiation with a frequency shifted by an 
amount corresponding to the energy difference between two quantum 
states was experimentally discovered by Landsberg and Mandel- 
stammJJ (in solids) and Raman and Krishnanl||| (in liquid solutions). 

2. Coherence. In the classical theory the radiation scattered by an 
atom is coherent with the primary radiation. This has its origin in 
the fact that, except in the resonance case, the phase of the scattered 
wave is the same as the phase of the primary beam (the phase 
difference 8 is given by § 5 eq. (9). 8 is zero except in the case of 
resonance). 

The same is true also in the quantum theory, though of course 
only if the scattered frequency is the same as the primary one, i.e. 
if the atom returns to its initial state. The application of the idea 
of coherence requires, however, some care. As we have seen in § 7 

t H. A. Kramers and W. Heisenberg, Zs.f. Phys. 31 (1926), 681. 

t If the matrix elements are real we can write the first term also in the form 

which corresponds exactly to § 5 eq. (11). 

II I. Waller, Zs.f. Phys. 51 (1928), 213. Compare also Dirac, Quantum Mechanics, 
2nd ed. Oxford 1936, p. 247. 

tt In § 5 0 denotes the angle between k and the direction of polarization of k(,. In 
§ 5 eq. (4) the summation is taken over the directions of polarization of k. 

tt G. Landsberg and L. Mandelstamm, Naturw. 16 (1928), 667 and 772. 

III! C. V. Raman and K. S. Krishnan, Nature, 121 (1928), 501. Theory: for molecules 
G. Placzek, Handh. d. Radiologic VI. 2, Leipzig 1934 ; for solids I. Tamm, Zs. f. Phys, 
60 (1930), 346. For other details see Kohlrausch: The Raman Effect (Berlin 1931). 
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the phase of a quantized light wave <ji is only determined if the number 
of hglit quanta is undetermined corresponding to the uncertainty 

ANA4.^1. (13) 


In the case of scattering of a single light quantum, as considered in 
subsection 1, the phases of the two waves are entirely undetermined- 
If, on the other hand, we determine the phases, we know nothing 
about the number of light quanta in the two waves, and we can thus 
hardly speak of a scattering at all. 

We can, however, check the phase relations if we consider a 
primary wave with a large enough number of quanta to allow the 
determination of both the phases and the number of quanta with 
a comparatively high accuracy. (This is, of course, the ordinary 
transition to the classical theory.) 

But for the scattering of a single quantum also, we can give the 
idea of coherence a simple physical meaning, if we consider the 
scattering by two atoms A, 15, situated, say, at a distance R apart. 
In the classical theory the scattered waves of the two atoms inter- 
fere with each other, giving a maximum or minimum intensity 
according to the difference of light path of the two scattered waves. 
For this classical result, only the phase difference of the two waves 
scattered by the two atoms is essential. In the quantum theory the 
latter can have a defimte value, even if the total number of light 
quanta is determined. In this case, however, we do not know from 
which atom the light quantum is scattered. 

The s&.me (classical) intensity distribution follows also from the 
quantum theory. We consider two similar atoms at the positions 
Xj 5 and with quantum states m^. The distance between 
A and £ may be denoted by 



(14) 


(see Fig. 9). The transition probability for the scattering of a 
primary quantum ko giving a secondary quantum k can be calculated, 
in the same way as the scattering by a single atom. The radiation 
interacts with either of the two atoms, the interaction function is 


therefore given by 




(15) 


Furthermore, we obtain another set of intermediate states, corre- 
sponding to an absorption of ko or emission of k by the second atom 
B connected with a transition of the atom B from to 
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The matrix elements of H* (16) can then be -written down imme- 
diately. Instead of ( 8 ) we obtain two similar terms 


■pj , 


J_g<(K-ic„X,)ri "V ( Pom,niPmim, f WoosQ 

U4'U-B<+feo^"7 


+ 



(16) 


The two brackets [ ] are equal because the two atoms were 
assumed to be similar. (16) is therefore identical with the matrix 
element ( 8 ), the only difference being that the factor exp i(x— X q, X) is 
replaced by the factor 


gt'(K-K«,X4)_|_gi(K-Ka,Xj) _ gf(K-Ko,Xj)(l_|_gi(lC-K„R)J_ 


(17) 


For the transition probability (12) we obtain, therefore, a factor 


= 2[l-hcos(K-Xo,R)]. (18) 


This is exactly the result which is to be 
expected from the classical theory. The 
scalar product (x— X 0 ,R) represents the 
difference of light path for the two scat- 
tered waves in units 1 /A, i.e. the classical 
difference of the phases (Fig. 9). The 
probability for the light quantum to be 
scattered in the direction x is four times the 
probability of scattering by a single atom 
if (x— Xo,R) is an integral multiple of 277-. 
(18) vanishes if (x— X q, R) is an odd integral 
multiple of tt. Thus, the two -waves 
scattered by the atoms A and B can be 
the same sense as in the classical theory, f 



Fio 9. Phase differences in 
the scattering of two atoms 
A,B. 


considered as coherent in 


3. Scattering of X-rays. Finally, we shall discuss qualitatively the 
behaviour of the scattering if the energy of the primary quantum 
increases so that the wave-length becomes comparable with or smaller 
than the dimensions of the atom. In this case the exponential func- 
tion exp t(xor) representing the light wave cannot be considered as 
constant in the integrals of the matrix elements ( 3 ) and ( 5 ). 

The numerical value of the matrix elements decreases when these 
exponential functions vary appreciably inside the atom. According 

"I" Compare also G- Wentzol, Handh* d. Physik^ 2nd ed*, xxiv (1), 
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to (12) the scattered intensity decreases in the same way. This is true 
for the coherent scattering as well as for the Raman scattering (at 
least if the atom is left in a discrete quantum state). Finally, if the 
wave-length Aq is small compared, with the dimensions of the atom, 
the matrix elements and therefore the intensity of the scattered 
wave vanish. This will roughly he the case if 

A, >>?£~2xl37l, (19) 

a Zi 

where I represents the ionization energy and a the radius of the atom. 
For light elements (19) is satisfied in the region of hard X-rays. 

On the other hand, as increases to values larger than /, another 
process becomes progressively more important. For ibo ^ Z the 
eleoiron can he left after the scattering in a state of the continuous 
apecfo'wm with, say, a momentum p and an energy E. This is a certain 
hdnd of Raman effect. The frequency of the scattered radiation is 
then displaced relative to k^, according to the formula 

k = k^-{E-E^). ( 20 ) 

Since the electron has a continuous energy spectrum, we obtain 
besides the ordinary undisplaced line (coherent scattering) anoth^er — 
displaced — line with a very broad intensity distribution. The total 
intensity will, however, at this stage be very small. 

If now k^ increases further, becoming large compared with I , the 
displaced line becomes increasingly sharper and more intense. This 
can be seen in the following way: We choose for the final state of 
the electron a state for which the momentum is determined by 

p - ko-k. (21) 

Since then — exp(ip/^) in the integral (3), the factor exp ^(k — Xq, r) 
is just compensated and (3) becomes large, however small the primary 
wave-length may be. For a given angle of scattering, k is determined 
entirely by (20) and (21). Thus we obtain an intense and sJharp 
displaced line. 

For very short wave-lengths, the process considered here becomes 
identical with the scattering of a free dectron (Compton effect) which 
will be considered in detail in § 16. (21) expresses simply the law of 
conservation of momentum (which is always satisfied in the inter- 
action with free electrons), since for k^"^ I the momentum of the 
electron in the bound state is relatively very small. The breadth of 
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the displaced (Compton) line is determined by the fluctuation 'of the 
momentum in the bound state. 

The continuous transition from the coherent scattering of a bound 
electron to the Compton scattering of a free electron is shown 
qualitatively in Fig. 10. The decrease in the intensity of the un- 
displaced (coherent) line is proportional to the increase in the sharp- 
ness and intensity of the displaced line.f 

The case (c) or (d) of Fig. 10 is realized approximately when X-rays 
of 60,000 volts energy are scattered . in light elements (carbon, 
beryllium). According to measurements of Du Mond| the displaced 


a be d e 



Fig. 10. Qualitative scheme of the coherent scattering and Compton scattering for 
increasing primary frequency (I — ionization energy of the atom) for a given angle. 
Case (a), coherent scattering only; case (e), Compton scattering of a free electron. 

(Compton) line has a broad intensity distribution with a breadth of 
the order of magnitude of the displacement itself. The breadth has 
been shown to agree with that which one would expect from the 
momentum distribution of the electrons in the atom. 

15. Resonance fluorescence 

The theory of dispersion of § 14 breaks down if the frequency of 
the primary radiation Jcq approaches a resonance frequency of the 
atom JEJ^—Eq. In this case one of the denominators in the dispersion 
formula §14(12) vanishes and the intensity of the scattered radiation 
becomes infinite. 

The reason for this break-down can be seen from the classical theory 
of dispersion by a harmonic oscillator, § 5 subsection 2. There the 

t Report about the experimental x-esults on the scattering of X-rays in Handb. 
d. JPhyaik, xxiii. 2, article W. Botho and B'’. Kirchner. 

Calculations on the intensity of the coherent scattering: H. Hdnl, Zs. /. JPhya. 
84 (1933), 1 ; Ann. d. Phye. 18 (1933), 626. 

Incoherent scattering: W. Heisenberg, Phys. Zs. 32 (1931), 737; G. Wentzel, Za.f. 
Phya. 43 (1927), 1, 779; F. Bloch, Phya. Rev. 46 (1934), 674. 

t J. Du Mond, Rev. of Modern Phyaioa, 5 (1933), 1 ; P. A. Ross and P. Kirkpatrick, 
Phya. Rev. 46 (1934), 668. 
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infinity in the neighbonrhood of the resonance frequency vq was 
avoided by taking into account the damping force due to the reaction 
of the emitted light on the atom. The procedure in the quantum 
theory is the same. Since this damping force is very small the 
intensity of the scattered radiation will in any case be very large 
compared with the ordinary scattering. This phenomenon, which is 
called resonance fluorescence, is treated in a way characteristic of 
the quantum meohamcs and we shall therefore consider it here in 
some detail.’ 

The radiative damping can be introduced in the dispersion formula 
in almost the same way as in the theory of line breadth, § 12. "We 
consider again the general equations for the probability amplitudes, 
§ 9 subsection 3, and must solve them by taking into account the 
finite lifetimes of aU states involved. 


1. General solution of the equations. Since the resonance fluores- 
cence will depend decidedly upon the intensity distribution of the 
primary radiation in the region of the natural line breadth, we shall 
for the present assume a general form for the primary intensity dis- 
tribution Jo(v)dv (energy per cm.^ and sec.) which will be specified 
later. 

As we see from the dispersion formula, § 14 (12), in the case of 
resonance the only important intermediate state is that which has 
a vanishing denominator, and the scattering due to the quadratic 
term (second term in the dispersion formula) can be neglected. 
Denoting the ground state of the atom by tiq (energy Eq) and the 
excited state in question by n (energy E) (we assume that neither 
state is degenerate), we can confine ourselves to those intermediate 
states where the atom is excited and one light quantum kx is absorbed. 
hx will nearly coincide with the resonance frequency of the atom, 
which we shall denote by 


Vxr-^{E-E,)lh = V^. ( 1 ) 

In the final state the atom will be again in the state Eq and another 
light quantum will be emitted. For the present we do not know 
whether the frequency is exactly identical with the absorbed fre- 
quency vxi but, of course, v„ can differ from vx only by an amount of 
the order of magnitude of the natural line breadth. 

Denoting the probability amplitudes of the initial, intermediate, and 


final states by 


^o(*)» ^>a<»(0» 


( 2 ) 
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respectively, the differential equations for the 6’s, according to 
§ 9 (32), are given by 

-ifibS) == 1 iro.A6A(i)e^-'o-v,)< (3 a) 

A 

(3o) 

The notation of the matrix elements of H* corresponds to the 
notation of the probability amphtudes (2); the dashes in have 
been dropped. As initial conditions for the 6’s we assume 

«>o(0) = 1, ^»a( 0) = 6A<r(0) = 0, (4) 

i.e. initially the atom is in the ground state and no light quantum is 
absorbed. 

Following a procedure of Weisskopff we try to solve the differen- 
tial equations (3), putting 

Kit) = e-r^/2 (5 a) 

hit) = (5 b) 

Equations (5) satisfy the initial conditions (4). Clearly, T represents 
the lifetime of the initial state. The significance of y will become 
clear later, y could also depend upon A, but we shall see that this is 
not the case, ^ constant. 

Inserting (6 b) into (3 c) we obtain 


The solution of this equation, which satisfies the initial condition 
(4), is given by 

Kit) - i^A^, a^a[ kQ-h+ihyj2 J ■ 

In order to determine the constants y and h insert (7) and (6) 
into (3 b). Taking into account the fact that fi^A.Aa = A multi- 
plying by expi(i/Q— i/A)i, we obtain 


■c-N r e-r</2 ei(ya-V})t 


g-y</2gi(V«-V;^y_ 

K—k„-{-ih/yl2 


•f V. Weisskopf, Ann. d. Phys. 9 (1931), 23. We consider here the scattering of 
light by an atom in the ground state. The scattering by an excited atona has also been 
investigated by Weisskopf, Za.f. Phys. 85 (1933), 461. 
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The summation 2 on the right-hand side has to be carried out over 

or 

all quanta which can possibly be emitted. It may be replaced by 
an integral by a method often used in previous chapters (see for 
instance § 12 eqq. (8)-(ll). Since the y’s will be small the integral 
has a sharp maximum at feo or kx, respectively- Aa represents 
the matrix element for the emission of (it does not actually depend 
on the light quantum k^ which has been absorbed before). Hx^Xcr 
can therefore be considered as a constant during the integration. 
Since k^^i^kx'^ k^ we can insert in |HA,AaP tbe value at the reson- 
ance frequency Ajq. Denoting again by pk^dCl the number of radiation 
oscillators per unit volume of frequency Vq, etc., and by the 

integral of J IITa^Ao-I^ over all directions of propagation and 
polarization of the emitted quantum, we obtain for the integral in (8) 

J - m,.. ( 9 ) 

or, inserting (9) into (8), 

= e-y«2e«-'.-VAX]. (lO) 

Since (10) is valid for all times we can equate the coefficients of 
equal time factors and obtain 


27T 




nn. 


^A = 


H 


Xo 


( 11 ) 

( 12 ) 


*A-*o+^^(r-y)/2* 

According to § 11 eq. (6) y represents the total transition, jproba- 
hility for the sj^ontaneous emission of a light quantum k by the atomic 
transition n^n^ar the natural breadth of the emission line, y there- 
fore does not depend upon the light quantum absorbed previously. 
In the expression (12) for j8a we have made use of (1 1). 

The probability that, after a time t, kx has been absorbed and 
emitted is given by 16 a<t(^) P- The intensity distribution of the emitted 
and absorbed line will finally be given by the value of for the 

tune t = 00 when the absorption and re-emission process is certainly 
finished. According to (7) and (12) we havef 


l^Aa(co)12 = 




(13) 


[(*A-fca)"+fe2r2/4][(A:o-A;^)H:j^V/4] ‘ 

possibility tbat after sorne time the atom can absorb a 
x- nice, m general, the probability of absorption is very small 
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Before discussing our result (13) we have to satisfy the differential 
equation (3 a). Inserting (5 a), (5 b), and (12) into (3 a) we obtain 


■kx—K+in(T—Y)l2' 

A 


(14) 


The summation on the right-hand side has to be carried out over all 
quanta which can possibly be absorbed. This summation will depend, 
of course, on the primary intensity distribution shall 

confine ourselves to two important oases: (a) The primary intensity 
is constant in the region of the natural line breadth, i.e. we irradiate 
the atom with a continuous spectrum. (6) The primary radiation 
consists of a monochromatic line, which is sharp compared with the 
breadth y of the natural line of the atom. 


2. Case (a). Oontimtous absorption. If is constant in the 

region of the natural breadth, the summation (1^) ^^an again be 


replaced by an integral. JETq.a represents the matrix element for the 
absorption of a quantum k^. According to § 10 it is proportional to 
the number of quanta nx in the radiation oscillator A. 

We denote the average value of over aU oscillators from 

which a quantum k can be absorbed and over all orientations of the 
atom by dQ \II{k) 

Applying again the formula for integrals of the type (9) we obtain 
from (14) c} 

V = (16) 


n^^ can be expressed by the primary intensity (§11 eq. (16)) 

p^dCln, 


(16) 


Hence we have F = ^2^1H(A;o)|%(vo) == (17) 

The expression (15) or (17) for F is identical with the formula 
(17) § 11 for the total probability of absorption per unit time. Since 
F was defined as the reciprocal of the lifetime of the initial state we 


and much smaller than that of emission, we can choose a time at which the atom 
has absorbed and emitted with certainty and where the probability for a second 
absorption is still negligible. 

f Note that the integral of |£f(7c)|® over all directions of propagation and polariza- 
tion was denoted by J dCl\H{k)\* — Apart from the factor |J7(&)|* is 

identical for emission and absorption. 
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see that the total probabiliry for the resonance fluorescence is equal 
to the total probability of absorption. In general, i.e. if the primary 
intensity is not extremely high, F will be very small compared with 
the transition probability y for the spontaneous emission. F repre- 
sents the natural breadth of the ground state of the atom due to the 
probability of absorption. If, however, the primary intensity is small 
the ground state is practically sharp. 

We shall discuss now the formula (13) for the probability of the 
emission of a quantum and the absorption of a quantum /c^- 

Since F is very small the first factor in the denominator shows that 
Tcx may differ hardly at all from the difference being at most of 
the order KV which is the breadth of the ground state. The energy 
is therefore conserved in so far as this is allowed by the uncertainty 
relation. 


If we integrate equation (13) over all quanta which can be 
emitted, we obtain the shape of the absorption line, and if we integrate 
over all k^, the shape of the emission line. 

The probability for the emission of a quantum becomes according 


to (16) 



l^AaCoo)!® = w{h^) = 


im)l" 


(18) 


This is the same formula as that deduced in § 12 for the shcLpe of 
a line emitted sporUaneously. Thus, if we irradiate an atom with a 
continuous radiation, we obtain the same emission line as if we excite 
the atom in any other way, say by collisions. 

Formula (18) appears as a simple generalization of the dispersion 
formula § 14 (12) for the neighbourhood of a resonance frequency 
and, on the other hand, corresponds to the classical dispersion 
formula § 5 (12) for an oscillator, in the sense of the correspondence 
principle. 

The probability that after a time < = oo a quantum has been 
absorbed is given by the summation of (13) over aU k„. Since F < y 
we can consider the second factor in the denominator as nearly con- 
stant in the region in which the first factor has its maximum. We 
obtain, according to (16), 




l*A(r(00)l® = ^(^a) = 


(^o-*A)"+i^V/4* 


(19) 


The total probability of absorption and emission for l^Aa(^ ) l^» 

is of course equal to one. 
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(19) is again identical with the formula deduced in § 12 for the 
shelve of the absorption line (and also identical with the shape (18) of 
the emission line). 

We can therefore conclude the following: In the case where we 
irradiate with a continuous spectrum, the resonance fluorescence 
behaves with regard to the shape of the line, which is finally absorbed 
and emitted exactly as if two independent processes, an absorption and 
a subsequent emission, took place. For a single process, we have, 
however, to keep in mind that energy is always conserved and that 
therefore the atom ‘remembers’ before the emission which quantum 
it has absorbed. This is expressed by the fact that the formula (13) 
for 16Aa(oo)p is not identical with the product of the probabilities of 



Fio. 11. Resonance fluorescence through excitation with a line 
which is ^harp compared with the natural breadth y. The re-emitted line 
has the same shape Iq{v). 

emission and absorption since the first factor of the denominator con- 
nects the frequencies of the two quanta and and not k^ with 
The dependence of the emitted on the absorbed quantum becomes 
more significant in the case of monochromatic absorption. 

3. Case (b). Excitation by sharp line. We assume now that the 
primary line is sharp compared with the natural emission line. Then 
Iq{v) is different from zero only, say, at a frequency (see Fig, 11). 
We denote the total primary intensity J /o(v) dvhy Iq. 

Equations (3 a) or (14) cannot be satisfied exactly in this case. 
The solution (5) and (7) is only approximate, being valid for F y. 
If we neglect exp(--y</2) in the numerator and F in the denominator 
of (14), the summation ^ reduces to a single term for Since, 

according to (16), in our case 

J I-H'(*a) ■ 

t If emission and absorption were independent, the first factor of the denominator 
would contain instead of 
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we obtain jfrom (14) 


OF SECOND ORDER 


r - 2 l-gfe)l^j. 

ihk^e (A?! — kQ — ifi/yl2y 
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( 20 ) 


Since F is now complex, the lifetime of the initial state is given by 
the real part of (20) 


R(r) = 

*iC (A;i-^o)2+i^V/4’ 


( 21 ) 


^Equation (21) gives the total probability for the resonarice fluorescence 
per nnit time. It decreases with the distance of the primary frequency 
from the resonance frequency kQ according to a dispersion formula 
with the half- value breadth y (= breadth of emission line). 

The intensity of the re-emitted line is again given by integrating 
(13) over all quanta which can possibly be absorbed. Since F y 
the first factor in the denominator shows again that k^^ is practically 
equal to or since only quanta of the frequency can be absorbed, 
. ~ ^ 1 * Hence it follows that the emitted line must have the same 

breadth as the primary line and must therefore be much sharper than 
the natural Iwa* We obtain the exact shape from (13) by integrating 
over all Since F vanishes for small primary intensities we can 
assume that is constant in a region of the breadth F (although, 

of course, is sharper than y). The integration yields then, according 
to (16), 


HK) = 2 I&Aa(oo)|2 = 
A 


2^ (|H(fc„)|^)V„(fe,) 


( 22 ) 


The intensity distribution iv{kg.) is determined by two factors: 
Firstly, w{kf) is proportional to lo(^a)* This shows that the errdtted 
line has exactly the same shape as the primary line and is therefore 
much sharper than the natural line (see Fig. 11). Secondly, the 
denominator of (22) is practically constant in the region where Jq is 
different from zero. This factor determines the total intensity. The 
total intensity decreases with increasing distance from the maximum 
Ajq in the same proportion as the intensity of the natural line. 


4. Coherence and similar questions. In the case (6) of a mono- 
chromatic excitation of the atom the emitted line has a quite different 
shape from that which the atom emits spontaneously. Emission and 
absorption cannot therefore be regarded as two subsequent inde- 
pendent processes, because the atom would not* then ^remember’ 
which light quantum it has absorbed before and would emit the 
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natural line. In this case, the resonance fluorescence has to be con- 
sidered as a single-q’Wint'u/rn process like the ordinary dispersion. 

This is also confirmed by the following fact: By a method similar 
to that apphed in § 14 subsection 2 it can easily be shown that the 
re-emitted radiation is coherent %uith the primary radiation. This again 
would not be the case if absorption and emission were independent. 

On the other hand, it may be asked, in which state — ground state 
or excited state — the atom is during, the process of resonance fluores- 
cence. This question can only be decided by a measurement of the 
energy of the atom. We shall see that by such a measurement all 
phase relations are destroyed entirely. 

The energy of the atom can, for instance, be measured by inelastic 
collisions with electrons. To decide unambiguously whether the atom 
is excited or not the measurement must be carried out in a time which 
is shorter than the lifetime 1/y of the excited state (otherwise, the 
atom would jump dowTti spontaneously during the measurement). 
Therefore we must have at least one collision in the time 1/y. At 
the instant of time at which the collision takes place the coherence 
of the wave is certainly interrupted. (Shifting of phases by an un- 
certain amount.) But if we interrupt a light wave 1/y times per 
second the line is no longer monochromatic but has a breadth hy.% 
This is just the breadth of the natural line. As a result of the measure- 
ment of the energy we see, therefore, that the emitted line becomes 
broader and has at least the breadth of the natural line. The process 
of resonance fluorescence behaves now just as if the atom emitted the 
light quantum spontaneously after having been excited by absorp- 
tion of a primary quantum. 

Thus we have found the following: 

Resonance fluorescence represents a single coherent quantum process 
if the atom is undisturbed. For excitation by a sharp line the emitted 
line has then the same shape as the primary one. The energy of the 
atom is undetermined. A.s soon as the quantum state of the atom is de- 
termined the process behaves as an independent absorption and emission 
of a light quantum. The emitted line has then the natural shape.\\ 

t The phase of the scattered, radiation is, however, shifted against the phase of the 
primary radiation, as is the case in the classical theory (§ 5). 

J Cf. Lorentz’s classical theory of broadening of spectral lines by collisions (§ 4 
subsection 5). 

II Even if the atom is excited by a sharp monochromatic beam of electrons with an 
energy E differing from by an amount of the order of y, the excitation of the atom 
and the emission of a light quantum are ‘coherent’ and have to be considered as a 

3505.12 


I. 
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16. Scattering by free electrons 

The dispersion formula ( 11 ) deduced in § 14 is valid if the primary 
frequency is of the order of magnitude of atomic frequencies. If, on 
the other hand, the energy of the primary quantum is large compared 
with the ionization energy, the electron in the atom can be considered 
as free. Scattering by free electrons is of fundamental importance in 
all phenomena connected with the absorption of y-rays, cosmic radia- 
tion, etc., and we shall therefore investigate it here in some detail. 
Since we are interested especially in the high-energy region we must, 
of course, carry through all calculations relativistically. 

1 . The Compton formula. The process discussed here is the follow- 
ing: A primary light quantum k(, collides with a free electron which 
we can assume to be initiaUy at rest: 

Po = 0, Eg = fi {ft = mc^). (1) 

The general case Po ^ 0 can be obtained from the special case ( 1 ) by 
a Lorentz transformation. In the final state the light quantum has 
been scattered, so that we have instead of kj, a quantum k. Since 
according to § 10 subsection 3 the momentum is conserved in the 
interaction of light with free electrons, the electron gets a kick and 
has therefore in the final state a momentum p (energy JE) 

p = ko— k. (2) 

The conservation of energy states that 

JEj~^1c (3) 

According to ( 2 ) and (3) the frequency of the scattered quantum 

cannot be the same as that of the primary quantum. Using the 
relativistic relation between momentum and energy _ pjz — ^2 3,^(1 
denoting the angle between kQ and k by we obtain from (2) and (3) 

I. ^0/^ 

— cos^)’ 

which is the well-known formula for the frequency shift of the 
scattered radiation. It shows that in the non-relativistic case, ju., 

the scattered and primary frequencies are the same. In the rela- 
tivistic case the frequency shift increases with the angle of scattering $. 
In the ‘extreme relativistic’ case, i.e. if the primary quantum kQ is 
large compared with the rest energy of the electron {kQ ^ yu), we can 


single-q-ueuntiam process. Ab can be seen immediately from the conservation of 
energy, the shape of the line emitted is not then identical with the natural one. Cf. 
W. Heitler, Za.f. Phys. 82 (1933), 146. 
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distmguisli between two regions of 6. For very small angles k is again 
nearly equal to ifco" 

k^k^ if jfco(l~cos0) E.R. (6) 

For large angles, i.e. for (1— co8 0)fco ^ we have 


k = 


1— COS0’ 


E.R. (6) 


In this case the scattered quantum is always only of the order [x, 
whatever the primary frequency. The wave-length is of the order 



(7) 


Afl is the universal Compton wave-length. The region (5), in which 
k is appreciably larger than /x, becomes smaller as the primary fre- 
quency k^ increases. 


2. Intermediate states, transition probability. To compute the 
transition probability from the initial state A (ko, Po = 0) to the final 
state F (k,p), we must remember that our process is a two-quanta 
process which can happen only by passing through an intermediate 
state which can differ by one quantum only from the initial and the 
final states. Since for these intermediate states the momentum is 
conserved (but not the energy), the following two intermediate 
states are the only ones possible: 

I. ko is first absorbed. No light quantum is prpsent. The electron 

has a momentum p' = k (8 a) 

k is emitted in the transition to the final state. 

II. k is first emitted. Both quanta ko and k are present. The 
electron has a momentum 

p''=-k. (8 b) 

ko is absorbed in the transition to the final state. 

The state of an electron moving with relativistic velocity is not 
determined completely by its momentum p. In § 9 we have seen that 
for a free electron with a given momentum p altogether four states 
exist, corresponding to the fact that the electron may have either of 
two spin directions and also positive or negative energy 

E = ±-j{p^+y?). (9) 

The physical significance of the negative energy states will be 
discussed in Chapter IV, but there is no doubt that here, in our 
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problem, they must be taken into aocoimt as intermediate states* 
Each of the two intermediate states I and II is therefore actually 
f^rfoldj because by (8 a) and (8 b) only the momentum of the electron 
is determined. On the other hand, in the initial and final states the 
electron has of course a positive energy, and we shall assume for the 
present also a given spin direction. 

The matrix element which determines the transition probability 
is then given by 

where denotes the summation over all four intermediate states, 
i.e. over both spin directions and both signs of the energy. Ej... 
represent the total energies in the initial and the intermediate states. 
The energy differences occurring m the denominator of (10) are 
according to (2), (3), (8), (9), given by 

E^-~Et_ = li+K-E' 

Ej^—E-a^ = (^'"+* 0 +^) = iJi~E''—k, 

where E represents the energy of the electron in the state I, 

E = 

If we denote the Birac amplitudes of the electron with the momenta 
Po> Pj P j P ^ by V)Q, UjU *{■ and the components of the matrix vector 
a m the direction of the polarization of the two light quanta and 

k simply by ocq and a, respectively, the matrix elements for the transi- 
tions A I, etc., are giveu by § 10 eq. (16): 

f27r^W 


H 


A1 


= -V{- 




H 


ATI 




( 12 ) 


The transition probability per unit time for onr scattering process 
'Ih, accordiug to § 9 eq. (42), given by 


Stt 


(13) 


denotes the number of final states per energy interval 
7. evaluation of requires some care. By the conserva- 

tion of momentum the .final state is determined completely by the 

si^ indices denoting the spin direction and 
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frequency of the scattered quantum k and the angle of scattering. 
Therefore we have 

PffdJSp = pj^dk, (14) 

where pj^ denotes the number of states for the scattered quantum per 
energy interval dk. It would be incorrect, however, to equate the 
energy intervals dk and dEjp<. Since the final energy is given as a 
function of k and d by 

Ejp, — = k-]r{kl-{-k^~2kQkoos6-\-fji,^'i, (16) 

I 8k \ Ek 


we obtain 


and hence 


Pf 




pIcq 

dak^ Ek 


(17) 


f0 ( 277 ^ c )® pk^ 

do, represents the element of solid angle for the scattered quantum. 
Collecting our formulae (10), (11), (12), (13), (17) and dividing by 
the velocity of light, we obtain a quantity of the dimension cm.^, the 
differential cross-section for the scattering process ^ 


j, . Ek^ 


2 I {'^o0^u ''){u''*oiQU)y^ 


(18) 


/x+Ajo-I/' p-k-E" /J * 

(18) is valid for a given polarization of both light quanta and a given 
spin direction of the electron in the initial and final states. The 
summation ^ is over all spin directions and both signs of the energy 
for the intermediate states. 

3. Deduction of the Klein-Nishina formula. Our next task is the 
evaluation of the matrix elements occurring in (18). The summation 
^ can easily be carried out if we make use of the general formula 
§ 9 (26). This formula cannot, however, be applied directly to (18) 
since the denominators of (18) depend upon the sign of the energy E' . 
We therefore multiply the numerator and denominator of the first 
term of (18) by p-\-k(^-\-E' . The denominator does not then depend 
on the sign of E'. For the numerator, we make use of the wave 
equation ^ 

where H' represents an operator involving linearly the matrices 
a and p' is of course constant for the summation 2. Thus we 
obtain according to (19) I 

2 = (P'+K) 2 («^0 “o^')(^'*«'w)+ 

+ 2 (20) 

t Compare for this method, H. Casimir, Helv, Phya. Acta, 6 (1933), 287. 
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Applying now our general formula § 9 (25) 

^^\ntOu'){:u/*Qu) = {utOQu), 

and taking into account the fact that E'^ — we 

obtain, according to (20), for the first term of (18) 

-^p' {u*oc^u'){u^*ocu) (A4+A;o)«ao(xt^)4.«Q:o ir^au) 

/x+Ajq — E ' ^ ' 

In the same way the second term of (18) can be evaluated. If we 
introduce the abbreviations 


A' = /x+Ajo+i?' = /x(l+^)+A;o+(<xko) (22a) 

== H' — — (ok) (22 b) 

(where we have replaced p' and p'^ by (8 a) and (8 b)), we obtain for 
the summation 2 in (18) 


V_ 1 [(Ko^o^'ocu) (uicxK'^ocou)^ 

^ 2yaL ko k J* 

The differential cross-section (18) is proportional to the square of 
(23). (23) depends on the spin directions of the electron in the initial 
and final states. We are not, however, interested in the probabihty 
of finding the electron with a certain spin after the scattering process. 
We shall therefore sum d<l> over all spin directions of the electron 
after the scattering process and shall average over the spin directions 
in the initial state. 

W^e denote the summation over the spin directions only by S 
(or Sq for the untial state), in contrast to the summation 2 which is 
extended over both signs of energy too. Thus we must form 

JSq S [expression (23) j^. (24) 

The summation S over the spin directions can be reduced to a summa- 
tion 2^ over all four states having the same momentum p. According 
to the wave equation (19) we can replace u by 


2E 



(25) 


jjj. 


jDor posmve 






(25') 


(25) is correct for positive and negative 
also write 

g+|.E| 

21^1 

^ represents a wave function belonging to a negative energy 
state, the operator 11+ \E\ operating on ffi gives zero: 

(S+|^|)« = 0. 
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Therefore, if in a summation S we replace one wave function u by the 
expression (25), we can sum over all four states, including the states of 
negative energy, since the contributions of the latter vanish. Taking 
now the square of (23) we obtain expressions of the form 

S{utAu){u*Bu^). 

For these we can write according to (25) and § 9 (25) 

= (26) 

where we have again replaced 1 by (since E is positive). Applying 

the same method to the summation Sq we obtain 

= 5^Sp^(J?+£)£(/ro+®.). (27) 

ojC/q JSj 

‘Sp’ denotes (§ 9 eq. (26)) the (diagonal sum) of the operator 

A{H^E)B{H,^E,Y 

If we take now the square of (23), the first term becomes, according 
to (27) and § 9(24), 

cc^K' ccu)\^ = ^S„S(u^ oc,K' cM){u*cdS:' 

= 32,^4 -go -g “og^'«(-ff+g)«^'«o(-H'o+-go)- (28) 

The other terms arising from the square of (23) give similar expres- 
sions. Remembering that the electron was initially at rest = 0, 
Eq = fi and therefore that 


we obtain finally for the differential cross-section from (18), (23), (28) 


where 


/p2\2/i.\2 1 r 1 1 

d4>= (-1 ( — 1 dQ— — Sp P4-— 
^ Uj W Six[4:kl P ^4Jc^ 


Spg- 


^Jcq Ic 


SpJ?l. 


(29) 


P = <x„K'a(H+E)ocK\{l+P), 

Q — aK"(XQ{H-{‘E)cxQK"oL{l-{-P)f (30) 

B = aoK'oi{H-i-E)oioK''<x{l-i-p). 

As a last step in the computation of d<l> we have to evaluate the spur 
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of (30). For this purpose the necessary formulae have been deduced 
in § 9 subsection 2 eq. (27). 

We consider the first term Sp P. Since p anti-commutes with each 

“ “o(l+/3) = (l--j8)a(, (for each a), (31) 

and since the factors in the spur can be permuted cyclically, we 
obtain, since «§ = 1, 

P ^SpK'<x{H^E)oLK'(l—P). (32) 

Furthermore, we have 

(l-f^)(l-j8) = l~j82 = 0. (33) 

The first term /l 6(1+^) of K' (22 a) gives therefore no contribution 
to (32): 

Sp P == Sp[A;o+(ako)]a(P+P)a[A;o+(oiko)](l— j8). (34) 

For H-\-E we insert 

H-\-E = P-f-(ap)+j8ja (35) 

and make use of the fact that the spur of an operator containing an 
odd number of factors p vanishes. We obtain then from (34), making 
use of (31), 

Sp P = Sp a[.E?-f(ap)]ot[fco-f(e*ko)p-hju,Sp[A;oH-(oiko)][fco— (ako)]. 

The second term vanishes because the commutation relations of 
the a’s (§ 9 (16)) give (akQ)^ = k\. Taking into account the fact that 
only operators with an even number of factors a have a spur different 
from zero, we obtain finally, according to § 9 (27 b), 

J Sp P = 2P^§+Po Sp a(ap)a(ako). (36) 

We need not evaluate the second term of (36) because it will 
cancel with a corresponding term arising fi:om Sp P. 

In the same way we obtain 

i Sp Q = 2PA;2_|_p gp ao(ap)ao(ak). (37) 

Sp R can be evaluated similarly. According to (31) and (33) the 
terms /x(l+j8) of K' and K" (22) give again no contribution. Hence 
we obtain, according to (35), 

Sp P = — Sp o£ao[A;o+(<dq,)]a(H-f P)ao[^+(otk)](l— jS) 

= — Spaao[*o4-(ako)]a[P+(ap)]ao[A;H-(ak)]— 

— /LtSpaao[A;o+(oiko)>ao[^— (ok)]. (38) 

In (38) we make use of the fact that only terms with an even 
number of factors a ^ve any contribution. Since, furthermore, the 
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direction of k is perpendicular to the direction of polarization, a and 
(oek) anti>commute: 


a(ak) = — (ak)a. (39) 

We then obtain (permuting the factors cyclically in some of the 

Sp J? = — (/14+ E)lc^ h Sp aao aao 


Sp aoacxooc(ak)(ako) 

— Icq Sp olocq ae(ap)oi:o((xk) ('^0) 

— h Sp ocq O£ao(ocko Map)- 

In (40) the product aao occurs. If the two directions of polarization 
are perpendicular to each other, oc and anti-commute. This is in 
general not the case, but we can always represent oc as a sum of two 
components, one of which is orthogonal to ocq and the other has the 
same direction as The first component anti-commutes with chq. 
The second component is equal to aoCOsG, where © represents the 
angle between the two directions of polarization, and commutes 
therefore with ao Thus we can write 

aoco = — aoa-f-2cos0. (^1) 

Accordingly we have 

i Sp ocott = cos©. (42) 

We shall now change the order of one product a in each term of 
(40). Using the formula 

i Sp (ak)(ak(,) = (kok), (43) 

which can immediately be deduced from § 9 eq. (27 b), we obtain 
i^pi2 — — /x)(kok)-i- 

-1- iko Sp ao(ap)ao(ak) -1- Sp a(ap)a(<xko) — 

— 2cos©{A;oA;(j©+/a)oos©-1-(jE 7 — ju,)i Sp ao(otko)(otk)a-l- 

+ JSpoc(ap)ao[(ak)A;(,+ (ocko)^]}. (44) 
In the bracket { } we insert for p the value ko — k and make use of 
the conservation of energy (3). Taking into account (39), (42) and 
(ak)2 = the term proportional to cos© becomes simply 

— 2cos©{ } = — 4coa^BkQkfji. (45) 

Collecting now our formulae (36), (37), (44), (46) the total spur 
occurring in (29) becomes 

iSpP + jLsp<2_-.^Spie = + 

( 46 ) 
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and if we finally write for (kgk) &om (2) and (3) 

Tc^lc (kQk) = h)f 

we obtain for the differential cross-section (29) 

(47) represents the well-known Klein-Nishina formula . It gives, 
for all primary light quanta of a given jBrequenoy ^nd polarization, 
the intensity of the scattered radiation at a given angle 6 and with 
a given direction of polarization. 0 represents the angle between 
the directions of polarization of ko and k. (47) can be expressed by 
(4) as a function of Ajq, 6, and 0. 

We have discussed in detail the computation of the matrix elements 
because the method used here will serve as a model for similar calcula- 
tions in many other quantum processes. — ^The influence of damping 
on the Klein-Nishina formula will be discussed in § 25. 

4. Polarization, angular distribution. We discuss first the angular 

distribution and polarization of the scattered radiation as given by 

formula (47). Since the frequency k varies rapidly with the angle of 

scattering, we must distinguish between the cross-section for the 

probability of scattering (given by (47)) and the intensity of the 

scattered radiation. The latter, at a distance R from the scattering 

electron, is given by ^ 

IdQ. — jg-, (48) 

where Iq represents the primary intensity (energy per cm.^ sec.). 

It will be convenient to consider the scattered radiation as com- 
posed of two linearly polarized components X and H. Denoting the 
directions of polarization of ko and k by Cq and e respectively, we can 
choose the following two directions for e: 

(X) e X Cq, cos© s (© 0 ®) ~ 

(II) e and Cq in the same plane (i.e. in the (k, Cq) plane), 

cos®© = 1— sin®0cos®<^, 

where ^ represents the angle between the (ko,k) plane and the 
(k(,,eo) plane and 6 the angle of scattering (ko,k). According to (47) 
the j I component is always more intense than the X component. 

t O. Klein and Y. NLshina, Za.f. Phya. 52 (1929), 863; Y. Nishina, ibid. 52 (1929), 
869. The same formula has also been deduced by I. Tamm, ibid. 62 (1930), 545. 
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In the non-relativistio case we have = A; and 

d^jL = 0, d^ii = rgdQ(l— sin^^cos^^). N.R. (49) 

(49) is identical with the classical (Thomson) formula § 5 (4). This 
is to be expected because the condition mc^ can also be 

interpreted as ^ 0, which represents the transition to the classical 

theory. For polarized primary radiation the scattered radiation is 
completely polarized. If the primary radiation is unpolarized, we 
have to take the average over The intensity of the scattered 
radiation is then given by 

= ir2dfl(l+cos2^). N.R. (49') 

In the other extreme case, where the energy of the primary quantum 
is large compared with mc^ {Tcq ^ ja, extreme relativistic case), we have 
according to subsection 1 to distinguish between small angles 6 (6) and 
large angles (6). The differential cross-section becomes in these two 
cases (i.e. for k and ^ k) 

d<f>x==0, d<j)^^c=^rldQ{l^sin^6cos^<l>) (small angles), E.R. (50 a) 

From (50) we see that for very small angles the intensity distribu- 
tion is the same as the classical. For large angles, the scattered 
radiation is unjpolarized, even if the primary radiation is polarized, 
and has roughly a uniform intensity distribution. The intensity 
decreases, however, with increasing energy of the primary quantum. 

From (50 b) we can see already that, for k^ ^ fx, the total proba- 
bility of scattering decreases ^ txjkQ. Both regions (0 small and large) 
give about the same contribution to the total cross-section, since the 
region in which (50 a) is valid is of the order 6^ ^ — $d6 

(see subsection 5). 

To obtain finally the total intensity scattered into an angle 6 we 
have to take the sum d<f> — d<f>j^-\-d</>^^. If the primary radiation is 
unpolarized (average over <f>), we obtain 

,, r^dClk^/kQ k • 2n\ /ki\ 

Here A; is a function of 9, given by (4). If we insert (4) in (61) the 
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scattered int&naity becomes, according to (48), 

W’jdSl 

1 f, I r^Cl-cosg)^ \ 

® 2 [l+y(l— eos 0 )]>r‘^( 14 -oos“e)[H-y(l— cosS)]/’ 

( 62 ) 

y = 

The intensity distribution (62) is plotted in Fig. 12 as a function 
of the angle of scattering Q for various ratios y — (units r§/i?2). 



Fig. 12. Intensity distribution, of the Compton scattering as a function 
of the angle of scattering for various primary frequencies y = 
Measurements of Friedrich and Goldhaber for y = 0’173. 

For small angles the scattered intensity has nearly the classical value, 
whereas for large angles the intensity is the smaller, the higher is the 
primary frequency. In the relativistic region the forward direction 
becomes more and more preponderant. Even for hard X-rays 
(y ^ 0*2) the relativistic deviation from the Thomson formula is 
rather large for large angles. 

The hardest radiation for which the angular distribution has been 
measured is that of wave-length 0*14 A.U. or y = 0‘173. In Fig. 12 
we have plotted the result of measurements by Friedrich and Gold- 
haberf of the intensity distribution for this radiation in carbon. In 
carbon for this radiation all the electrons can, of course, be considered 
as free. The total intensity has been divided by the total number of 
electrons. The agreement with the theoretical curve is exact (within 
the experimental error) and gives therefore a conclusive proof of the 
existence of relativistic deviations from the Thomson formula. 

t W, Friedrich and G. Goldhaber, Za. f. Phya. 44 (1927), 700. See also G. E. M. 
Jauncy and G. G. Harvey, Phya. Rav. 37 (1931), 698. 
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It should, however, be noticed that this agreement does not yet 
prove the IClein-Nishina formula, because other relativistic wave 
equations which were put forward before Dirac’s give nearly the 
same curve for radiation with y up to 0*2. The characteristic feature 
of the IQein-Nishina formula begins first at higher primary frequencies 
(y 1). We shall describe in subsection 6 a conclusive test of Dirac’s 
wave equation from the measurements of the total scattering co- 
efficient for hard y-rays (y = 1—5). 


5. Total scattering. To obtain the total scattering we have to 
integrate over all angles. Here, again, we must distinguish between 
the total probability of scattering and the total scattered intensity. 
Since the absorption of the primary light beam is determined by the 
number of scattered quanta (each scattered quantum diminishes the 
primary intensity by an amoimt Jcq) rather than by the scattered 
intensity, we integrate the differential cross-section (51) (inserting 
for k equation (4)) over the angles of scattering. An elementary 
integration yields for the total cross-section 



3(1 — y 2y ( 1 — [- y ) 
l+2y 


— log(l+2y)l 


l-ilog(l + 2y)- 


l-f-3y ) 

(l-f2y)2/’ 


<j>Q — 87rrg/3, y = k^hx. 


(53) 


The unit <j>Q used for <j> is the classical cross-section for the Thomson 
scattering (§ 5 eq. (5)). 

In the non-relativistic case y << 1 we obtain again = </>q. The 
first terms of an expansion of the right-hand side of (53) in powers 

of y are , 26 \ 

</> = 4,Jl-2y+-^y^ + ...\. N.R. (64) 

In the extreme relativistic case, on the other hand, we obtain 

.A A 3 /-A 


(65) agrees (apart from the logarithm) with the estimate of subsec- 
tion 4, based on (60). Thus for very high energies the number of scattered 
quanta decreases with the frequency of the ^imary radiation. This is 
the reason why the penetrating power of y-rays increases with in- 
creasing jfrequency — ^at least as long as no other absorption processes, 
such as the production of pairs (§ 20), are important. 
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The cross-section (53) is plotted in Fig. 13 as a function of the 
primary energy on a logarithmic scale in order to cover a large energy 
region (the lower scale gives the wave-length of the primary radiation 
in X-units). The values of given in the following table. 

Table III 

< 

Cross-section for Compton scattering in units for various primary 

energies 


y 


0*1 

0-2 

■eg 

0*6 

1 

2 

3 



0-84 

0-74 

^1 

0-66 

0-43 

0-31 

0-254 


y 


10 

20 

60 

100 

200 

500 

1,000 



19 

12-3 

7-64 

3-76 

2-16 

1-22 

0-66 

0-30 

XlO-a 


An experiment test of the theory is provided by measurements 
of the total absorption coefficient of X-rays or y-rays in various 
materials. This absorption coefficient r per cm. is given by 


T = NZ4>, (56) 

where N represents the number of atoms per cm.® and Z the nuclear 
charge, i.e. the number of electrons per atom. The absorption coefficient 
is proportional to the total number of electrons NZ per cm? In (56) we 
have of course assumed that the primary radiation is so hard that 
all electrons can be considered as free. To obtain t one has to multiply 
the values given in Table III or in Fig. 13 by NZ<f>Q. This quantity is 
given in the appendix for various substances. 

For a comparison of the theory with experiment one has, however, 
to remember two points : 

(1) For X-rays the total absorption is not only due to scattering. 
We have seen in § 13 that the photoelectric effect gives also a strong 
absorption which, however, decreases rapidly with the primary energy. 
To compare the photoelectric absorption with the scattering we have 
also plotted in Fig. 13 (dotted curves) the photoelectric cross-section 

of the X-shell (multiplied by 6/4, see p. 127) as computed in § 13 
in the same units. (Since refers to a whole atom we have 
plotted <l>s:l instance, that for carbon the photo- 
electric absorption is much greater than the scattering for a wave- 
length A > 500 X.U., whereas for A < 300 X.U. the scattering only is 
appreciable. 

(2) On the other hand, for y-rays, the absorption, at least for heavy 
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elements, is largely due to pair prodv^tion, as we shall see in § 20 , 
Chapter IV. The pair production gives rise to an ‘excess scattering’ 
which is the larger the higher are the primary energy and the atomic 
number Z. For carbon, however, the pair production is negligible 
for Icq < 10/A. 

For a comparison with the theory, therefore, we have made use 
only of those measurements for which the photoelectric absorption 
and the pair production is small compared with the absorption due 
to scattering. In Fig. 13 the experimental results have been plotted 
for three regions of wave-length: 

(1) for X-rays of the wave-length 100-300 X.U.f (scattered by 
carbon); 

(2) for hard X-rays A c:; 20-50 X.U.J (carbon and aluminium); 

(3) for the ThC" y-radiation of wave-length A = 4-7 X.TJ.H 
(carbon). 

For the first region the (theoretical) photoelectric absorption, which 
is about 10 per cent, of the total absorption, has been subtracted. 
For the second and third regions no corrections were necessary. 

The experiments fit the theoretical curve excellently. We may there- 
fore consider the Klein-Nishina formula as proved, at least for energies 
up to lOmc^ Since other relativistic wave equations deviate appre- 
ciably in the region in question from the Klein-Nishina formula, we 
can consider the experimental results also as decisive evidence for 
Dirac’s wave equation and against, for instance, the Klein-Gordon 
equation. 

We shall return to the question of the absorption of y-rays in 

§22. 

For all these three regions the electrons are practically free and 
the coherent scattering is entirely negligible. This would, of course, 
no longer be true for softer radiation, for which the binding of the 
electrons has to be taken into account.ft As we have seen in § 14 

t C. W. Hewlett, Phya. B&o. 17 (1921), 284; S. J. M. Allen, ibid. 27 (1926), 266; 
28 (1926), 907. 

X J. Bead and C. C. Lauritsen, Phya. R&v. 45 (1934), 433. 

II L. Meitner and H. Hupfeld, Za.f. Phya. 67 (1930), 147; C. Y. Chao, Phya. Rev. 
36 (1930), 1619; Proc. Nat. Ac. 16 (1930), 431; G. T. B. Tarrant, Proc. Boy. Soc. 
128 (1930), 346. 

ft The effect of binding on the Compton ecattering has been computed by H. Casiipir, 
Hdv.Phya. Acta, 6 (1933), 287; W. Franz, Za.f. Phya. 90 (1934), 623; G. Wentzel, 
ibid. 43 (1927), 1 and 779; F. Bloch, Phya. Rev. 46 (1934), p74; A. Sommerfeld, 
Ann. Phya. 29 (1937), 716; W. Franz, ibid. 721. 
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subsection 3, the binding changes the intensity of the scattered radia-< 
tion and gives rise to, besides the Compton scattering, a coherent 
scattering (unshifted line). Furthermore, the shifted (Compton-) line 
becomes, for a given angle of scattering, broader. The maximum of 
the shifted line is displaced by a very small amount as compared with 
the value given by the Compton formula (4). (Bloch, loc. cit.) 
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Pio. 13. Total cross-section, for Compton scattering (ICein-Nishma formula) as 
a fimction of the primary frequency vq (lower scale = primary wave-length). For 
comparison the cross-section for the photoelectric absorption per electron (dotted 
curves Measurements: x Hewlett, Allen (corrected for photo -absorption) 

in carbon; o Read and Lauritsen (carbon and aluminium) ; □ Meitner and Hupfeld, 
Chao (carbon). 


C. PROCESSES OF THIRD AND HIGHER ORDERS IN 6= 

Third-order processes are those in which three light quanta are 
simultaneously emitted or absorbed. However, they do not seem to 
be of great practical interest. We shall give a rough estimate of the 
order of magnitude of these and of higher processes in § 18. 

Processes of the same order in e are, however, those in which 
the emission (or absorption) of two quanta is replaced by the de- 
flexion of an electron due to the Coulomb interaction with another 
particle (compare the classification given in § 10 subsection 4). This 
is for instance the case for the JBremsstraMung (continuous X-ray 
emission). 

The Bremsstrahlimg is one of the most important processes affect- 
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ing the penetrating power of high-energy electrons bypassing through 
matter. The phenomenon of cosmic ray showers rests on the Brems- 
strahlung emitted by electrons with very high energies (> 200mc2). 
An important step in the critical understanding of the radiation 
theory was reached when it was found that the theory gave correct 
results even for such high energies (§§ 23, 24) . In the following section 
we shall, therefore, pay special attention to the high-energy region. 

17. Bremsstrahlung 

If an electron with primary energy Eq (momentum po) passes 
through the field of a nucleus (or atom) it is in general deflected. 
Since this deflexion always produces a certain acceleration, the 
electron, according to the classical theory, must emit radiation. In 
the quantum theory there will be a certain probability that a light 
quantum k is emitted, the electron making a transition to another 
state with energy E (momentum p), where 

E-\-1c — Eq. (1) 

Since the nucleus is heavy compared with the electron, the momen- 
tum of electron plus light quantum is not in general conserved; 
the nucleus can take any amount of momentum. We therefore 
obtain a finite transition probability to any final state E, p which 
satisfies (1). 

1. Differential cross-section. \ The interaction causing the transi- 
tion from the initial state A (po) to the final state F (p,k) consists 
of two parts: (i) the interaction H of the electron with the radiation 
field giving rise to the emission of k, and (ii) the interaction V of the 
electron with the atomic field. Thus the total interaction is given by 

H' = H+F. (2) 

We shall treat V in this section as a perturbation in the same 
approximation as the interaction H with the field (compare § 10). 
This means an expansion of the transition probability in powers of 

(or Ze^). The first approximation (Born’s approximation) of this 

t Rough estimate of the order of magnitude at high energies ; W. Heitler, Za. f. 
Phya. 84 (1933), 146. Exact calculations for all energies using Bom’s approximation: 
W. Heitler andr. Sauter, Nature, 132 (1933), 892; F. Sauter, Ann. d. Phya. 20 (1934), 
404; H. Bethe and W. Heitler, Proc. Roy. Soc. 146 (1934), 83. Compare also for 
small energies: F. Sauter, Ann. d. Phya. 18 (1933), 486; N. F. Mott, Proo. Ccmb. Phil. 
Soc. 27 (1931), 266. In the latter paper it is the influence of the radiation forces on 
the scattering of electrons that has been studied. 

3595.12 
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esipansion gives, however, correct results only if 

2'7r|o = Stt 1 and 2Tr| = 27r 1, (3) 

where Vq, v represent the velocities before and after the collision. !For 
light elements (3) is always satisfied if the primary energy is of rela- 
tivistic order of magnitude except in a small frequency range where 
the electron has given nearly aU its kinetic energy Eq — fj, to the light 
quantum and, after the process, has therefore a small velocity v. 
For small primary velocities our theory breaks down. For this case 
Sommerfeld has given an exact theory, f the results of which are 
quoted in subsection 2. Also for high energies v c but heavy 
elements we do not expect our theory to give very accurate results 
although the order of magnitude will certainly be correct. (For lead 
Ze^lhc = 0-6.) 

We consider first in this section the case of a pure Coulomb field 
V = Ze^jr. The interaction H of the electron with the radiation only 
has non-vanishing matrix elements for transitions in which the 
momentum is conserved. On the other hand, the Coulomb interaction 
F only has matrix elements for which the state of the radiation field 
remains unchanged while the momentum of the electron may change 
by any amount. The transition A occurs, therefore, only by pass- 

ing through an intermediate state. There are obviously two possible 
intermediate states: 

I. k is emitted. The electron has a momentum p'l 

p' = Po— k- (^) 

The transition A I is caused by the term H of the interaction (2). 
In the transition to the final state F (due to the term F) the 
momentum of the electron changes from p' to p. 

II. The electron has momentum 

P' = P+k. (6) 

chosen so that in the transition II F k is emitted with conserva- 
tion of momentum. The transition A II is caused by the Coulomb 
interaction F 

For all these transitions, either F or H makes a contribution to the 

t A- Sommerfeld, Ann. d. Phya. 11 (1931), 267; O. Scherzer, ibid. 13 (1932), 137. 
Compare also: Y. Sugiura, Phya. Rev. 34 (1929), 868 ; Sdentif. Pctpera Inat. PTvya. Ohem. 
Reaecurch, Tokyo, 11 (1929), 251; 13 (1930), 23; J. R. Oppenheimor, Za. f. Phya. 55 
(1929), 726; J. A. Gaunt, Za.f. Phya. 59 (1930), 608. 
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matrix element. The matrix elements of H and V for the transitions 
in question can be taken immediately j&om § 10 eqq. (16) and (22): 


H 


AL 




27rh^c^\ 

TT) 


f * /\ TT Ze^4fTffb^c^ . . 

« omy, Fxf === | p7— p ~ j2 


Yajj. = 


Z€^4:7rh^C^ 

Ipa 


4:Trh^C^ . ^ jj. Il27rh^c^\. . 

_p.|2 «^ ); Siip=—ejl — ^Uu"*oeu). 


( 6 ) 


a represents the component of a in the direction of polarization of k. 

The denominators in the matrix elements of V are equal by (4) 
and (5); we denote them by q^, so that 


q = Po— p" = p'— p = Po— p— k. (7) 

q represents the total momentum transferred to the nucleus. 

The two intermediate states I and II have multiplicity four, 
because in the intermediate state the electron may have either of 
two spin directions and positive or negative energy (of. the theory of 
the Compton effect). Denoting by 2 summation over these four 
states with the same momentum p', p"" the matrix element respon- 
sible for the transition .4 ^ is given, according to § 9 eq. (43 b) by 


rr/ f^AiyiF I 


( 8 ) 


where the energy differences — Ej^ and E^ — Ejj are, by (4) and (5) : 


Ej^—Ex===^EQ—k—E\ = _p'2_j_^2 

The transition j)robability per unit time is given by § 9 eq. (42) : 

(10) 


where pj^ represents the number of jGbnal states per energy interval 
dEjp. In the final state we have an electron with momentum p 
(energy E) and a light quantum k. 

Since k and p are independent of each other (in contrast to the 
Compton effect § 16 eq. (16)), the number of final states p^ is equal 
to the product of two density functions p^ and for the electron and 
the light quantum. The energy interval for a given k, can be 

equated to the energy interval dE of the electron. Thus we have 


Pf — PsPk^^ = 


pEdnh^da 

( 2 it^)« 


-dk. 


(11) 
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Inserting (11) in (10), we obtain tbe probability w that a light 
quantum with an energy between h and lc-\-dh is emitted in the 
element of solid angle and that tbe electron is deflected into the 

element d£l. 

Dividing w by tbe velocity of tbe incident electron cp^jE^j we obtain 
from (6), (8), (9), (10), (11) tbe differential cross-section for the 
process in question: 


d4> = 


^2e4 pEE, 


137^2 




(12) refers to given spin directions before and after tbe process. 
Since we are not interested in tbe direction of tbe spin, we mnst 
carry out a summation S over tbe spin directions of tbe final state 
and must average (JSq) over tbe spin directions in the initial state. 

We do not wish to discuss tbe polarizationf of tbe radiation emitted ; 
we shall therefore sum (12) also over both directions of polarization 
of k. All these summations, including that occurring in (12) (J), can 
be carried out by exactly tbe same method as that used in the theory 
of the Compton effect, § 16 subsection 3. Since the methods used for 
the computation of the matrix elements (12) are described there we 
shall give here tbe result only. The differential cross-section becomes 



dh p Bm.6ddsm.dQddf^d<f> ^ ^ 
277137 h ^ ^4 X 


i>§sin20o 

\(£;— i)oose)2^ “ ® ^ 

(■* — poos8){E^ — p^oosB^y “ “ ^ 


+ 2^2 


pHix3?d+plsiii^eo ] 

{E— poos e)(Ef^--pQ cos $ 0 ) 1 ’ ^ ^ 


where 6, 6q are tbe angles between k and p, pQ respectively and <f> is 

the angle between tbe planes (pk) and (p^k). Tbe denominators 

( poosd), {Eq—PqOos6o) have their origin in the resonance 
denominators of (12) : 


= 2k(_E-poose), 

E^-E'^ = -2k{E^-p„ cos Bo). 

polarization of the radiation is discussed by 
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g; is a function of the angles, and according to (7) it is given by 
gf2 = 2^QA;cos0o+2jpifccos0 — 

— 2pQp{coadcoBdQ-{-8m6sm0QOO8^). (14) 

(13) gives the probability that a quantum k is emitted in a direction 
forming an angle with the direction of the primary electron and 
that the electron is scattered in a direction with polar angles 6, <f> 
referred to k. Before discussing the angular distribution given by 
(13), we integrate the differential cross-section over all angles and 
obtain the total cross-section for the emission of a quantum h with 
an energy between h and k-\-dk. It will be convenient to repre- 
sent the cross-section as a function of the ratio of k to the initial 
kinetic energy Eq — n (i.e. of kJ{EQ — /a), which then ranges from 0 to 1). 
We therefore define the cross-section for the emission of a 
quantum k in the range dkJ(EQ — /x) by 

k 




(16) 


The integration of (16) over the angles is elementary but rather 
tedious. It yields 

k^ 


«[ 


PqP, 


ggo \ 

VoPj 


+ 


8 EqE ^ 


3 Pop PoP^ 

(mVc /EoE+pI^ EoE-^p^ 


^PoP\ 


Po 


pi 


e-1- 


2kEQ 


ai)' 


(i«) 


where the following abbreviations have been used 
L 


l^^Po+Po P—Eak ^ ^^^^EqE+PqP—p^ 


Po-PoP- 


-Enk 


pk 


.„ = logf»±^o_21„gteo^ . = 21og^, 

Eq Pq p p 


(16') 


137 


^ is a suitable unit in which to express the cross-section for 
Bremsstrahlung and similar processes. It is proportional to the 
square of the nuclear charge. 

(16) is valid for all energies except very small ones for which Bom’s 
approximation (3) cannot be applied. 

2, Continuous X-ray spectrum. The first application that we shall 
make of our theory is to the continuous X-ray spectrum. Here in 
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practice the primary energies are small compared mth the rest 
energy of the electron ju., i.e. we have a non-rdativistic problem. 

Equating Eq and E to ij, and neglecting all the p*s and h compared 
with jLt, we obtain for the differential cross-section (13) simply 



2Z^e^ dh p sin 6 dd sin 6^ dO^ d<j> ^ ^ 
7t137 ^4 X 


X {p^sin^^-f-pg sin^^o — 2ppQsin^sm^oCOS9&}. (17) 

Since h = {p% — p^)l2fJi is small compared with pQ, we may write for gf®, 
according to (14), 


gr 2 p 2_|_^2 — 2ppq(cos 6 cos ^o+sin 6 sin Oq cos <f>) 

=-(Po~P)". N.R. (17') 


q does not then depend upon the direction of k. 

For a given direction of deflexion (angle between po and p) the 
maximum intensity is emitted perpendicular to the plane of motion 
of the electron ((pop) -plane). This corresponds to the classical theory, 
where the maximum intensity is emitted perpendicular to the accelera- 
tion. The intensity emitted in a certain direction 6q is given by 
integrating (17) over aU directions of p. 

The total emitted intensity of frequency k is given by (15). In the 
non-relativistio case we obtain simply 


*‘iSi - 4 “ 


^ ^logggt. ^ 
^ m ^>o—p 




]Sr.R. ( 18 ) 


where = Eq — fx = p^^i-i represents the kinetic energy of the 
primary electron. (18) shows that the probability for the emission 
of a quantum k decreases roughly as l/k. At the short wave-length 
limit k = 4*k vanishes (see below), whereas for very long waves 

the intensity k^jg diverges logarithmically. This, however, is only 
true in a pure Coulomb field and in Bom*s approximation. As we 
shall see in subsection 3, for a screened field k<j)jg tends to a finite value 
for ^ 0. On the other hand, we shall see (eq. (19)) that <j>jg remains 

finite for k = Po/2ju. in an exact theory. 

The formulae (17), (18) are only valid as long as the condition (3) 
for the applicability of Bom’s approximation is satisfied. For very 
small energies it is no longer legitimate to compute the matrix 
elements of V by inserting plane waves for the wave frinctions of the 
electron. One has , then to use the exact wave functions of the con- 
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tinuous spectrum (§ 9 (10)). This has been done by Sommerfeld (loc. 
cit.). We confine ourselves to quoting his results: 

The angular distribution remains the same; the total intensity 
given by (17) and (18) has to be multiplied by the factor 

//£ d ^ — 2-7r^27r^Q ^ ^ Z^ 

The factor (19) can be tmderstood from formula (11) § 9 giving the 
wave function of the continuous spectrumf in the neighbourhood of 
the nucleus. 

For high (i.e. for small fo) the factor (19) deviates from the value 1 
chiefiy at the short wave-length limit. For p -> 0 (19) becomes infinite 
and, as (18) gave zero, the cross-section tends to a finite value. 
For small Vq (large lo) factor (19) becomes smaller than 1 except 
in the immediate neighbourhood of the short wave-length limit. 

In Fig. 14, p. 170, we have plotted the intensity h^j,. of the emitted 
radiation in units ^ (in the non-relativistic case Eq = ju,) as a function 
of the ratio 1cI{Eq — ft). In the non-relativistic case (lowest curve) 
formula (18) (dotted part of the curve) gives an intensity distribution 
which is independent of the primary energy Tq. Approaching the region 
of hard quanta, the Sommerfeld factor (19) leads to a deviation from 
the curve calculated with Born’s approximation, depending upon 
the primary energy and upon the nuclear charge Z (we disregard, of 
course, the factor Z^ contained in the unit ^). In the graph the full 
curve refers to aluminium {Z = 13) and po/f*- = h i-®* 

%lfx = 0-125 (27r^o = 1*2). 

For heavy elements the deviation due to (19) is considerably larger. 
The intensity is then very much smaller than that given by the 
dotted curve (except for Aj/Tq ^ 1). 

In the region of low-energy quanta also the ‘exact’ curve (19) is 
dotted, because in this region the intensity distribution will be 
altered by the screening. 

For further discussion of the continuous X-ray spectrum, especially 
of the polarization and angular distribution and of the comparison with 
the experiment, the reader is referred to Sommerfeld’s paper (loc. cit.). 

3. High energies, ejfect of screening. At high energies the maximum 
in the angular distribution in the forward direction becomes more 

t The first factor of (19) represents simply for the electron in the final state 
at the position of the nucleus. For the electron in the initial state the sign of i has 
to bS reversed. In Bom’s approximation_^|^p « 1 at the position of the nucleus. 
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and more pronounced. This can clearly be seen if we consider the, 
extreme relativistic case JEJ, Eq ^ ft. Then is very nearly equal 
to Eq and the denominators Eq—PqCOsBq, etc., become very small 
for small angles 6^, Also q has its minimum value for small angles 
Bq and B. The electron and the light quantum are then both deflected 
(emitted) in the forward direction, the solid angle into which they are 
both projected being of the order Q ttic^IEq. This is a general 
feature of all quantum processes at very high energies. (Compare the 
photoelectric effect and the Compton effect. In the latter process 
the scattered quantum is emitted in the forward direction, if its 
energy h is large compared with /u.) 

The frequency distribution is given by equation (16). In the 
extreme relativistic case Eq, E ^ fi this formula becomes 




E.R. (20) 


For a given ratio Ic/Eq the probability of emission increases roughly 
with the logarithm of EJfi. For small quanta A; ^ 0 the intensity 
k<f>jg diverges logarithmically. 

The formula for the differential cross-section (13) and therefore all 
other formulae (16)-(20) have been derived under the assumption 
that the field of the nucleus is a pure Coulomb field. The question 
arises as to whether the screening of the Coulomb field due to the 
charge distribution of the outer electrons necessitates any important 
alterations. To decide this question, one would ask, in a classical 
treatment of our problem, whether the field is screened appreciably 
for those impact parameters r which give the main contribution to the 
effect. In the quantum theory, however, the idea of impact parameter 
has no exact meaning because the electron here is not represented 
by a point charge, but by a plane wave. Actually the averaging over 
all impact parameters is already contained in the integral repre- 
senting the matrix element of F : 


-j 


e^(p'-p.r)/«c 


=/ 


g<(qr)//kJ 


( 21 ) 


We can give a rough meaning to the idea of impact parameter by 
asking from which distances r the main contributions to the integral 
(21) arise. They obviously come from a distance 


r ^\q. 


( 22 ) 
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Tor distances larger than (22) the contribution to (21) is small 
because the exponential jfunction oscillates rapidly in a region where 
r is practically constant. For smaller distances dr dr is small. 

We may therefore consider the quantity (22) as the most important 
impact parameter. 

Kow we have just seen that the differential cross-section (13) 
becomes very largo if q is very small. For high primary energies, 
Eq ^ the minimum value of q is given by 

Strain. “ !Po jP ^ 2^ E' 

According to (22) therefore, we still obtain a large contribution to the 
cross-section from distances of the order 




^ 2Eq E 

me yjc 


Eq E 

fJbJc 


(24) 


For a given ratio JcIEq, is the larger the higher the primary energy. 
If Jc is of the order of magnitude of Eq, r^^ becomes of the order of 
magnitude of the radius of the jBT-shell for Eq ^ 1B7 fx/Z. We should 
expect, therefore, that just for high energies the screening of the 
Coulomb field by the outer electrons will lead to a decrease in the 
cross-section (a decrease, because the effective field is then less than 
the Coulomb field would be). For soft quanta h this will be the case, 
according to (24), for somewhat smaller energies. However, if A; is 
not too small, the screening will only be effective in the extreme 
relativistic case E^ ^ 

We can get a rough idea of the effect of screening by considering 
the case where r^^^ is large compared with the atomic radius. We 
shall then call the screening ^complete\ For the atomic radius we 
may assume the value given by the Thomas -Fermi model: 


a a^ Z-^ ' 137Ao Z-^, (25) 

(a^ = Bohr’s radius of the hydrogen atom.) If now is large 

compared with a, we shall certainly obtain the right order of magni- 
tude for the cross-section if we replace the maximum impact parameter 
^max iih© atomic radius a (25). In the formula (20) for the frequency 
distribution r.^^^ occurs under the logarithm, and this fact determines 
the chief features of the distribution curves for very high energies 
and for quanta of low energy. This logarithm has now to be replaced 
log(137 Z-^). For a given value of hJE^, <f>^ will then tend to a finite 
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value as JEJfx-' oo. Also, for low-energy quanta {Je^O)^ the intensity 
tends to a finite value instead of diverging logarithmically. 



Fio. 14. Intensity distribution oftheBremsstrahlung as a function of — me*). 

The numbers affixed to the curves refer to the primary kinetic energy JE7o — ta tuoits 
of /X. = me*. The dotted portions are calculated using Bom’s approximation and 
neglecting the screening (formula (16)), and are valid for all elements. The full curves, 
where deviating from the dotted curves, are calculated for lead (except that for the 
non-relativistic case which is calculated for aluminitim). The deviations represent 
(i) at high energies and for soft quanta the effect of screening, (ii) for small energies 
(non-relativistic curve) the effect of the Sommerfeld factor (19). Units: ^ == 


Assuming a Thomas-I'ermi model for the atom, the exact caloula- 
tionsf lead, for the case of complete screening, to the following formula 
for the frequency distribution; 




EqE 


2log(183Z-i)+|J 


E.B. (26) 
1372-A. 


(26) agrees roughly with what we should expect. 

If the screening is not complete, the theory gives a continuous 
transition from formxda (20) to formula (26). 


t H. Bethe, Proc, Camh. Phil. Soc. 30 (1934), 624; H. Bethe and W. Heitlor, 
loc. cit. 
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Since <f>jc is roughly proportional to EJk we have plotted in IHg. 14 
the intensity Tc^jf. in units Eq^ for various primary kinetic energies 
Eq—ijl. The dotted portions of the curves, where they deviate from 
the full curves, are calculated for the case where the screening is 
neglected (formulae (16), (20)). They are valid for all elements: Z is 
contained only in the quantity The full curves are calculated 
for lead {Z = 82), except that for non-relativistic energies which is 
valid for aluminium; they approach the curve for complete screening 
E^r-^j oD (formula (26)) in the region of low-energy quanta. Here, 
also, the non-relativistic curve would tend to a finite value if the 
screening were taken into account. In the region of high-energy 
quanta the screening can be neglected, so that here the full and dotted 
curves do not differ (curves valid for all Z). On the other hand, at 
the limit for high-energy quanta {k = Eq — [x) the curves would 
probably tend to a filnite value if the correct wave functions of the 
continuous spectrum were used, as is the case in Sommerfeld’s exact 
theory for non-relativistic energies. 

For light elements the screening becomes less appreciable. For 
heavy elements the use of Born’s approximation leads to some error 
even for medium and soft quanta (compare subsection 2). 

As we see from the graph the intensity distribution is roughly 
uniform over the whole frequency range. 

4. Energy loss. An appreciable fraction of the energy lost by an 
electron in passing through matter is due to the fact that while 
passing through the field of an atom it may emit a light quantum with 
energy of the order of magnitude of its own kinetic energy. The 
average energy lost in one collision may be obtained by integrating 
the intensity k^fg over all frequencies from 0 to Eq — /x. The average 
energy lost per cm. path is given by 

^ ^ J (27) 

0 

where N represents the number of atoms per cm.® Fig. 14 shows that 
the area under the curves for all energies is of the same order of magni- 
tude. Since in Fig. 14 we have plotted the cross-section divided by 
Eq^ the energy lost per cm. will be roughly proportional to the primary 
energy Eq for high energies Eq ^ ja, and constant {Eq ^ p.) for small 
kinetic energies Eq—ik^pl. It is therefore convenient to define a 
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cross-section, for the energy lost by radiation: 
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dE. 


dx 


9 = NE, 


“ i J Ke^- 


(28) 


The integration (28) can be carried out if for <f>jg the formulae 
obtained by using Born’s approximation are inserted. From (16) we 
obtain,t after an elementary but rather tedious calculation. 


+ 


3 ' 

where the function F is defined by the integral 




F(x)= r iog(i+y) 

j y 

0 

For small x the function F can be expanded in a power series : 


(29') 






x^ 

16 


] .... 


For large x one can use the (exact) formula: 

E(x) = i^r^+jaoga:)"— F(l/a:). 

From (29), (30), and (31) we obtain for the two limiting cases 

^lad = W. N.R. 




E.B. 


(30) 

(31) 

(32) 

(33) 


For small energies the average energy radiated is independent of 
the prmiary energy.J For high energies the ratio of the radiated 
energy to the initial energy increases logarithmically with Eq. This, 
however, is only true if the screening is neglected. In the case of 
complete screening we obtain firom equation (26) by integrating 

^rad = ^{41og(183Z-i)+|} E.R. (34) 

, . ^ ^ (for Eq > 137 fjiZ-i), 

9rad IS then constant. 

t G. Racah, Nuovo cimento, XI (1934), N. 7. 

W radiated per cm. path to the initial kinetic energy 

0 /I e omes very large for least as long as Born’s approximation holds - 
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The cross-section for energy loss by emission of radiation is 
plotted in Fig. 15 in a logarithmic scale. Formula (33) for high 
energies with neglect of screening gives a straight line. The curves 
with screening are obtained jfrom Fig. 14 by numerical integration. 
They tend to the asymptotic value given by equation (34). 



01 0-2 0-5 12 S 10 20 SO 100 200 SOO 1000 Ep-mc^ 

me*- 


Fig. 16. Cr-oss-section energy loss of an electron per cm. path by radia- 

tion (^rad is defined in equation (28)). Units ^ == rj2/®/137. The straight line at 
high energies is calculated neglecting the effect of screening and is valid for all ele- 
ments. The dotted curves show in the same units the energy loss by inelastic collisions 
for various materials. 

The curves are quantitatively correct for light elements. For heavy 
elements we must bear in mind, however, that the use of Bom’s 
approximation leads to some error in the numerical values, but the 
order of magnitude is certainly correct even for lead. 

The values of ^rad/*? ^^e given in the following table: 

Table IV 

Cross-section for the energy loss by radiation 

{Ea—mc^ynic* 0 1 2 6 10 60 100 oo 

^rad/^ 5-33 6-6 6-6 8-8 10-3 (Pb) 12-8 (Pb) 13-6 (Pb) 16-3 (Pb) 

To give a rough idea of the practical significance of our results, 
in Fig. 15 we have plotted for comparison in the same units the 
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cross-section for the ordinary energy loss of an electron by inelastic 
collisions (ionization of atoms). The general question of the energy 
loss of particles in passing through matter will be considered in § 23 
in context. Here we only mention that the energy loss per cm. by 
collisions is proportional to Z (whereas our effect is proportional 
to and roughly independent of the energy. The ratio of the 
energy loss to the primary energy (which is plotted in Fig. 16) 
decreases therefore as l/^o whereas the same quantity for the energy 
loss by radiation increases logarithmically. We obtain, therefore, 
the striking result, that for energies higJier than a certain limit, the 
energy loss is almost entirely d/ae to emission of radiation and reaches a 
value which is much higher than that due to ionization. For lead this 
limit lies at about 20mc2, for water at 250mc^. 

We shall return to this topic in § 23, where we shall also compare 
our result with the experimental facts about cosmic radiation. 

5. Semi-classical deduction of the cross-section for the energy loss. We 
have shown in the preceding section that the theory leads to a very high 
value for the energy loss due to emission of radiation. It therefore 
seems desirable to see, at least qualitatively, the origin of this result 
more clearly than these rather complicated calculations allow. This 
is all the more important since the large energy loss for energies 
> 200ft is fundamental for the interpretation of cosmic radiation 
(§§ 23, 24). 

We shall see that the order of magnitude of as given by (33) 
and (34) is actually a classical effect and can easily be deduced by 
a very rough classical treatment of our problem. Like all results 
obtained by the present quantum theory of radiation, the theory of 
Bremsstrahlung developed in this section represents, in the sense of 
the correspondence principle, nothing more than the quantum analogy 
of the classical theory. 

We consider an electron passing through the Coulomb field of a 
nucleus at a distance r j* from it. The energy JE^ of the electron is to 
be large compared with mc^ and its velocity therefore nearly equal 
to c: JT \ 

= ^ = Vo/c. (35) 

Let the direction of Vq be along the z-axis. 

t Cf. for this method C. F. v. Weizsacker, Zs.f.Phya. 88 (1934), 612 ; E. J. WQUoms, 
Phya. Rev. 45 (1934), 729. 
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The Coulomb field causes an acceleration (deflexion) of the electron 
which itself gives rise to an emission of radiation. Siuce the formulae 
(§ 3 (10)) for the radiation by a fast electron are very complicated, 
it is convenient to consider the same process in a coordinate system 
in which the electron is at rest. In this Lorentz system the nucleus 
passes with the velocity — Vq at the same distance r (r is not trans- 
formed because it is perpendicular to z). We denote by dashed 
symbols all quantities referred to this system of coordinates. 

The field accompanying the nucleus is the Coulomb field trans- 
formed by a Lorentz transformation. The component of the electric 
field strength in the direction of r is therefore, according to § 2 (19), 

Zt. 

K = (36) 


We can assume that, at a distance r, the field of the nucleus at rest 
is roughly constant along the z-direction within a region r. In the 
Lorentz system, in which the electron is at rest, the extension p of the 
field is compressed in the z-direction. Therefore we have, by § 2 

p' = = rjy. (37) 


The acceleration due to the nucleus is equal to 

Ze^ 

m mr® 


(38) 


Since the electron is now at 
given by § 3 eq. (24) : 


rest, the energy radiated per unit time is 



W 

mH^r^ 



(39) 


We obtain the total energy radiated by multiplying (39) by the time 
T during which the collision takes place, t, by (37), being roughly 
given by _ rfyc, (40) 

and hence = ?^y. (41) 


This energy radiated has a roughly uniform angular distribution. 
Transforming back to the original Lorentz system in which the 
nucleus is at rest, we obtain the total energy radiated by a fast- 
moving electron passing at a distance r by using the transformation 
formulae § 2 eq. (44)f for the momentum energy vector of the 

t Owing to the xiniform angular distribution the momentum of the radiation can 
be neglected if we wish to know only the order of magnitude of the effect. 



176 RADIATION PKOOESSES OF THIRD ORDER Chap.III,§17 

radiation field: -! 72 « 2«2 

St = S'r'y = (42) 

* yO * 


Since the probability of the electron passing at a distance between 
r and r-{-dr is rdr, we obtain, dividing by the primary energy JEfQ, 
the cross-section for , the radiative energy loss 

= (43) 

The integration in (43) should be from 0 to oo. This, however, is 
not allowed for the following reason: Up to this point, we have 
described the motion of the electron entirely classically. We must 
take into account the fact that in the quantum theory the electron 
is represented by a wave packet. If we wish the energy of the electron 
to be determined with an accuracy me® say,f the dimensions 

of the wave packet may not be smaller than 


Aa:= — ~ — =A = Ao. (44) 

Apo Au®o me ° 

The classical formula (43) can only be applied if the field does not 
vary appreciably within the wave packet. Since the extension of 
the field was r/y, we have 


r/y>Aa: = Ao. (45) 

(43) is therefore only correct for r >\y- Inserting Aoy as the lower 
limit in the integral (43), the cross-section amounts to 


OO 

J J = = (46) 

This gives actually the same order of magnitude for 
obtained from the exact theory (equations (33), (34)). 

Thus even in the region where the classical theory can be applied, 
we obtain the extraordinarily high value for the radiative energy 
loss. The results obtained in the preceding section are, therefore, in 
complete agreement with the correspondence principle. 

We shall see that the application of the present theory to very 
high energies {E^ > 200mc®) leads to an understanding of the 
cosmic ray showers. We shall return to this question after having 

t For smaller wave packets with AF® > /x, the number of incident particles is 
undetermined, because then an indefinite niunber of electron pairs can be present 
(see § 19). 
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discussed these results in the light of the experimental evidence 
(§§ 23, 24). 

18. Multiple processes, higher approximations, self-energy of 
the electron. 

In the preceding paragraphs we have studied the most important 
radiation processes (except those which are connected with positive 
electrons). We have found that the quantum theory of radiation 
applied to the interaction of radiation with an electron always leads 
in th.e> first ujpjproximation to reasonable results, which can be under- 
stood from the point of view of the correspondence principle and 
which, are in agreement with experiment. In §§ 23, 24 we shall see 
that the agreement persists up to the highest energies known in 
cosmic radiation. 

In this final section of the chapter we shall treat a few problems 
which go beyond the field in which the theory has hitherto been 
applied. 

There is first of all the important question of the higher approxirrui- 
tions in the interaction between light and matter (compare § 10 
subsection 1). As we shall see in subsection 2 the theory leads here 
to entirely meaningless results. 

Another question which we shall discuss here is that of the multiple 
processes, i.e., for instance, processes in which instead of a single 
light quantum k two quanta k^ and k^ with the same total energy 
^ 1+^2 = ^ emitted. These multiple processes are of interest for 
two reasons : 

( 1 ) The order of magnitude of their probability cannot be estimated 
unambiguously from the classical theory by an application of the 
correspondence principle. They are typical quantum effects. For a 
critical understanding of the present theory it is in any case im- 
portant to have a clear idea of the results to which they lead.t 

(2) At very high energies in cosmic radiation theoretical physics 
faces the striking phenomenon of the ^ showers’ .% In these showers, 
together with photons, a large number of electron pairs are emitted 

t In the optical region the simultaneous emission of two quanta haa been studied 
by M. Mayor-Goppert, Naturw. 17 (1029), 932; Ann. Phya. 9 (1031), 273. The transi- 
tion probability is very small. Mere we are interested more in the region of high 
energies. 

t P. M. S. Blackett and G. P. S. Occhialini, Proc. Roy. 8oc. 139 (1933), 699, and 
(with J. Chadwick) 144 (1934), 236; C. D. Anderson, Phya. Rev. 4c4t (1933), 406; 
C. D. Anderson, R. A, Millikan, S. Neddermeyer, and W. Pickering, ibid. 45 (1934), 362. 

3505.12 


N 
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by a single fast particle or light quantum in passing through matter. 
We know now that most of these showers are of a cascade nature 
and that the theory of Bremsstrahlung and pair production fully 
accounts for them (§ 24). From the experimental evidence it can, 
however, not wholly be excluded that true multiple processes might 
also occur. In any case, it is desirable to know whether the present 
quantum theory gives, for those multiple processes, transition proba- 
bilities of the order of magnitude observed in the showers. This 
seems at first sight to be possible for the following reason: 

In the preceding section we have seen that at high energies 
of an incident particle the emission of Bremsstrahlung has a much 
larger probability than an inelastic collision. From the point of view 
of an expansion in powers of e the Bremsstrahlung represents a pro- 
cess of higher order (third) than the inelastic collisions (second 
order). One cannot therefore exclude the possibility that the mul- 
tiple processes which are of still higher order in e might, at high 
energies, have a transition probability large enough to explain 
the shower phenomenon. This, however, we shall show not to be 
the case. 


1. Multiple processes. As a simple but typical example we consider 
first a process which we may call ‘double Compton scattering '.f 
A primary light quantum ko is ‘scattered’ by a free electron initially 
at rest in such a way that instead of one scattered quantum k two 
quanta and kg are emitted. The transition probability for this 
process can be computed in exactly the same way as for the ordinary 
scattering, § 16. 

The conservation laws in this case are expressed by the equations 


ko = ki+k2+p, (la) 

^0+/^ = h-^+h2-\-E. (lb) 

From (1) it follows that, if <; jtx, both quanta and are of the 
order 

h-jj 


where 0{x) denotes a term at most of the order x. If, on the other 

hand, kQ ^ fx and if both quanta Jc 2 are scattered through large 

angles, then , , tt, , 

*1, *2 A*; p,E kf^. (3) 


t W. Heitler and E. Nordheim, Physica, 1 (1934), 1059. 
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The transition from the initial state A (ko,po = 0) to the final state 
F (kijkgjp) can occur only by passing through two subsequent inter- 
mediate stages, for instance: 


I. ko absorbed. The electron has a momentum 

p' = ko. (4) 

II. ki emitted. The electron has a momentum 

p'^^ko-^ki. (5) 

Other pairs of intermediate states are obtained by permiiting the 
order in which the three quanta are emitted or absorbed. There exist 
altogether six pairs of intermediate states. 

The matrix element which determines the transition probability 
-> is now, according to § 9 eq. (43 c), given by 





( 6 ) 


where the summation 2 is over all six intermediate states, the spin 
directions, and the sign of the energy of the electron in the inter- 
mediate states. The energy differences in the denominator of (6) 
are, according to (4) and (6), 

= ko+p.-h^-E"-, E"^ = 

The summation 2 hi (6) can be carried out in the same way as in 
§ 16. The transition probability is proportional to Taking 

the summation over the spin directions of the electron in the final 
state and the average value in the initial state, we obtain, in exact 
analogy with § 16 eq, (28) (dropping all numerical factors), 

_ (eJ£c)« 1 r„ I 1 fcN 

where 6-^ represents the angle between ko and k^ and 

K' = ,x(l-hft-Ffco4- («ko), 

K" = Ml+i8)-[-A;o-fci-l-(a,ko-ki). 

For an estimate of the order of magnitude it is sufficient to consider 
the first term in (8) arising from the first pair of intermediate states. 
All other terms are of the same order of magnitude.f 


t It can be shown that the diiferent intermodiate states do not ‘interfere’ so as 
to reduce the order of magnitude of the result. The order of magnitude of the whole 
matrix element is given by the first term of (8), 
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Thus the differential cross-section is given by (compare § 16 (29) 

12 ^1 ^2 ^^2 ^0 ^1 ^2 ^^2 fg-rs / Q n 0 \ 

d4 “137 [Sp(8)J* ( ) 

In (10) we have also dropped the factor dE^jdk (see § 16 eq. (16)) 
because it is of the order of magnitude 1 for all energies. 

For the evaluation of. the spur in (8) we assume that k-^ and k^ are 
always of the same order, because this is the only case of interest. We 
consider the two oases A?q /x. and k^ > 

(i) kfy fjL. For H-^JSJ we can write, according to (1), 


H+E = E+p^,+{<xp) = ft(l+j8)+(ap)+ ^ 

= jti(l+jS)+(«p)+O0. (11) 

The largest contribution to the spur (8) will be from those terms 
which are proportional to (jl. Since, however, according to § 16 
eqq. (31) and (33), 

(l+^)a(l-F^) = (l-^)a = 0, 

(l-fj3)a(ap)a(l+i3) = 0, 

and since by (9) and (11) ft occurs only in the form ft(l-l-j8), only one 
term ft(l+^) of jBr4--27 or K' or K" gives a contribution to the spur. 
The numerator of the spur is therefore of the order ft^J. The denomi- 
nator is of the order fx^k^ and therefore 

Sp(8)^l/ft. (13) 

Inserting (13) in (10) we obtain for the cross-section 

N.R. (14) 

(ii) Ajq ^ ft. In this case El" according to (1) are all of 

the order k^. The numerator of Sp (8) is therefore of the order k^ 
whereas the denominator is and therefore 

Sp (8) /-w Ajo/ft^. 

For large angles of scattering we have from (1) E k-^,k^^ ft. 

Thus the cross-section amounts to 


<!> 


137 Ajo 


(Ajq ^ ft). 


E.R. (16) 


Comparing our results (14), (15) with the corresponding formulae 
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(54) and (65) of § 1 6 for single scattering, we obtain the following 
scheme for the order of magnitude of the cross-section (units r§) 





single scattering 

1 

yfko 

double scatteriiag 

X:g/137p.a 

y./lS’Jk^ 


For small energies, /x, the double process is thus extremely 
rare. Its probability differs from that for the single process by a 
factor kyiZlfi^. It tends to zero in the transition to the classical 
theory because kljlZl = e^vofifc is proportional to h. 

At high energies, ko ^ ja, the double scattering is comparatively 
more likely. Its probability, however, is still smaller by a factor 1/137 
than that of the single process. 

The results obtained can easily be generalized. For instance, one 
can show that the probability of an electron passing through the 
Coulomb field of a nucleus emitting two quanta instead of one 
(double Bremsstrahlung) is, at high energies, 137 times smaller 
than that for the emission of one quantum. The cross-section for 
the simultaneous emission of a *jphoton shower^ consisting of n- quanta 
by a multiple Bremsstrahlung process is at high energies (i.e. if the 
electron and oil quanta have energies ^ mc^) of the order 

E-R- ( 16 ) 

It decreases with n as the nth. power of 1/137. Multiple processes 
are therefore rare events and the cosmic ray showers are not due to 
them. The electron pairs in a shower are emitted step-wise one after 
the other as will be explained in § 24. 

We may note that the theory of the meson, a new kind of particle 
discovered in cosmic radiation (§ 23, Subsection 5), leads one to 
expect that multiple processes involving mesons are more frequent. 
In this book, we are noft, however, concerned with mesons. 

2, Transverse self-energy of the electron . While for the multiple 
processes the theory leads at least to reasonable results, this is not 
the case for the higher approximations of any quantum process. 

We shall study the higher approximations of the interaction be- 
tween an electron and light through a simple example. According 

t I. Waller, Zs.f. Phys. 62 (19.30), 673; J. R. Oppenheirner, Phys. Rev. 35 (1930), 
46 i ; L. Rosenfeld, Ztt.f. Phye. 70 (1931), 454. 
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to § 10 the interaction energy is given by 


B = — e(aA) = — e 2 bA(aA.A)+g'J(aAJ)]. (17) 

A 


Hitherto we have considered the interaction H as causing iransi- 
tions of the unperturbed system between two quantum states. But 
it is obvious that the interaction H Will also make a certain contribu- 
tion to the total energy of the system. It is this change of the total 
energy of the system which we shall now calculate. 

In the classical theory the average value of H vanishes in the 
first approximation: 

H = — e(aA) = 0, (18) 

since A is composed of harmonically oscillating waves and the average 
value of the amplitude of each wave is equal to zero. 

In the quantum theory the average value of the interaction energy 
jET in a certain unperturbed state is given, in the first approximation, 
by the diagonal matrix elements of H referring to this state. If the 
number of light quanta nx of each radiation oscillator A is given, the 
diagonal matrix elements of each qx vanish (according to § 10 
eq. (4o)). Therefore, in the first approximation the average value of 
H vanishes also in the quantum theory: 

= 0. (19) 

This result corresponds to the classical one (18). It is certainly 
correct as are all results which have been obtained from the quantum 
theory of radiation in the first approximation. 

Let us now consider the second approximation. According to a well- 
known formula of quantum mechanics the second approximation of 
the interaction energy H is given by (§ 9 eq. (43 b)) 


w 


XT 

vm ,' " n'w 


( 20 ) 


IP IP' ^ 

where the summation 2 over aU intermediate states n\ We 
consider the case of a free electron at rest. We may also assume that 
in the state n for which we compute the average energy no light 
quanta are present. According to § 10, is then different from 
zero if in the state n' one light quantum k;^ belonging to a radiation 
oscillator A is present, and if the electron has a momentum p' = — k^. 
Inserting for the matrix elements § 10 eq. (16) we obtain 

W = 2’n-eWc2 y 1 

^ Tc. n—E'—k 


( 21 ) 
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from the following consideration: In the classical theory the higher 
approximations of the self -force, although they depend upon the 
structure of the electron, vanish if the radius of the electron is put 
zero fg 0). The higher approximations of the interaction H corre- 
spond to these higher approximations of the classical self-force. For 
a point electron they should therefore vanish. Since, on the contrary, 
they diverge, this divergence can only be an effect of the quantization. 

The divergence of the second approximation is a general feature 
of the theory. Also the transition probability w of all radiation pro- 
cesses diverges in the second approximation, whereas, as we have 
seen in this chapter, the first approximation gives correct results 
in all cases examined. 

As a formal criterion, we may say that the theory gives in general 
non-converging results in cases where the Tiv/mher of intermediate 
states is infinite. As we have seen, in our case the summation over 
this i nfinit e number of states does not converge. 

The present dijBficulty arises obviously from the large qvunta k. 
One might think that it could be avoided if we assume that the theory 
breaks down at high energies and that for high energies the inter- 
action of light with an electron is actually much smaller than given 
by the present theory. If we postulate that the self-energy of the 
electron cannot be larger than me® we must, according to (23), cut 
off the short waves at a limit 

= wcV( 2^137) or A,n = Ao/V(277l37) = roV(137/277), (24) 

i.e. at a wave-length which is >^( 1 37/27r) times larger than the electronic 
radius.f It is, however, doubtful whether this limit has any physical 
meaning. Weisskopf J has shown that the transverse self-energy 
diverges only logarithmically if one takes into account the modifica- 
tions of the theory arising from the existence of positive electrons 
(Chapter IV). It is indeed easy to see that, if instead of the transi- 


t If the electron has a momentum (energy E), the formula (23) for the transverse 
aeJf-energy has to he replaced by 

second term which diverges only linearly in order to limit W to a 
value ^ E, we must cut o£E all waves with a quantum energy larger than 

EV(2,rl37) == 

tr»mfonnation from the limit quoted 
t V. Weisskopf, Zs. f. Phya. 90 (1934), 817. 
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RADIATION PROCESSES CONNECTED WITH POSITIVE 

ELECTRONS 

19. General theory of the positive electron 

1. Introduction. Dirac’s relativistic wave equation for a j&ree 
electron has, according to § 9j solutions corresponding to states in 
which, the energy is negative. These negative energy states arise firom 
the fact that, in the theory of relativity, the energy of a free particle 
is given by a square root 

E = ( 1 ) 

Thus, for any given value of p the sign of E can be either positive or 
negative. 

The existence and properties of these negative energy states give 
rise to serious dij06[culties. The acceleration of such an electron due 
to an external force is in the opposite direction to the force. Thus, an 
electron in a negative energy state would repel an ordinary electron 
but would itself be accelerated towards the electron in the positive 
energy state. The principle of action and reaction would not be valid. 

In the classical theory, however, no dificulty arises, because one 
can define the energy to be the positive square root of (1); and then 
it does not change with time. 

This is not possible in the quantum theory. In the following sections 
we shall see that an external field (if it varies sufficiently rapidly) 
can cause transitions from a state of positive energy to a state of 
negative energy . The latter, therefore, cannot be excluded from the 
theory and, if the theory is not entirely wrong, must have some 
physical meaning. 

In the applications of Dirac’s wave equation, for instance, to the 
theory of the Compton effect, we have made use of the negative 
energy states as intermediate states. The results of the theory 
(Klein-Nishina formula) were found to be in very good agreement 
with the experiment up to energies of at least lOmc^. If we had only 
taken intermediate states with positive energy, we should have 
obtained a formula for the Compton scatte ring deviating largely 
from the Klein-Nishina formula, and the agreement with the experi- 



188 RADIATION PROCESSES WITH POSITIVE ELECTRONS Chap. TV, §19 

The provisional character of these assumptions is evident. Before 
discussing the difficulties and some general features of this scheme, 
we shall show that it includes a theory of the positive electrons: 

We consider what happens when one of the electrons with energy 
E = —1^1 and momentum p is removed under the action of an 
external field. By the second assumption the whole system then has 
a charge, energy, and momentum different from zero: 

E^^—E=\El e+=— e, = — p, (2) 

where e represents the charge of an ordinary electron. The hole in 
the distribution of the negative energy electrons has therefore a 
positive charge, positive energy, and a momentum opposite to that 
corresponding to the negative energy state. It therefore behaves 
like an ordinary particle with electronic mass but with a positive 
charge. Energy and momentum are now connected by the equation 

E^ — +V(jP++/*^) (3) 

with the positive sign of the square root. 

Thus, in the above picture, the positive electrons are represented 
as holes in the distribution of electrons finin g up the negative energy 
states. 

The creation and annihilation of a ‘pair’ of a positive and negative 
electron by an external field has to be interpreted in the following 
way. 

Starting from a state where no particle is present, an external field 
acting on the electrons in the negative energy states may cause a 
transition of one of these electrons with energy E and momentum 
p to a state with positive energy E' and momentum p'. According 
to (2) we have after the transition a pair of (positive and negative) 
electrons present with energies and momenta: 

P+--P, E^=-E=^\E\, 

p_ = p', E_ = E'. ^ ^ 

Since the minimum value of E' is equal to and the maximum 
value of E to —mc^, the energy required to cause this transition must 
be larger than 2mc^: 

E' — E = E^-\~E_ ^ 2mc^. (5) 

On the other hand, if a negative and a positive electron are present 
initially, the negative electron can jump into the hole representing the 
positive electron and the pair is annihilated. By this process the 
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electron with the momentum = 0 jumps into the 'hole’ with the 
momentum pf , emitting the light quantum k, 

k = kQ-f“P 0 p = Po (see Fig. 16). 

In the process the original electron has changed places with the 
electron in the negative energy state pj. 

In a similar way we obtain a second intermediate state: 

II. k is emitted by an electron in a negative energy state with 
momentum pf* =: p+k = p'* going over into the state p with 
positive energy (the energy is, of course, not conserved for the 
intermediate states). In the transition to the final state the first 



Fio. 16. The two intermediate states (drawn full and dotted) corre- 
sponding to the creation of a pair in the theory of the Compton effect 
according to the hole theory. 

electron jumps into the hole, absorbing the light quantum 
ko == P+k = pj* (see Fig. 16, dotted portion). 

Thus the transitions to the negative energy state used in § 16 are 
replaced by ail intermediate creation of a 'pair. The matrix element 
arising from these intermediate states can easily be seen to be 
identical with those obtained firom the original assumption ( 7 ) of 
intermediate transitions to negative energy levels. 

The same is true for other processes in which transitions to nega- 
tive energy states occur as intermediate states (§§ 16, 17, 18). The 
hole theory, therefore, does not necessitate any alterations in the cal- 
culations of Chapter Ill.f 

3. Difficulties and generaX features of the hole theory. 'While there 
can be no doubt that the general principles of this ‘hole theory’ are 
correct (creation of pairs observed directly and used as intermediate 
states in the theory of the Compton effect), tjhe present form of the 

■f This, however, is not true for the transverse self-energy § 1 8 subsection 2. Compare 
the remark at the end of that subsection. 
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pair forination is essential. Tke ‘switclmig on’ of a static field repre- 
sents a canonical transformation, and we see that in these transforma- 
tions the total nnmher of particles (positive and negative electrons) 
does not remain constant. It is therefore impossible to formulate 
exactly the problem fundamental for the present quantum mechanics 
and transformation theory of a sirigle electron in an external field. 
In the exact theory of the future the total number of particleb in a 
system will not be constant, the Only constant being the total charge c, 
since e, of course, is invariant under pair production and annihilation. 

At present we do not know whether the hole theory leads to cor- 
rect results for positive electrons moving in a strong field. In all the 
applications of the following paragraphs, the positive electron can be 
considered as free or almost free. The interaction with other particles 
is taken into account only in the first approximation. Only in this 
case and if the probability for the creation or annihilation of positive 
electrons is small (compare below, under (6), (c)) can we expect the 
hole theory to give correct resxdts.i’ 

(6) Also the idea of an electromagnetic field in vacruo has to be 
abandoned. Even if no particles are present an electromagnetic field 
can give rise to the creation of pairs, Since, however, for this purpose 
a minimum energy of is required, pairs can only be created if, 
in the Eoiirier expansion of the field, frequencies higher then Zmc^j^b 
or wave-lengths smaller than Aq/ 2 occur. If this is the case, a ‘pure 
field’ in vacvo no longer exists. In the future theory the electro- 
magnetic field and the ‘field’ representmg the positive and negative 
electrons will be intimately connected, neither of them having a 
physical meaning independently from the other. 

The Compton wave-length Aq represents a certain lower limit to the 
dimensions of a region in which the idea of pure electrodynamics in 
vactio, as described by the quantized Maxwell equations (§7), has a 
precise physical meaning. 

t It is because of the above difficulty that Dirac’s wave equation, has no stationary 
solution for an electron moving in the Coffiomb field of a nucleus with a charge 
jZr > 137. The radius of the JFC-shell would then be of the order hjmo and the potential 
energy of the order »ic®. In such a field positive and negative energy levels become 
mixed and it is not possible to define unambiguously the state of a single electron. 

This break-down of Dirac’s wave equation does not, however, seem to give rise to 
an appreciable eixor in the relativistic wave functions of a IC-electron even for elements 
as heavy as lead {Z — 82). This follows, for instance, from the relativistic calculations 
of the photoelectric effect for heavy elements which have been found to agree very 
well with the experiments (§13 subsection 3). 
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In the transition to the final state k(, the electron jumps into the 
hole (pair annihilated) emitting the quantum kgi 

Pl = Pj-fkJ. (8d) 

This scattering of light by light can even occur if the wave-length 
of the primary quanta and is larger than Aq. The probability for 
the scattering is then, however, very small. 

Processes of this sort can never be described by the present electro- 
dynamics. Formally they can be obtained only from a non-linear 
eiectro-dynamica for the vacuum ^ i.e. jBrom a theory in which tine principle 
of superposition of two fields is not valid. 

It is, however, doubtful whether the present hole theory can be 
applied to these processes. 

From equations (8 a) to (8d) it can be seen that the number of 
intermediate states is infinite because an infinite number of electrons 
in the negative energy states is available (pj can have any value). 
For some simple examples it can be seen that the summation over 
this infini te number of intermediate states does not always converge. 
For instance, a light quantum has an infinite self -energy which is due 
to the fact that an infinite number of pairs can be created in inter- 
mediate states, (The scattering oflight by light, however, converges.) 

From the formal point of view the situation is very similar to that 
pointed out in § 18 for the higher approximations of the radiation 
processes. In that case the divergence of the summations was due to 
the fact that an infinite number of different light quanta could be 
emitted and absorbed in intermediate states. 

From these difQ.culties we may conclude that the hole theory in its 
present stage can in general only be applied in the first approximation, 
in which a finite number of pairs is created (even in intermediate 
states) and in which the probability for creation is small. This will 
be the case in all applications of the following paragraphs. 

We shall return to the question of the subtraction of the diver 
gencies in § 25. 

20. Creation of positive electrons 

According to the ideas of the preceding paragraph the creation of 
a pair of positive and negative electrons must be interpreted as a 
transition of an ordinary electron from a state of negative energy to 
a state of positive energy. The energy necessary to create a pair of 
free electrons with energies E+ and is equal to and is 
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(i.e. by «;o). Thus formula (13) § 17 for the differential cross-section 
has to he multiplied by 

Pe+ Pq __ pt dE^ 


Pjspjedk Eq k^dh ^ ^ 

Since = p_, p = — p+j the angles 6, Pq, <j>, denoting the direction 
of the electron in the initial and fbaal state, are connected with the 
angles 6^, d_, <f>+, denoting the direction of the positive and negative 
electron, by: 

P+ = TT (5^ 

{6+ = Z. (kp+), <j>^^ z. between (kp+)-plane and (kp_)-plane). 
Putting then 

Eq — E_, E — — E^, pQ ~ p_, (6) 

and msertiag (4), (6), (6) in the formula (13) § 17 we obtain the 
differential cross-section for the creation of a pair p^., p_: 

P+P- dE^ sin sin G_ dd^ dG_ d<f> 

Y 


d<l> = 


X 


137 27r kP 

X / - i^+sin^^^. 2 I j3g-sing^_ ^ . 

i>+cos0+)*>' ^ i)_cos0_)2^^ + 2) + 


+ 


{E_—p_ cos 6_) (E+—pJ^. cos 6+) 

__ 2fc2 JP+ sin^^+-f-^g. sin2^_ 


(E_ — p_ cos d_){E+ — p+ cos 


( 7 ) 


= (k— p+— p_)2. 


(7 a) 


The integration over the angles is also just the same as for Prems- 
strahlrmg. Formula (16) § 17 therefore has only to be multiplied by 
p^ dE^jh^ dk and E to put equal to minus the energy of the positive 
electron. The cross-section for the creation of a positive electron 
with energy Ej^ and a negative one with energy E_ then becomes 




P\+P- 


P%P- 


+ 


-{-pP 
8 E^E_ pPk 


IE±1 

\ Pt 


€^E_ 


Pi 


3 p^p- 2p^p 


fE+E_—pt _i_E+E_—p% 2kE+E_\'\\ 


( 8 ) 

t A provisional estimate of the probabiUty of this process 'seas first given by 
J, R. Oppenheimer and M. S. Plesset, Phys, Bev. 44 (1933), 63. Formula (8) was 
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This factor (12) destroys the symmetry in and this is 
because the positive electron is repelled and the negative electron 
attracted by the miclens. According to (12) the probability for the 
creation of a pair is very small for small p+ and large for small p_. 
A similar correction must also be made in the relativistic case 
- — ' c for heavy elements. It seems, however, that even for lead 
(Z = 82) this correction is not very large (compare subsection 2). 

The screening need only be taken into account if both electrons 
have energies large compared with mc^. In this case formula (9) is 
correct if the condition (11) is satisfied. In the opposite case of 
‘complete screening’, i.e. if 2JE^JE_lkp ^ 137Z“*, we obtain a formula 
corresponding to (26) § 17:f 










J7_1 

3 • 


E.R. (13) 

In our calculations we have not taken into account an interaction 
between the positive and negative electron. In the present theory of the 
positive electron this interaction is not included in a satisfactory way. 
Fortunately, it can be seen that to our approximation this interaction 
does not affect the calculation. This is because the matrix element 
(V+-)p^x,_ corresponding to the creation is probably the matrix element 
of a Coulomb interaction belonging to a transition from a positive 
energy state p_ to a state with negative energy and momentum — p^., 

dr e^^ -)/^e^(p + *■ +)/«c 


(K-) 


P + P 




lr+-r. 


(14) 


This matrix element vanishes except when momentum is conserved, 
i.e. p++p_ = 0. It follows that T+_ will not contribute anything to 
the matrix elements occurring in § 17 (8). Thus can be neglected 
in our approximation. 

2. Discussion. Total number of pairs. Discussing first the angular 
distribution of the created electrons, we see from (7) that for large 
energies, h, jE7+, E_ ^ p, both electrons are emitted in the forward 
direction (as is the case for all proeesses at very high energies). For 
smaller energies the concentration in the forward direction is less 
marked. The solid angle d in which the electrons are emitted is of 
the order 6 - — ' mc^jk. 


*}■ H. Bethe, Proc. Camb. Phil. Soc. xxx. 624, and Bethe and Heitler, loo. cit. 
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obtains a very small and the other one a very large energy. Finally, 
the distribution tends to an asymptotic curve (oo) represented by 
formula (13). 

The symmetry in jE 7+ and is due to the application of Born’s 
approximation. In an exact calculation the maximum of the distribu- 
tion would be displaced to the right-hand side. This displacement is 
greatest for high nuclear charge Z and small h. 

The total number of pairs created is found by integration of (8)-(13) 
over all possible energies of the positive electron; it is thus equal to 
the area covered by one of the curves of Fig. 17 . Analytic integration 
is only possible in the extreme relativistic case if the screening is 
either negligible or complete. From (9) and (13) we obtain 

= e.r. (16) 

For smaller energies and for energies where the screening is not 
complete the integration was carried out numerically (loc. cit.). 

The results are shown in Fig. 18, where we have plotted in a 
logarithmic scale the total cross-section </>pair> units as a function 
of ^v. Fig. 18 shows that the probability of the pair formation in- 
creases rapidly with Hv until it reaches a constant value at very high 
energies. It is proportional to (because f Z^).'\ The values of 
^pair/^ are given in the following table (compare also Appendix II) : 

Table V 

Cross-section for the creation of ‘pairs hy y-rays 

hv 3 4 5 6 10 20 60 100 oo rnc^ 

<^pair/^ 0*085 0-32 0-61 0-89 1-94 3-76 6*4 7-9 (Pb) 11-5 (Pb) 

We can compare the probability for the creation of a pair by a 
y-quantum k in the field of a nucleus with charge Z with the proba- 
bfiity, for the same y-quantum, of Compton scattering by the 
extra nuclear electrons. The latter is given by the Klein-Nishina 
formula § 16 eq. (53) multiplied by the number of electrons Z. 
We have therefore also plotted in Fig. 18 the cross-section for the 
Compton scattering in the same units In these units we obtain, 


t For very high energies ^pair/^^ depends also on Z, but only to a small extent. 
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positive electrons; the number of photoeleotrons is not very large 
for the energies in question. 

Thus, by counting the numbers of the positive and negative 

electrons we obtain immediately the ratio of the cross-sections 

^pair/ (^photooleotr.H" ^Compton) “ W'+) • 

^photoeieotr.H-^Oompton oan be taken from the calculations §§ 13, 16 
which have been found to agree very well with the experiments. The 
result of the measurements reduced to an infinitely thin sheet for 
the ThO"' y-radiation {k = 5*2mc^) and Pb is shown in Fig. 18. The 
theoretical value of the ratio for this energy is 0-20, the 

experimental value 0*22. 



Fia. 19. Scheme of experimental arrangement for the observation of 
the creation of pairs by y-rays in a Wilson chamber. A »= source of y-rays. 
B = thin lead target. A strong magnetic held is switched on deflecting 
positive electrons travelling downwards to the right-hand side. + , - 
tracks of the pair. 


As is seen from these data, the themy of the pair formation agrees 
very well vn^ the experimental results. The agreement is even better 
than was to be expected, since we should not expect Bom’s approxi- 
mation to give very accurate results for elements as heavy as lead 
(compare Appendix II). The proportionality with has been tested 
experimentally in a similar way by Benedettif and found to be 
satisfied with great accuracy. 

The theory of pair formation can also be tested in a more indirect 
way. The creation of pairs gives rise to an additional absorption of 
y-rays. The absorption coefficient per cm. due to pair formation is 

-pal. = (17) 


where N represents the number of atoms per cm.® Thus, by measuring 
the absorption coefficient of y-rays we also obtain evidence for the 
creation of pairs. We shall, however, leave this question for a special 


t S. de Benedetti, OJt. 200 (1936), 1389. 
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Experimentally, this process seems to have been observed by 
Skobelzyn and Stepanowa.f Eq. (19) is also valid for a proton with 
energy >> Jfc®, if is replaced by Mc^. In the calctdation of the 
energy loss by fast particles in passing through matter (§23) the 
creation of pairs can be neglected. 

(3) A special discussion is required for the case of pair formation 
by a direct collision between two €J,^trons.% The conservation laws 
show that this happens only if the colliding electron has an energy 
larger than (if the other electron is initially at rest). This case 
is essentially different from (2) because the electron which was initially 
at rest obtains a large velocity during the process. Thus the retarda- 
tion forces between all three electrons wiU play an important part. 

(4) In va>cuo pairs can be created by two light quanta hv^ and hv^ 

with an energy hv-y^-\-hv^ > 2mc^, This is the inverse process to the 
ordinary two-quanta annihilation which we shall consider in § 21.1| 
The probability of the pair formation can be deduced immediately 
from formula (11) § 21, and for ordinary radiation densities is 
extremely small. For densities, however, which are estimated to 
occur in the interior of the stars, the pair formation by light may 
become important. In thermodynamic equilibrium, an appreciable 
number of pairs is present at temperatures of hT mc^ (i.e. 
T r>^ 6. ®C.). For higher temperatures the density of pairs be- 

comes equal to the density of the light quanta themselves. 

(5) Finally, we mention the fact that a y-ray emitted by a nucleus 
can create a pair in the field of the same nucleus. This process is a 
kind of internal conversion, with the creation of a pair instead of 
ejection of a A-electron. For y-rays of energy about 6mc^ the coeffi- 
cient of this internal conversion is of the order 10-^— 10“® pairs per 

y-quantum.tt 

21. The annihilation of positive electrons 

The inverse process to the creation of pairA, js the annihilation of 
a positive and a negative electron. According to the hole theory (§ 19), 
this has to be understood as a transition of an ordinary electron from 

t D. Skobelzyn and E. Stepanowa, Joum. d. Phya. 6 (1935), 1. 

X F. Perrin, C.li. 197 (1934), 1100, 1302. 

II G. Breit and J. A. Wheeier, Phys. Rev. 46 (1934), 1087 ; W. Heitler, Proc. Cavib. 
Phil. Soc. 31 (1935), 242. 

tt J. R. Oppenheimer and L. Nedelski, Phys. Rev. 44 (1933), 948; M. E. Rose and 
Or. E. Uhlenbeck, ibid. 48 (1936) 211; J. C. Jaeger and H. R. Hulme, Proa. Roy. Soc. 
148 (1935), 708. 
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instance, ftom the initial state to the first intermediate is given by 
(§ 10 eq. (16)) 

iCii = J (4) 

where Uq, u' denote the Dirac amplitudes of the electron in the states 
Po» P^ components of the matrix vector a in the direc- 

tions of polarization of the two light quanta. 

To the approximation used in calculating the transition probability, 
the interaction between the positive and negative electron vanishes 
(see § 20 eq. (14)). 

Thus the matrix element responsible for the annihilation process is 
according to (4), given by 

^ — -^II / 

~ I 2 .^ w + w 

where the summation ^ is over all spin directions and energy signs 
in the intermediate states. 

To obtain the transition probability we must remember that the 
final state is determined by the direction of one light quantum only, 
the direction of kg being, by (2), opposite to that of k^. Therefore 
we have to multiply |jy|2 by the density function dQ.k\dk-^l{27T^Y, 
referring to the first light quantum only. Dividing by the velocity 
of the incident positive electron p+cjE^ we obtain the differential 
cross-section 



d<l> ^ 


277 dQ, k\ 


m 


He (277^c)® 

277 d£l7c\ 6^(277^20^)21-^ /(^^Jal'M')(i^'’^a2^e) , {U^0L2U"){u"*(X^U)\\^ 

p+(277^c)3 kl \2i,\ E' W /I' 

( 6 ) 

The summation 2 be carried out by the method developed in 
the theory of the Compton effect (§16 subsection 3). We shall give 
the results only. Summing the cross-section over the directions of 
polarization of the two light quanta and averaging over the spin 
directions of the positive and negative electron, we obtain 

/ -g§+pg+j?§sin2g _ 2 p%sm^e 

4pf^ Eq \ El —pi co8^$ 


d<f> 


{El — pI cos 20 ) 


^^VDid ddd<l>, (7) 
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cross-section for annihilation diverges. This, however, does not 
mean that the probability of annhilation becomes infinite. The rate 
of annihilation in a substance with N atoms per unit volume for 
this case is given by 

Jt — ZN(j>Vj^. = NZttt^c (seo.“i). N.R. (12) 

For lead, for instance, we obtain i2 — 2 x 10^° seo.“^. The lifetime 
of a very slow positive electron in lead is therefore of the order 
10“^® sec. 

For high energies the cross-section decreases. For very high 
eneigies we obtain 

(f, = 77r§ 


Fig. 20. Scheme of an experimental arrangement for the observation of 
the annihilation radiation. A — two Geiger-Miiller cotmters. JB ~ source 
of positive electrons surrounded by a thin sheet of metal. C = thin wall of 
the counters. (Klemperer, loc. cit.) 

In the Lorentz system in which the negative electron is at rest, the 
two annihilation quanta do not in general have the same frequency. 
For high energies of the positive electron, we see from the angular 
distribution function (7) that, in the initial Lorentz system, the two 
quanta are mainly emitted in the forward and backward directions. 
After the Lorentz transformation the quantum emitted in th.Q fcyrward 
direction takes up nearly all the energy of the positive electron, whereas 
the second quantum has only an energy of the order mc^. If, however, 
the kinetic energy of the positive electron is small compared with 
mc\ the two quanta have an energy of mc^ each and are emitted in 
opposite directions. 

From (11) we can deduce the probability of annihilation of a posi- 
tive electron in passing through a finite sheet of matter. This will be 
done in§ 23. 

2. Experimental evidence.'\ The above theory of annihilation can be 

t O. Klemperer, Proc. Canib. Phil. Soc. 30 (1934), 347. The source of positive 
electrons was a target of graphite bombarded by protons. A radioactive element 
Nxz is thus produced, which emits positive electrons. Compare also: J. Thibaud, 
C. i?., 197 (1933), 1629 ; F. Joliot,ibid. 198 (1934), 81 ; H.R. Crane and C. C. Lauritson, 
Phya. Rev. 45 (1934), 430. 
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process, and amounts in heavy elements (in ■which it is largest) to 
less than 20 per cent, of the two-quanta annihilation. 

We shall calculate the probability only in the most simple case 
where the nega'fcive electron is bound in the jST-shell of an atom, and 
where the tinetic energy of the positive electron is small compared 
with mc^ but large compared with the ionization energy of the 
jST-shell. The latter assumption makes possible the use of Bom’s 
approxima'tion. The calculation is then very similar to that for the 
photoelectadc absorption of a light quantum by the JT-electron (see 
§ 13 subsection 1, where the same assumptions are made). 

The process in question consists of a transition of an electron from 
the JK^-state to a state of negative energy with momentum p == p+> 
emitting a light quantum 


where a^/2/u. represents the binding energy of the JST-electron. Accord- 
ing to the assumptions made above we can assume the positive elec- 
tron to be feee (Bom’s approximation). For its wave function we 
may take the non-relativistio approximation.^ 

The transition to the non-relativistio case requires, however, some 
care. We start from the exact ma'ferix element responsible for the 
transi'fcion 


H^—e 




(16) 


where represents the component of the matrix vector a in the 
direction of polarization of the light quantum, the exact 

Dirac wave function of the JT-electron and the electron in the nega- 
tive energy sta'fce. 

The expression which has four components, can be written 
in the non-relativistic approximation as a scalar quantity. For this 
purpose we write Dirac’s wave equation in the form 

(ap)^2» = 


where 



(17) 


the "two signs referring to positive and negative energy states respec- 
tively, Inserting (17) in (16) and multiplying by a^., putting it both 


f The word ‘non-relativistic* is not, of course, to be xinderstood literally. The 
whole effect is essentially a relativistic one. It means only that p^. /x. 
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amounts to about 26rJ. For the same energy the cross-section for 
the two-quanta annihilation is sixteen times larger. In contrast to 
the two-quanta annihilation, decreases for small energies. For 
relativistic energies the exact formula is 

Z® 1 

= ^0 jgiji (y-|.l)2(y2_l)i ^ 

x[/+!y+|-^^,log{y+(/-l)*}] (20) 

(y = F+//x). 

The ratio of one-quantum annihilation to two-quanta annihilation 
is largest for about E+ ^ where it amounts to ro 20 per cent, 
(for lead), t These values are obtained by using Bom’s approximation. 
It is likely that the correct values of <j>^ for lead are still considerably 
smaller as is the case for the photoelectric effect. (Compare Tables I 
and n, p. 126.) 

Positive electrons can also be annMlated without emission of 
radiation, the energy being given off to another electron. This 
process may occur if a positive electron collides with two electrons 
which are accidentally situated very near to each other,! or by a 
collision with the Z-sheU.|| One electron is then annihilated whereas 
the other one is ejected with a kinetic energy of ^ 2mc®. The proba- 
bility for these processes is, however, rather small. 

t For a more detailed discussion of the one-quantum annihilation see E. Fermi 
and G. E. TJhlenbeck, Phys, Rev. 44 (1933), 510 ; H. R. Huhne and H. J. Bhabha, 
Proc. Roy. Soc. 146 (1934), 723; Y. Nishina, S. Tomonaga, and H. Tamaki, Seient. 
Pap. Inst. Phya. Chem. Research,, Tokio, 24 (1934), No. 18; H. Bethe, Proc. Roy. Soc. 
150 (1935), 129; J. Solomon, Joum. d. Phys. 6 (1935),. 114; J. C. Jaeger and H. R- 
Hulme, Proc. Gamh. Phil. Soc. 32 (1936), 158. 
t F. Perrin, O.R. 197 (1933), 1302. 

11 J. Brunings, Physica, 1 (1934), 996; H. S. W. Massey and E. H. S. Burhop, 
Proc. Roy. Soc. 167 (1938), 53. 
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If ^ represents the cross-section of one atom for one of these three 
processes, the corresponding value of r is given by 

•r = (3) 

where N is the number of atoms per cm.® 

The numerical values of the cross-sections for the three processes, 
as calculated from the theory, are given in this book as follows: 

(1) For the photoelectric effect of the .Sr-shellf in Tables I, II, 
and Fig. 8, pp. 124, 126. 

(2) For the Compton scattering in Table III and Fig. 13, pp. 158, 
160. 

The values refer to a single electron and have to be multiplied by 
Z to give the cross-section of an atom. 

(3) For the creation of pairs in Table V and Fig. 18, p. 200, 201. 

Since the quantities are expressed in units <I>q 2/®/1 37^, <f>o{— Srrr^jS ) , 
^ ( = rg ^ 2 ^ 137 ) respectively, the figures in the tables and graphs men- 
tioned above have to be multiplied respectively by JZf®/137^, 
NZif>Q, Nf to give the corresponding term in t . The values of these 
quantities for several materials are given in the appendix. 

With regard to the graphs Fig. 13 and Fig. 18, we see that the three 
processes are not equally important in different energy regions. For 
small quantum energies hv the photoelectric absorption gives the 
main contribution. For higher energies the Compton scattering 
beconies more important, and finally, for very high energies, the 
absorption is entirely due to pair production. The regions where these 
three effects give the largest contribution are roughly as follows: 



PTiotoelectric effect 

Compton effect 

Pair ;formatwn 

Pb 

avlmc^ < 1 

^ 1 — 10 

> 10 

A1 

hvjmc^ < O'l 

z--' 0*1 — 30 

> 30 


As a function of the atomic number Z, the absorption coefficient 
behaves most simply in the region where the Compton scattering 
gives the only contribution, t in this region is simply proportional 
to the total number of electrons NZ per cm.® or, since Z is roughly 
proportional to the atomic weight, proportional to the density p. 
Thus the total intensity absorbed is proportional to the total mass par 
cm?' which the y-ray has passed. We can then define a rrvass aJbsorption 
coefficient rjp (gm-“^ cm.®) which is almost constant for all elements at a 

t The higher shells give only a small contribution amounting to about 20 per cent, 
of the effect of the J?-shell. In the following we have multiplied. by a factor 6/4. 
(Cf. § 13.) 
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materials in order to determine uniquely the frequency of a given 
radiation. A single measurement is only sufficient if the frequency is 
so small that pair production cannot occur. As an example, we have 
plotted in Pig. 21 the experimental values of t for a certain y-radia- 
tion obtained by bombarding fluorine with protons.f The value 
for Pb (0*49) allows two frequencies of about = 4*5 and 11 me®. 



Flo. 21. Absorption coefiftcient t for y-rays in Pb, Sn, Cu, A1 as a function of the 
frequency, in a logarithmic scale. The dotted curves show the throe components of 
T for lead. The circles refer to a measurement of McMillan (loo. cit.). They should 
lie on the same vertical line. 

The values obtained for Sn, Cu, and A1 show definitely that we are 
on the short wave-length side and that lime® is the true value of Hv. 

If the theory is correct, all experimental points should lie on the 
same vertical line. This is actually the case allowing for the fact that 
the accuracy of neither the measurements nor the calculations is 
higher than 10 per cent, and that Hv is very sensitive to r. 

The above measurements can be regarded as a proof of the theory 
of pair production. Prom these results, and from the direct measure- 

■f McMillan, Phys. Rev. 46 (1934), 868. For other examples see H. B. Crane and 
C. C. Lauritsen, Rep. Intern. Oonjerence on Physica, London, 1934. 
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the Bremsstirahliing gives rise to an extraordinarily high energy 
loss which considerably outweighs the energy loss due to inelastic 
collisions. 

1. Average energy loss by inelastic collisions. The energy loss of 
particles passing through matter was first calculated by Bohr,t using 
the classical theory. In the quantum mechanics the problem has 
been investigated and solved by several authors^ in a very satis- 
factory way. In this hook, however, we must confine ourselves to a 
statement of the results of these beautiful but rather lengthy calcula- 
tions. We take here the results obtained by Bloch who treated the 
problem using the Thomas-Fermi model for the atom. 

The average energy lost by a particle of charge ze with the velocity 
V = cj3 and energy E per cm. path in a substance with atomic 
number Z is given by the general formula: 

\ ^ 

N is the number of atoms per cm.® 
is our usual unit cross-section. 

fjL is the rest energy of the electron. 

is an average ionization energy of the atom. I has been de- 
termined from the experimental value of the energy loss of 
a-particles in gold: 

I = 13*5 electron volts. (2) 

T*(a;) is the logarithmic derivative of the gamma function] | 

■^(^) ^ (?log(a;!) _ dlog r(a7-|-l) 
dx dx 

For large values of a;, T*(a;) can be developed in a series 

^(a;) = loga;-f-^ — .... (3) 

R denotes the ‘real part of’. 

t N. Bohr, PhU. Mag. 25 (1913), 10; 30 (1916), 681. 

j Cf. Mott and Massey, Theory of Atomic Collisions, Oxford, 1933, Chapter XI ; Ch. 
MeUer, Ann. Phys. 14 (1932), 631; H. Bethe, Zs. f. Phys. 76 (1932), 293; Hdb. d. 
Physik, XXIV (1), 621; E. J. WilUams, Proc. Boy. Soc. 135 (1932), 108 ; F. Bloch, Ann. 
Phys. 16 (1933), 285; Zs.f. Phys. 81 (1933), 363. 

II Y is tabxdated in Jahnke-Emde, Tables of Functions, Leipzig, 1933: 

Y(0) = -0-577. 


/coll 
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(5) becomes simply 



In the extreme relativistic case we obtain 





N.R. (6) 

E.R. (7) 


From (6) and (7) we see that for small energies the energy loss 
decreases rctpidly with increasing energy. It reaches a minimum value 
somewhere at energies of the order mc^ and then increases again\ the 
increase is, however, very slow. 

According to (1), a heavy particle loses practically the same 
energy per cm. path (except for a factor z^) as an electron of the 
same velocity. The comparison becomes even more exact if for the 
electron we disregard head-on collisions and insert for the maximum 
energy transferred a quantity of the order W ^ mv^. (Compare 
footnote, p. 219.) 

If, however, we consider an electron and a heavy particle with the 
same energy E, the heavy particle loses much more energy than the 
electron, at least for E <C Afc®. Introducing the kinetic energy of 
the heavy particle. 


T = 




— 


Mc^ 




eq. (1) becomes (for j8 1 but zjlBip 1) 


The energy loss due to inelastic collisions is very nearly proportional 
to the total number of electrons NZ per cm.^or to the total mass per 
cm.® traversed. It behaves in this respect like the absorption coeffi- 
cient of y-rays due to Compton scattering. For high energies (eq. (7)) 
this is also the case for the dependence on the primary energy. (We 
have then to compare t with the energy loss divided by the primary 
energy E.) In fact, the collision of two electrons and of a light 
quantum with an electron are very similar processes for high energies. 

The energy loss of a proton and an electron due to collisions in 
Fb is plotted in Fig. 22 as a function of the primary energy E. 


2. Total energy loss. The second way in which an electron loses 
energy in passing through matter is by emission of radiation. The 
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At very high energies the energy loss is almost entirely due to Bremsstrah- 
lung. The range of energies where this begins to be the case lies at 
about 20mc2 for Pb and 200mc2 for air and HgO. 

In Pig. 22 we have plotted the two parts and the total energy loss 
per cm. of an electron in lead. The shape of the curves is, as it is 
seen from the graph, very similar to the curves in Pig. 21 representmg 
the absorption coefficient of y-rays. 



Fig. 22. Energy loss per cm. path in lead (units mc^) as a function of the primary 
energy E — me® in a logarithnoic scale for an electron and a proton of the same energy. 
The dotted curves represent the two parts of the energy loss for the electron. 


Por a heavy ^oHicle the energy loss is entirely due to inelastic colli- 
sions. The radiative part will be smaller by a factor {mjMY than for an 
electron of the same velocity. This can be seen even from the classical 
theory of emission of radiation (cf. § 17 subsection 6). The energy 
loss by radiation becomes comparable with that by inelastic collisions 
only at energies large compared with Mc^. 

Por comparison we have also plotted in Pig. 22 the energy loss of 
& proton in Pb as given by equations (1) and (8). As we see from the 
graph, the stopping power of Pb for energies la/rger than IOOtwc® is 
smaller for protons than for electrons. In air, this limit lies at about 
200mc®. 
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from the actual amount of energy which is lost in a particular case 
by a particle traversing a sheet of matter of a certain thickness. If, 
however, the particle loses its energy in a very large number of 
collisions, transferring only a small fraction of its energy in each 
collision, the effect of straggling will be very small. This is always the 
case for heavy particles (cf. eq. (4 a)). 

An electron may, however, lose a large fraction of its energy in a 
single head-on collision , or by emission of a hard y-ray. Since the head- 
on collisions are comparatively rare, the straggling due to the in- 



Fio. 23. Average range of a fast electron and proton of the saocne energy in lead. 
The dotted curve represents the average range of a positive electron, the difference 
being due to annihilation of the positive electron while in motion. 

elastic collisions only will not be very large. We shall not consider 
it here.f 

The straggling is, however, characteristic of the energy loss by radia- 
tion.X In§ 17 (subsection 3, Pig. 14) we have seen that the probability 
that an electron loses a fraction f of its energy in a single - 

quantum process is almost the same in the three cases. Thus the 
energy loss by radiation is chiefly due to the emission of large quanta. 
After passing a certain sheet of matter, an electron will have emitted 
only a few quanta each of large energy. The secondary y-radiation 
of an electron has an energy of the same order of magnitude as 
that of the primary electron. The straggling will therefore be very 
large. 

To obtain a rough idea of the effect of this straggling we represent 

t for instauoe, Bethe, HcS>. d. Physik (loc. cit.). 
j H. Beth.e and W. Heitler, loc. cit. p. 161. 
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Therefore, if (15) is valid for and l^, it is also valid for s-nd 

since we have shown that it is valid for an infinitely short path we 
have proved that (15) is valid for any length of the path. 

The probability distribution given by formula (15) is plotted in 
!Fig. 24 for several values of bl. The constant b can be taken from 
(12), (14), and from the appendix where the values of are given 
for several materials. For a sheet of lead of 1 cm. thickness 6Z amounts 
to 2*5. The graph shows that the probable energy losses are dis- 
tributed over a broad range. For a sheet of Pb of 8 mm., thickness 
{Jbl — 2) the probability that the energy decreases by a factor 
between e”®'® == 0*6 and e~® = 0*135 is almost constant. 



Fia. 24. Straggling. w{y) represents the probability that the energy of an electron 
•which has traversed a sheet I cm. thick has decreased by the factor The numbers 

affixed to the curves represent the parameter hi, where 6 is a constant defined in 
equations (12) and (14). (For Pb 6 = 2*3 cm.~^) 


The probability that an electron still has an energy larger than 
e-^«> times the initial energy after traversing the sheet is given by the 
integral 

W(^,) = J w(3,) dy=.j dy = (17) 

0 0 

where (hi — l,2/o)! represents the ‘incomplete gamma function ’.j* For 
small values of that is, if we wish to know the probability that the 
electron loses only a very small fraction of its initial energy, we obtain 


wty.) = (^^~l»yo)- 

r(6J) ~ r(6i+i)' 




(17') 


f Numerical values of this function are given in Jahnke-Emue, Tables of Functions, 
p. 96, and Pearson, Tables of the Incomplete V-function. is plotted in H. Bethe 

and W. Heitler, loc. cit., p. 161. 
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!made by Anderson and Neddermeyer,| and they have been able to 
verify the theoretical predictions for energies up to a few hundred 
me®. The most extensive and most accurate measurements are by 
Blackett and Wilson. J 

In Fig. 26 we represent Blackett*s results. They were obtained 
with a 0-33 cm. Pb plate for energies up to l,000mc® and a 1 cm. 



Fig. 26. The CTxrve shows the measured average energy loss of cosmic ray particles 
(Fi = initial energy, F* = energy after traversal of lead plate of thickness I cm.). 
Particles with E■^ < 4007nc® are all electrons, those with > 400r«c® nearly all 
mesons. A few electrons in the' high energy region (circles) show the correct energy 

loss Y — 2*6 with large straggling. 

Pb plate for higher energies. The curve represents th average value 

of Y obtained from a large number of cosmic ray particles. We first 

see that up to about 400mc® the experiments confirm the theoretical 

predictions (Y = 2*5) very well.§ For higher energies, however, the 

curve drops down suddenly to a very small value. At first sight it 

would seem that this is in striking contradiction to the theory. In 

fact, the sudden decrease of the energy loss at high energies was 

known a long time and has led to the statement — ^which we now 

f C. D. Anderson and S. H. Neddermeyer, Phys. Rev. 50 (1936), 263. In this 
paper earlier, inaccurate, measurements were corrected. 

X P. M. S. Blackett, Proc. Roy. Soc. 165 (1938), 11 ; J. G. Wilson, ibid. 166 (1938), 
482. 

§ In representing the data corrections have been made to accotmt for the loss by 
ionization. 
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in nature. It not only plays a predominant role in cosmic radiation, 
but is also the essential ingredient for our understanding of nuclei. 
This book, however, is not the place to deal with these questions. 

6, Anriihilation prohahility and range of positive electrons. Finally, 
we shall discuss shortly the question as to whether our calculations 
on the energy loss and the range of electrons have to be modified for 
positive electrons. This is obviously not the case in the region where 
Born’s approximation can be applied. The transition probability is 
here proportional to the square of the interaction of the electron with 
the other particles and the sign of the charge does not therefore make 
any difference at all. 

The only difference is that a positive electron can be annihilated 
while passing through matter. In § 21 we have calculated the proba- 
bility that a positive electron is annihilated in a collision with a free 
negative electron. If we denote the cross-section for this processf 
by the probability that the positive electron is annihilated 

while travelling a distance dx is given by 

wdx = NZ<l>{E')dx. 


For E' we have to insert the energy which the positive electron 
has at the particular point of its path considered. Since cf) is given 
as a function of E', it is convenient to introduce the probability of 
annihilation per energy interval dE'. This probability is given byj 


NZ<f>(E') 

—dE'Idx 


w{E')dE\ 


( 20 ) 


where — dW jdx represents the energy loss per cm. as calculated in 
subsections 1 and 2. 

If we insert for (l>{E') the function § 2l eq. (11) and for dE'fdx the 
values given in Fig. 22, we obtain for the ‘ dijferential annihilation 
probability^ per energy interval dE' in lead the function plotted in 
Fig. 26. We see that the probability of annihilation has a maximum 
for E' — mc^ rw mc^. At higher energies and at smaller energies the 
positive electron loses its energy so quickly (according to subsections 
1 and 2) that it has no time to be annihilated. w{E') gives also, in 
connexion with the results of § 21, the intensity distribution of the 
continuous annihilation radiation (excess scattering of y-rays). 


•(■ We consider only the two -quanta annihilation, 
j Of. H. Bethe, Proc. Roy. Soc. 150 (1935), 129. 
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Table IX 

Difference in the average ranges of an ordinary electron and a positive 

electron in lead 



1 

10 

100 

1,000 

AJ2 (cm.) 

■ 

0-05 X 10“® 

0*014 

0063 

0*08 


24. Cascade showers 

The direct measurements of the energy loss of very fast electrons 
and their comparison with our theory of radiative energy loss (§ 23, 
subsection 5) may be considered as an indication of the fact that 
there is at least an approximate agreement between theory and 
experiment. In view of the very scanty experimental data available 
they could, however, hardly be taken as a perfect proof of this fact. 
As was mentioned above, a much more convincing proof was derived 
from the shower phenomenon, and it was in fact only after the 
cascade theory of showers was developed that the experiments 
quoted in § 23 were performed. 

Showers are one of the most conspicuous and striking phenomena 
in cosmic radiation. It is found that in a passage of a high-energy 
cosmic-ray particle through matter — a metal plate of a few cm. 
thickness sufGices — a large number of positive and negative electrons 
can be created. The number of particles may be anything between 
2 and several hundred, and the largest showers, known as Hoffmann 
bursts, consist of several thousand particles. The phenomenon was 
discovered by Blackett and Occhialinit in Wilson chamber experi- 
ments. 

1 . The mechanism of a cascade shower. It is indeed the theory of 
radiative energy loss and pair creation which leads to a complete 
understanding of these showers as a kind of cascade process. We 
have seen in § 23 that a fast electron loses energy quickly by radia- 
tion. After having travelled a distance 1/6 defined by eq. (14), p. 225, 
the energy of the electron has, on the average, decreased to e~^ times 
its initial value E^, A glance at Tig. 14, p. 170, at once shows that 
a large fraction of this energy is emitted in form of light quanta 
with energy h comparable with E^ itself. It is indeed quite probable 
that a light quantum of, say, k = JJSq is emitted. Only a small 

t See reference on page 177 and numerous later papers, chiefly in Phys. Bev. and 
Proc. Boy. Soc. 
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that the number of particles increases rapidly with the thickness 
traversed, provided that Eq is sufficiently large. 

On these lines the cascade theory of showers was developed 
independently and at the same time by Carlson and Oppenheimer 
and by Bhabha and Heitler,f .using different mathematical methods- 
Later improvements and amplifications with regard to the physical 
and mathematical approximations used have been made by several 
authors. J Naturally, the working out of this mechanism is bound 
to be difficult and complicated and we cannot go into the details 
here. All the most important features of the cascade can, however, 
be derived replacing the actual process by a very crude model. 

The cascade process takes place in all materials in the same way 
if the thickness of the material is measured not in cm. but in the 
characteristic length (2). However, the mean free path of a light 
quantum is somewhat larger (eq. (3)), so we consider the mean value 
of the two distances 6“^ and which is equal to about ^ cm. Pb 
or 45 cm. HgO. We denote the thickness of matter measured in 
these units by t. We now make the following crude assumptions: 
Whenever an electron passes through the thickness f = 1, it emits 
a light quantum of half its energy, retaining the other half. When- 
ever a light quantum has passed through ^ — 1 it is transformed into 
an electron pair, both electrons receiving half the energy of the light 
quantum. The number of electrons light quanta at a thickness t 
is therefore 2^ and each has energy When this energy ap- 

proaches the limit E^^ a considerable fraction of energy is actually 
lost in form of soft quanta which no longer produce pairs. Also 
energy is lost by ionization. We take these facts roughly into account 
by assuming that further multiplication ceases when EJ2* becomes, 
say, 3 j&c. The maximum number of particles light quanta is there- 
fore reached at a thickness 




A 

3 ®. 


or t, 


m 


“iSpHj-iogs). 


( 4 ) 


It is easily seen that at any t not too small the number of' light 


t J, F. Carlson and J. R. Oppenheimer, JPhya. Rev. 51 (1936), 220; H. J. Bhabha 
and W. Heitler, Proc. Roy. Soc. 159 (1936), 432. 

t We quote some of the more important papers: N. Arley, Proc. Roy. Soc. 168 
(1938), 519 ; L. Landau and G. Rumer, ibid. 166 (1938), 213 ; H. Snyder, Phys. Rev. 53 
(1938), 960; R. Serber, ibid. 54 (1938), 317 ; H. J. Bhabha and S. K. Chakrabarty, 
Proc. Roy. Soc. 181 (1943), 267 ; Proc. Ind. Ac. Sc. 15 (1942), 464; S. K. Ghakrabarty, 
Proc, Nat. Inst. Sc. India. 8 (1942), 331. 
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radiation are well above 10®mc^. Electrons of sucli high, energy would 
produce in 5 cm. Pb a shower consisting of 10,000-100,000 particles. 
These very big showers are known as Hoffmann bursts. 

It is clear that light quanta of high energies initiate the same kind 
of shower as electrons. Any heavier particle (mesons, for instance) 



Fig. 28. Proof for the cascade nature of a shower. 

would initiate a cascade shower only after having produced a fast 
electron by a head-on collision or emission of a high-energy light 
quantum. Both processes are rare compared with the rate of shower 
production by electrons but are known to occur. 

The cascade nature of showers is put into direct evidence by the 
following experiment: A set of several thin lead plates with, say, 
3 mm. thickness is placed across a cloud chamber and the passage 
of a fast electron observed. The increase of the shower size after 
each lead plate is then directly observed (Fig. 28). Experiments of 
this type have been published by many authors. They prove that 
showers are usually of the cascade type described here and not 
‘multiple processes’ as had sometimes been assumed before the 
theory was developed. There exist, however, also showers of a 
different, non-cascade type. They consist probably of mesons, are 
initiated by protons, and have nothing in common with the electron 
showers discussed here. 

The cascade theory of showers is in excellent agreement with all 
relevant experimental facts as far as the accuracy of measurements 
and calculations goes. We cannot enter a detailed discussion of this 
extensive subject here. We only draw the following, most important 
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this approximation for the total number of particles is small for very 
large but may well be 20 or 30 per cent, for the smaller values of 
Eq, considered in Table XI. In addition, the mathematical solution 
is obtained in the form of an infinite series, of which the first term 
gives in most cases the greatest contribution. The second term is so 
far evaluated only for a few data to show the error: The mathe- 
matical error caused by taking the first term only is less than 10 per 
cent, for all thicknesses before the shower maximum, increases to 
30 per cent, after the shower maximum, and becomes 100 per cent, 
and more at thicknesses where the number of shower particles has 
become small compared with that at the maximum. The second 
term is always positive, so we underrate the number of particles by 
using the first term only. 

In Table X we give the characteristic cascade units, the unit of 
length and the critical E^. The unit of length — Ijt is defined as 
the reciprocal of (eq, (34), § 17), viz. 

t-i = 4Nflog{lSZZ-i), 

neglecting the small term | in the definition of For the ioniza- 
tion loss the value is taken (and assumed to be constant) which 
— idEldx)^YL critical energy Ef,, according to formula (7), 

§ 23, and the critical energy defi.ned by — (0iS'/Sa;)coii = ^c-^S^rad» 
omitting again here the smaU term | in The energy loss by 

collisions per one cascade unit of length is then also equal to .E7g.f 


Table X 

The characteristic cascade units 



Air 

HaO 

A1 

Fe 

Cu 

o. 1 

Sn 

Pb 

Unit of length 
in cm. 

34,000 

43 

9-8 

1-84 

1-5 

1-2 

0*63 

Critical energy 
in me* 1 

202 

225 

109 

61 

46 

24-3 

i 

13*6 


In Table XI the total average number of shower particles is given 
as a function of the thickness t traversed and the initial energy of 
the electron Er. m 

y = iog|. 

t comparing the data by different authors it must be taken into account that 
the chtiracteri^ic units are not always defined in exactly the same way. The defini- 
tions used in Arley’s calculations differ from those of Table X by a factor log 2 for 
the unit of length and E^. In Table XI his data were reduced to the above units 
by interpolation (accuracy of interpolation about 10 per cent.). 
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These formulae are very similar in their structure to those derived 
by our crude model, (4) and (6), and are readily understood. 

For further details, especially the energy distribution of the shower 
particles and the fluctuations of the number of shower particles, we 
must refer the reader to the literature. t 


25. General formulation of a divergence -free theory including 

damping 

Looking back at the contents of this book and asking to what 
extent the present quantum theory of radiation is consistent and 
correct, we must arrive at the following two conclusions: (i) If the 
interaction between the radiation field and particles is considered as 
small and the solution only worked out to the first non-vanishing 
approximation in this interaction, the theory always gives correct 
results which agree with the experiments up to the highest energies 
known, (ii) On the other hand, if the present formalism is applied 
to approximations higher than the first the result always diverges 
and the higher approximations are therefore meaningless. Strictly 
speaking, the present theory has no exact solutions at all and cannot 
therefore be regarded as an exact theory. 

For certain simple problems it has been possible to find good 
solutions going actually somewhat beyond the first approximation. 
This was the case when we were dealing with questions of the line 
breadth (§§12 and 15). The solution eq. (6) of § 12, for instance, is 
not really the result of an expansion of the probability amplitude h 
according to powers of the interaction H since y in the denominator 
also contains H. The damping and the line breadth arrived at in 
these sections are in close correspondence with the results obtained 


2 

from the classical theory (§ 4) if the term « -gV alone is taken to 

o 


describe the reaction force. It is therefore possible to treat the 
damping also in quantum theory at least to that extent, as it corre- 
sponds to the classical v term. 


f For energies E > E,. the energy spectra given, by the various authors agree with 
each other and are qorrect. For E < E^. or smaller the energy spectra given by Arley 
and by Bhabha and Chahrabarty, for instance, disagree widely, as is clear from the 
different approximations made. Both are equally unreliable. As yet no proper theory 
for this region has been given. As to the fluctuations of the number of shower 
particles the reader is especially referred to the paper by W. T. Scott and G. E. 
XJhlenbeck, Phya. Rev. 62 (1942), 497. 
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tiraiisitions will only occur between states of equal energies. The 
same is also true for the total momentum which is conserved even in 
each transition Wr-wi. (For problems dealing with line breadth it is 
necessary to include also the recoil energy of the atom.) We divide 
all states into two classes i states .A, Cy... with energies 

‘very nearly* equal to each other, ^ and states i, h, <x,... 

with energies different from Ej_. The width of energy allowed for 
Ej^ will be without influence provided that it is sufficiently small, since 
later it will automatically tend to 'zero. It is our aim to derive from 
(I) a set of equations connecting only the ^ probability amplitudes 
• with each other. W^e vh'ite down the equation for of (I): 

= ( 1 ) 

where all the states combining with are denoted by ifE^ ^ Ej^y 
and those for which E^ jE7^ by jB. The states i in turn will combine 
again with other states C, Eq ^ Ej^, and also with states a, say, of 
different energy. Thus 

and so on. The states G also include, of course, the state A. We 
now find solutions for 6^, b^,.... Let E be a certain standard energy 

Es Eq,.... Then we put 

e,iiE-E^\h 


within the energy group Ej_ 


hi = X, 


E-^E. 


boc = ^a- 


E~E 


(3) 


OC 


It is true that (3) does not satisfy the correct initial conditions. For 
if the system is at ^ = 0 in one of the states, A, B, C7,..., then b^{0) 
should be equal to zero. However, (3) are fast periodic functions of 
t {E ^ Ei), and the amplitudes will be seen to be very small, always, 
because of the denominator E—E^. Even if the ‘initial conditions 
were satisfied at t = 0, after a time of only the order of magnitude 
of the period KjE, is excited to its full value.. There can therefore 
be no physical meaning at all in demanding any initial conditions 
for 6i, 6«,... . In addition we may satisfy the initial conditions by 
that the interaction jET is switched on adiabatically at i = 0. 

Inserting (3) into ( 1 ) and (2) we find 

A(E-EAm 

bB Xi „ ^ , (4) 


E 


Xi = H,a be + 


E, 

HioeX 


OL 


E—E. 


(5) 
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After the second step we obtain further additional terms to (7) on 
the right-hand side, namely, 

^Ai^ioL^oiD U ^iiEn—E/alh \ ^Ai- 


<xD 


.h^AiEi>-BAm . 


+ 






i'C 


^Ai ^ioi ^oci' ^i'(x' 


^nBo-SAm-^ 


•a 


( 8 ) 


In the third term of (8) is still left; we need not eliminate it 
further. 

Looking at (7) and (8) we see that the coefficients of 6^?, 6x>,... are 
the familiar matrix-elements of first, second,... and higher order, 
used throughout this book, remembering that E can well be put 
equal to We also see that it is not only the lowest-order matrix- 
elements for each transition that occur but also higher ones. For 
instance, the first term of (7) is a second-order self-energy of the 
state A, of the type studied in §18. The second term of (8) is a 
fourth-order matrix -element for the transition A-C^ whilst the lowest 
order is the second (third term of (7)). If we were to express in 
(8) by (6) we would get higher and higher order matrix -elements for 
A—C and A—D. We call transitions of the type A-i-oL-i’—C which 
do not lead jfrom A to C on the shortest possible way (which is 
A—i—G) round-about transitions (see Fig. 29). (7) and (8), and what 
follows by extending the limiting procedure of Fig. 29 to infinity, 
including also states q, 6 ,..,, etc., can be written in a compact form. 
For this purpose we denote the matrix -elements for direct transitions 
A—C by those for round-about transitions of the higher 

order viz. 


£[^91 


H 


AO 


AiS,c 


oti' ^i'C 


{E-E,){E-Eg){E 


E-E, ’ 

The coefficient of in (7) is then 


•Ei>) 


( 9 ) 


( 10 ) 


Comprising ah the states A, B, O, D, G,,.. by one index B over 
which a summation is to be carried out, we can write (7) as 


(I') 

In the summation over B also the state A is included but, of course, 
j S^9^A — 0 and only round-about transitions exist for A~A. 
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infinite field-independent polarizability of the vacuum. Our theory 
therefore includes also all the results concerning positive electrons 
derived in this book. 


2. Lorentz-invariance, Before deriving further conclusions from 
(II) we show that the omission of round-about transitions does not 
destroy the Lorentz-invariance of the equations. We first note that 
(I) and therefore (I") is invariant, being nothing but the general equa- 
tions of quantum electrodynamics. We then consider the equations 
(10) for ^ 40 * instance. We have seen in § 10 that every matrix- 
element of the nth. order is proportional to the nth power of the 
electric charge e^. The various terms of (10) are therefore propor- 
tional to increasing powers of e. We can therefore rewrite (10) in 
the form 


H 


AC 


V = 1 ' ’ 


( 11 ) 


noting that the orders of the matrix -elements obviously increase by 
2. Instead of e we have taken out the dimensionless quantity e®/^c. 
All the are now proportional to the same power of e as 
and they have the same physical dimensions. (11) can then be 
regarded as the expansion of IEL^q into a power series of e^lhc. The 
parameter is an invariant. Now will behave as some tensor 
component with regard to Lorentz-transformations. (In fact it is 
the fourth component of a 4-vector.) It is a well-known fact that 
if a tensor component say, is expanded according to an invariant 



n—Q 


all are tensor-components of the same kind. It follows therefore 
that all and have the same properties with regards to 

Liorentz -transformations as itself. If therefore (I') is Lorentz- 

in variant, then also (II) is invariant. 

A special consideration is needed to show that the omission of the 
static self-energy, which was already carried out in (I), is also 
Lorentz-invariant. At first sight this would seem not to be the case 
as the static Coulomb field itself is not invariant. We must remem- 
ber, however, that the separation of the electromagnetic field into 
a static part and a radiation field (§ 6) is itself not an invariant pro- 
cedure and had to be carried out in each Lorentz -system separately. 
Indeed, the static field is in each Lorentz -system the instantaneous 
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The equQ»tion (II) applied for 6 q itself becomes = 

V = ^IIoaPaU^o- ( 1 ^) 


To obtain the transition probability per unit time jfrom O to .4 

we form , 

= limil6^(^)|2. 

<— H) t 


We find from (13), by integrating again over a small range of energy, 

27r 

= ( 1 ^) 


y itself is in general complex because, by (III), Uj^q is not the complex 
conjugate to But the real part of y is equal to the sum of all 

transition probabilities from O. This follows at once from (III) and 
(14), remembering that == because is hermitian. Thus 

2y^ = -«(y). (16) 


Thus i2(y) is the line breadth of the initial state. 

To find the transition probability we have therefore to find the 
which are determined by (HI). In the second term of (III) a 
summation over the states B is still to be carried out, which includes 
integrations of the directions of light quanta, summations over 
polarizations, etc. Thus (III) in general represents a system of 
integral equaticms for the U^q. In the following subsection we shall 
solve (III) for the case of scattering of light by a free electron. 

Eq. (16) has a great similarity to the formulae used throughout 
this book for the transition probabilities in first approximation. In 
these formulae U^q of (16) is replaced by H^q. This amounts to 
neglecting the second term of (III). We therefore conclude that the 
second term of (III) accounts for the damping and the reaction forces 
in a general way. Of course, part of the damping is already included 
in the y-factors describing the time dependence of bo and 6^. In 
the simple case of emission of light by an atom with O the state 
of the excited atom and A the state with a light quantum emitted, 
the matrix -elements can only be those ef second order, describ- 

ing the scattering of a light quantum, and may well be neglected. 
We then have — ^ao ^1^® whole damping is included in y. 

•f If we are interested in questions of line breadth we must not, however, extend 
this integration over the line breadth, but must proceed as in § 12 and''§ 15. (16) 
gives the total transition probability, integrated over the whole line breadth. 
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damping. It is now very easy to see that we obtain exactly the 
formula (21) also in the classical theory if we include the damping 

force - —V in the equation of motion of the electron eq. (1), § 5. We 

O C/ 

therefore conclude that our theory contavus the dximping to the same 
extent as it is classically described by the Y-term. One can even go 
farther and show in special cases that the diverging terms which we 
had omitted, namely, those corresponding to round-about transi- 
tions, correspond classically to those parts of the reaction force which 
depend on the structure of the electron and are therefore meaning- 
less. Indeed the expansion (10) corresponds classically directly to 
liorentz’s expansion of the reaction force. But we cannot go into a 
detailed discussion of this question here. 

The formula (21) has hot really any scope of application. For k 
becomes comparable to unity only if hcje^ = 137, i.e. at such 

high energies that a relativistic treatment becomes imperative, which 
is already the case at h < — > /jl. (21) suggests that a modification of 
the Klein-Nishina formula would arise firom the damping at energies 
hv >T37;x. We shall see, however, that this is not the case, and that 
the influence of damping remains negligible at all energies. To show 
this we have to treat the problem relativistically. 

The solution of the integral equation (III) for the case of relativistic 
.scattering is extremely difficult. We shall not attempt an exact 
solution but confine ourselves to show that the effect is negligible. f 
If the effect of damping is small we can expand 

^kko •^kko'~^ ^kk» ^ 

and assume that U' is small compared with H. We can then replace 
(18) in first approximation by 

^kki, = ^kkvT^^'^^kk' Pk' (22) 

We have to compare the order of magnitude of the second term of 
(22) with that of the first term. It is convenient to do this not in 
the liOrentz -system where the electron is initially at rest, but in a 
system where the total momentum is zero: po == — ko, p = — k. The 
scattering process then consists only in a change of direction of k^, 
Po into k, p, without a change of frequency: = k; Pq = p. Since 

t Wilson (loc. cit.) has made this plausible by replacing the matrix -elements in 
(18) by their average over the angles in a Lorentz -system where the dependence of 
on the angle (kkg) is not very pronounced. 
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high energies. We could hardly expect that the theory of cascade 
showers could account for the large showers or Holfmann bursts, if 
the damping would cut down all cross-sections at some high energy. 
The good agreement found can be regarded as a support of the 
theory of this section which explains that no damping is to be 
expected. 

5. The principle of detailed balance. If we neglect the damping the 
transition probability from a state A to a, state JB is, apart from 
the density functions p^, equal to the transition probability 
from B to A. This follows immediately from the fact that 
even if it is a matrix-element of higher order such as (9), is a hermi- 
tian matrix E[%^ = The states A, B may be completely specified 

and may include the description of spin polarization and directions of 
aU quanta and particles concerned. The statement 
is known as the principle of detailed balance. It implies for instance: 
The probability for a light quantum ko and polarization to be 
scattered by an electron with initial spin and momentum po into 
a light quantum k, polarization e with the electron having afterwards 
spin direction o, momentum p, is the same as the probability for the 
transition (k, e,o,p) (k^, eo,Oo>Po)*t 

In the present theory this principle of detailed balance can no 
longer be expected to hold in its general form, as a result of the 
damping. The transition probability is now proportional to \ U^n \^ 
and, as is seen from (III), ^ The departure from the 

principle of detailed balance seems, however, not to be a very drastic 
one. The question has been studied for a number of examples by 
Hamilton and PengJ and it turned out that the principle always 
holds again whenever the transition probabilities are summed over the 
spin directions. A general proof for this fact has not been given, but 
it is likely that the departure from the principle of detailed balance, 
though theoretically important, will have no practical consequences. 

It may very well be that the non-validity of the principle, which 
is entirely due to the damping, will be an essential feature of future 
quantum electrodynamics. 

t The principle of detailed balance ie to be distinguished frotti the reversibility of 
time. The reversal of the sign of t implies also a change of the direction of k and p. 

t J. Hamilton and H. W. Peng, Proc. JEtoy. Ir. Ac'. 49 A (1944), 197. The cases 
investigated in this paper are those arising from the meson theory rather than from 
radiation theory. 
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(iii) The qvxmtum-theory of vacuum fields of Born and Peng.'f 
Unlike (i) and (ii), the starting-point of the theory is vacuum-eleotvo- 
dynamics. The field quantities are no longer regarded as functions 
of the space coordinates but ‘just as operators’ satisfying certain 
commutation relations. The theory is certainly very interesting but 
at the time of writing not developed far enough to enable any judge- 
ment to be passed. An interesting point is that also non-linear fields 
can be quantized. 

Against (i) and (ii) it may be objected that it is hardly likely that 
any classical theory of the electron can be the basis of the desired 
theory. For quantum electrodynamics is essentially a problem of 
the three universal constants, e, h, c (relativistic quantum theory of 
the interaction with elementary particles). The small value of 
e^jhc = 1/137 suggests that no physical meaning can be attached to 
the transition h->0 (c, e, finite). The starting-point of quantum 
electrodynamics must obviously be either non-relativistic quantum- 
theory of the electron (c oo) or the quantum-theory of vacuum 
fields (e 0). The starting-point of (iii) is more promising. 

On the whole, none of these three attempts is final or can claim 
as yet any conspicuous success. We therefore refrain from a more 
detailed discussion in this book and refer the reader to the literature. 
It is, in the author’s opinion, not likely that the problem Will be solved 
within the framework of radiation theory alone. As has been seen 
throughout this book, the reaction of the field on the particles is 
here always a small effect and very little guidance can be obtained 
from the phenomena regarding this crucial problem This is not the 
case in the theory of the meson, where the damping and reaction 
forces are very large. It is in processes concerning mesons where, 
therefore, the problems of the elementary particles and field quantiza^ 
tion exhibit themselves (and where also the chief applications of the 
theory developed in § 25 lie). A discussion of these problems lies 
outside the framework of this book. 

t M. Bom and H. W. Peng, Proc. Roy. Soc., Edinburgh, 62 (1944), part 1, 40. 
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p charge density. 

Pe> Pk d®“^sity function for a light quantum (particle). 

= number of states per cm.® and per energy interval dk (dE). 

JR average range of particles, 
r, R radius vector from a centre. 
d<T surface element. 

S Poynting vector. 

S energy radiated per sec. 

8 spin variable. 

^ (2**) summation over all states of a free electron with p, 

S summation over spin directions (or polarization). 

T kinetic energy of free particle (in Chap. I including rest energy, in 
Chaps. HI— V excluding rest energy). 
jP interval of time. 

T piroper time. 

T absorption coelBElcient for y-rays (cm.~^). 
dr volume element. 

U, u energy (density) of field. 

u ‘kinetic momentum’, u = p— eA (dimension energy). For A = 0 the 
momentum is usually denoted by p. 
u Dirac amplitude of wave function of a free electron (4 components). 

V velocity. 

V Coulomb interaction between two particles. 
w transition probability per sec. 

<f> scalar potential, Fourier component of 

<l> cross-section {d<l> differential cross-section, depending on angles). 

X displacement of a particle. 

Z Hertzian vector. 

Z nuclear charge. 
z charge of colliding particle. 

D solid angle. 

INDICES, ETC. 

In general the suffix 0 refers to the initial state, no suffix to the final state, 
dashes to intermediate states. 

A initial 
F final 

I, n... intennediate 
* classical’ means 0. 

N.R. non-relativistic case (energies concerned me®). 

E.R. extreme relativistic case (energies concerned ^ me®). 

All ‘momenta’ have the dimensions of energy (c X usual momentum). 

DiSrrVERSAD LENGTHS 

Oo = = 0-528 X 10“® cm. (radius of hydrogen atom). 

Ao = ^i/mc = 3*85 X i0~^^cm. (Compton wave-length). 

^*0 ~ e®/mc® = 2*80 x 10“^® cm. (classical electronic radius). 

cso = 137Ao = 137® r^. 

‘137’=ftc/e® =137-3. 


states. 

J 
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{Additional notes and remarks) 


1 . Angular momentum of light 


In § 7, p. 63, we have discussed shortly the question of the angular momentum 
of light. In the case of a spherical wave emitted by an electric or magnetic 
multipole, the angular momentum of the wav© behaves just like the angular 
momentum of an electron in a central field of force without spin (eq. (22), 
p. 63). We have not, however, discussed the important question whether a 
plane wave can have an angular momentum about the axis of propagation. 

From the definition of the angular momentum (eq. (22), p. 63) it seems 
at first sight that this is not the case for an infinite plane wave, because the 
Poynting vector is then always in the ciirection of propagation and [RS] 
vanishes. This is not true, however, for a wave of finite extension. W© con- 


sider for instance a wav© extending over the volume of a cylinder travelling 

in the direction of the axis (is-direction) of the cylinder. Ihside the cylinder 

the wav© is to be a plane wave, the intensity dropping to zero at the wall. 

Then it can be shown that in general a certain angular momentum about the 

axis of propagation arises from the wall of the cylinder. The value of the total 

angular momentum is not, however, proportional to the surface biit to the 

total energy XJ of the wave. If the wav© is cixiCwlaTly polarized Mg has the 

value Tiyf , 7 -T / 

Mg = ±Vlv, ( 1 ) 

where the sign depends on the sense of the polarization. In the quantum 
theory this result can be interpreted as meaning that each light quantum 
( JJ = nhv) gives a contribution ± 1 x ^ to the angular momentum. f . 

If such a wav© is absorbed by a screen, the angular momentum (X) will be 
transferred to the screen, and the latter will begin to rotate. The same is true 
if an infinite plane wave is absorbed by a finite screen. The angular momen- 
tum is then contained in the diffraction wav© arising from the edge of the 
screen. The angular momentum trsmsferred to the screen is also given by 
(1). The effect is essentially classical. It seems to have been observed by 
Beth.J 


2. Gross -section for pair production 

In §20 we have calculated the cross-section for pair production by y-rays 
in the field of a nucleus. In these calculations w© have made use of Born’s 
approximation, which does not seem to be quite justifiable for heavy elements. 
Hu lm e and Jaeger 1| have calculated numerically the cross-section ^pair hi lead 
for two energies hv = Smc® and 5-2mc% using the exact relativistic wav© 
functions for the electrons. 


t P. S. Epstein, Ann. d. Phys. 44 (1914), 593; C. G. Darwin, Proc. Roy. Soc. 136 
(1932), 36; W. Heitler, Proc. Camb. Phil. Soc. 37 (1936), 112; A. 'W. Conway, Proc. 
Roy. Ir. Ac. 41 A ( 1932), 8. 

I R. A. Beth, Phya. Rev. 50 (1936), 116. 

II H. R. Hulme and J. C. Jaeger, Proc. Roy. Soc. 153 (1936), 443. 
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the longitudinal part of the right-hand side of (4 a) does not contribute to 
(6). Naturally then, no equations for the amplitudes of the longitudinal field 
occur at all. 

(6) and -the equations of motion for the particles can be derived as Hamil- 
tonian equations from the Hamiltonian 

= 2 -Ha + 2 -Hjfc* ej^ <j>^{k) + VCftl + {pj, — e* Ai(A;)>2] ( 7 ) 

A h 

in the same way as in §6. Here ^o(*) is s- function of the coordinates of the 
particles only. (If an external field A« is present, this has to be added 
to the potentials in (7).) 

Since the only variables which occm* now are the q;^ and the variables of 
the particles, the question of the quantization of the longitudinal field (§ 7 
subsection 4) does not arise here at aU. The disadvantage of this method is 
that the representation of the field does not appear in relativistic form, but 
the theory is, of course, invariant. From the quantum-mechanical point of 
view the gauge transformation can be regarded as a canonical transformation. 

4. Action principle and canonical concunutation relations 

The quantization of the radiation field is based on the fact that canonical 
pairs of variables coidd be found to describe the amplitudes of each radiation 
oscillator (§6). From the point of view of general principles it is, however, 
desirable to find commutation relations between the field quantities them- 
selves without referring always explicitly to the expansion into plane waves. 
Actually, the commutation relations between E and H (§8) are such relations 
between the operators representing E and H at each space-time point. As 
we shall see, E and the vector potential A at each point in space and at the 
same time t are canonical pairs themselves. 

The formalism of canonical field variables has now become so fundamental 
for all quantized field theories that a short account will be given here. To 
find canonical pairs of variables we start, as in the dynamics of a mechanical 
system, Irom an action principle, i.e. from a Lagrangian function L. As in 
dynamics 1/ is a relativistic invariant, which ensures the invariance of the 
subsequent theory. We confine ourselves to a pure radiation field, the inclu- 
sion of particles and their interaction with the field presents then no difficulty. 
We assume that L depends quadratically on the field strengths, viz. 

Furthermore, we express E and H by the vector potential A which we assume 
to be gauged so that ^ = 0, div A = 0 (see item 3 of this appendix and §6): 

Now A is not only a function of t (as every dynamical variable is) but also 
of the coordinates. If we are to consider the field as described by a set of 
d 5 uiamical variables we must consider A at each space point as one variable 
and we have therefore to deal with an infinite number of variables. For the 
total Lagrangian we should therefore take the sum, i.e. the integral, over all 



262 APPENDIX 

on p. 66), namely, (divA)-^ — 0. This procedure is not very satisfactory as 
it puts part, of Maxwell’s equation (namely, divE = 0 which follows only 
from divA = 0) on a different footing from the rest. divE = 0 would not 
be satisfied as an equation between operators but only in the sense that only 
wave functions sure to be chosen for which the eigenvalues of divE are zero. 

A more satisfactory procedure is to modify the commutation relations (6). 
We do that by adding a further term to the right-hand side 

= 4.e«{8«8(r) (7) 

If we take into account that = — 47r8(r) and that d/dx^^ = — d/Bx^^ 

(because r = — 1 * 1 ) we see at once that [Jir^divA] = 0. In fact (7) can quite 
easily be derived from the expansion into plane waves in a similar way to that 
in §8. From (7) the commutation relations for the field strengths (taken at 
the same time!) can be derived by further differentiation, the additional term 
of (7) does not contribute then. We find 

= 0 , = 4^A8(r). 

2 

These are, of course, identical with the relations (10), §8 for i = 0. To see 
this we remark that A(r, 0) = 0 and 


SA 


0 


aA 

i-o 


__S'(y.) = 47rc8(r), 


( 8 ) 


the latter equation being easily verified by integrating over a small volume 
comprising the point r = 0. ^Note that J 8{x) dx = 

Finally, we note that the commutation -relations (7) can be generalized to 
give the commutator of two components of A at different space-time points 
P. We only give the result. For this purpose we introduce the function 


X rt 

h(x) = j dr, j 8(f) df. 

0 0 

h(x) has the value x for all values of a? > 0 including a; = 0, yet it differs from 
the function x in that the derivative is discontinuous at a; = 0, namely, 
h' = ^ (for a; > 0) and h' = 0 for a; = 0. We define now, in analogy to the 
A-function, 

H{r,t) = ^{h{r+ct)—h{r — ct)}. (9) 


The PT-ftmction has the property 

= V«H = A(r.«). (10) 

The commutation relations are then 

[^,(J>i)Aj(Pj)] = — i»c{s« A(r, t) -f . ^ H(r, t)} . (11) 

(P denotes a space-time point.) 

By differentiation aU the commutation relations (10), §8 can be derived. 
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where is the Hajikel-funotion. One is usually not interested in any 

particular impaet parameter. We therefore integrate (2) over the area per- 
pendicular to X. However, the integration must not be extended over all 
impact parameters but only over 6 larger than a certain 6^. This is a limita- 
tion imposed by quantum theoiy. In order to apply the method as described 
above, the relative sideways velocity of the two particles concerned must be 
small compared with c, otherwise we are not justified in treating the motion 
of the fast particle as a straight line -and speak of a definite impact parameter 
6 and no definite Lorentz-system could be affixed to the particle at rest. Thus 
by the uncertainty relation we find, as in § 17, 

= hfmCy (3) 

where m is the mass of the lighter of the two particles. Integrating now 
(2) over the area h > 6„i, we find for the total number of equivalent light 
quanta 

pik) = I P(z.^), (4) 

btr. 

where now P(z„,) = (6) 

The argiunent of the Hahkel-functions in (6) is always iz^. P(z.f^) is alv’^ays 
positive. For P becomes simply 

= ^(logwcV/&-0-39), -^<^1 (6) 

but decreases rapidly at <•>•' 1 . The condition ( 1 ) k E is automatically 
fulfilled by the rapid decrease of P and it is therefore probable that the cases 
where k is comparable to E and where otir method fails, have a very small 
probability .f 

If we wish to know, for instance, the radiation emitted in a collision between 
two electrons — a process very difficult to treat by exact methods — we only 
have to multiply (4) by the cross-section for scattering (§ 16). 

If we express in the Klein-Nishina formula (51), § 16, the angle of scattering 
by the frequency of the scattered quantum k' we find for k' ^ fi (the term 
sin*0 is then negligible) 

,, . dk'{k'k\ 

Now for the emission of a quantum k' all ‘equivalent quanta’ with k >■ k' 
contribute. Thus the differential cross-section for the emission of a quantum 
A;' in a collision of two electrons becomes 

OO 

= (7) 

j" This does not contradict the fact that for the radiation emitted by an electron 
in a passage through an atom the case k E has a large probability, because the 
above statement refers to the Lorentz-system where the nucleus is the fast-moving 
particle. In fact, the foimtilae of § 17 can, for high energies, be derived with great 
acctiracy from (4). The bulk of the effect is always obtained if we work in the 
Loi^entz-system where the heavier particle moves (see further below). 
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The integration over fc is now to be performed between the limits 


¥ and 


li^k' 

4:E(E--ky 


Since the product of (11) and (12) is proportional to dkjkl^ only the upper limit 
(which is much smaller than the Ipwer limit) gives an appreciable contribution, 
provided that E—k' ^ n^j^E, which we may well assume to be the case. The 
condition (10) is then also automatically fulfilled. Multiplying (11) by (12) 
and carrying out the integration over k we obtain, writing E—k'^E': 



irIdk'E'iL %EW 
137 ¥ JJlr® Ilk' 



(l+i-S-sl 


Here k' is no longer restricted tok' <^E, (13) is larger by a factor k'jfi than 
the contribution (8) arising from the emission of a light quantum by the 
particle at rest. 

(13) is almost identical with the formula (20), § 17, p. 168, for Z = 1, derived 
by the exact method. In § 17 we had, however, assumed that the particle at 
rest is a heavy particle and cannot take up energy. Our considerations thus 
show that the possibility of an energy transfer to the particle at rest does not 
lead to a large change in the formulae for Bremsstrahlung, even if both particles 
are electrons— in fact, the cases where a large amount of energy is transferred to 
the particle at rest are rare (at least for ¥ ^ ft). This is, of course, all the more 
true, if the particle at rest is heavy. 

The present method can be applied to numerous other cases which are 
difficult to treat by exact methods. For these we refer the reader to the paper 
by Williams.f 


t E. J. WilUams, Kgl Dansk. Vid. Sekk. 13 (1935), 4. 
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Compton efEect, angular distribution, 154;. I 

— of bound electrons, 137, 169. 

— experiments, 156, 169, 216. 

— influence of damping, 261. 

— polarization, 154. 

— total scattering, 167, 201. 

Compton wave-length, 147, 192. 
Compton-Simon experiment, 56. 
Conseirvation of charge, 1. 

— energy, 6, 90, 92, 241. 

momentmn, 6, 96, 242. 

— angular momentum, 63, 268. 
Continuity equation, 1. 

Continuous spectrum, transitions to, 90, 
241. 

— wave fimctions, 83. 

Continuous X-ray spectrum, 166. 
Conway, angular momentum of light, 

258. 

Correspondence principle, 68, 63, 106, 
110, 114, 133, 142, 176. 

Cosmic rays, penetrating power, 174, 
227 f¥. ; sec also Showers. 

Coulomb interactioi)., 51 ff., 65 fl., 98, 
246, 259. 

Crane and Lauritsen, annihilation of 
positive electrons, 208 ; absorption 
coefficient of y-rays, 216. 

Creation of pairs, see Pair production. 
Cross-section for aimihilation, 207, 211. 

— Bremsstrahlung, 164 ff., 264. 

numerical values, 173. 

— Compton scattering, 149 ff., 261. 
numerical values, 168. 

— pair production, 196 ff., 203. 

numerical values, 200, 259. 

— photoelectric effect, 122 ff. 

numerical values, 126. 

— scattering, 37, 38, 132 ff. 

Curie and Joliot, positive electrons, 201. i 

S-function, Dirac’s, 71. 

— relativistic, 71, 262. 

Damping, 34, 38, 110, 138; see also 
Eeaction. 

— General theory, 240 ff. 

— influence on Compton effect, 260, 
261. 

Darwin, angular moment\nn of light, 268. 
Density flmction for electron, 82, 89. 

— for radiation, 46, 247. 

Detailed balance, principle of, 252. 
Differential cross-section, see Cross-sec- 
tion. 

Dipole moment, 25, 106, 109. 

— radiation, 25, 62, 106, 127. 


Dipole radiation, magnetic, 62, 129. 
Dirac, annihilation, 207 ; theory of emis- 
sion, dispersion, 68, 102. 

— hole theory, 187 flf., 246. 

— matrices, 85, 150. 

— perturbation theory, 87 ff. 

— quanttim electrodynamics, 33, 253. 

— wave equation, 84, 186. 

Dispersion, 38, 130 ff. 

— see Resonance fluomscenoe. Scattering. 
Diverging integrals, 180, 191, 245; see 

also Self-energy. 

Doppler effect, 62, 115. 

Double Bremsstrahltmg, 181. 

— scattering, 178 ff. 

Dual nature of light, 57, 63. 

Du Mond, scattering of X-rays, 137. 

Eigenwaves of the radiation field, 41 ff., 
62. . 

Einstein, energy and momentum of a 
particle, 14. 

— thermal equilibrium, 106, 107. 

— induced emission, 106. 

Electronic radius, 32, 93. 
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259. 

— of intermediate states, 241 ff. 

Ellis and Mott, internai conversion, 127. 
Emission, 26, 64, 104 ff. 
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Conservation of energy. 

— of electromagnetic field, 5, 13, 32, 43, 
53, 60, 261. 

— flow, 7, 13. 
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see Collisions. 

— by Bremsstrahlung, 171 ff., 220 ff. 

— experiments, 218, 227. 

— numerical values, 221. 

Energy rmomentum vector, 14, 18, 45, 
102. 
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Negative. 

Epstein, angular momentum of light, 
268. 
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264. 

Euler, scattering of light by light, 193. 
Excess scattering of y-rays, 169, 203, 209, 
230. 

Fermi, Coulomb interaction, 61, 66. 

— see Bethe. 

— and TJhlenbeck, one- quantum anni- 
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Klein-Nishina formula, 154 fE., 251. 
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Kramers, see Heisenberg. 

Krishnan, see Raman 

Kuhn and London, line breadth, 116. 
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particles, 203. 
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effect, 133. 
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— and Read, scattering of X-rays, 159. 
Lifetime, 34, 112 ff., 139iff. 

Light quanta, 57, 61 £E,, 64, 66. 

Line breadth, collisions, 36, 116, 145. 

— Doppler effect, 115. 

— experiments, 117, 119. 

— natural, 34, 110 fi., 114, 141. 

London, see Kuhn. 

Longitudinal waves, 48 ff., 53, 65, 259. 
Lorentz force, 1, 12, 45. 

— invariance of field equations,10fi., 246. 

— relation, 3, 10, 47, 66, 259. 
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18, 61. 

— broadening by collisions, see Collisions. 
— reaction of the field, 29, 250. 
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Massey, see Mott. 
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tion with particles, 94 fi., 241 ff. 
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lems, 150 ff., 180. 
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Maxwell tension tensor, 7, 13. 
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McDougall, see Hulme. 
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y-rays, 216. 
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159, 203. 


Meson, 181, 217, 229. 

Millikan, see Anderson. 

Minkowski, line breadth, 117. 

Meller, retarded interaction, 98; pene- 
trating power of particles, 218. 
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— of a particle, 12, 46, 82, 85. 
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— Bremsstrahlung, 161, 166. 
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Neddermeyer, see Anderson. 
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203. 
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— of self-energy, 33, 185, 246. 
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ticles, 203. 

— and Plesset, pair production, 196. 

— and Nedelski, internal conversion, 

204. 

— see Carlson. 
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— strength, 133. 
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194 ff., 214, 232, 258. 
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— by particles, 203. 

— by two light quanta, 192, 204. 

Pair annihilation, see Annihilation. 
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203. 
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162. 

Superposition, principle of, 64, 194. 
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— see Gray. 

Taylor, see Mott, Fisk. 
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Transverse self-energy, see Self-energy. 
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IJncertainty relation for light quanta, 
67ff., 134. 
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Vector potential, 2, 19, 41, 59, 65. 

Waller, dispersion, 133 ; self-energy, 181 ; 

damping, 249 
Wave equation, 82, 84. 
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Wave functions for free electron, 82, 86. 

— for X-electron, 83. 

Wave zone, 22, 63. 

Weingeroff, line breadth, 117. 
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— and Wigner, line breadth. 111. 
Weizs&cker, v., uncertainty relation, 69. 
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Wentzel, scattering of X-rays, 137, 169. 

— classical theory of electron, 253. 
Wheeler, see Breit. 

Wiechert potentials, 19.ff. 

Wigner, see Weisskopf. 
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production by particles, 203; pene- 
trating power, 218; excess scattering, 
203 ; see Weizsftcker- Williams method. 
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228 ff. 
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— scattering, 135 ff., 169. 
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— fluctuations of field, 67, 72, 183. 
Zuber, see Simons. 
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